Class 12 Chapter 9 - Differential Equations

Exercise 9.1

Determine order and degree (if defined) of differential equations
given in Exercise 1 to 10:

1.

d4y . )
—7 +sin (") =0
dx in (v

aty

Sol. The given D.E.is — +siny"” =0
az

The highest order derivative present in the differential equation
a'y
is - and its order is 4.

The given differential equation is not a polynomial equation in
derivatives ("." The term sin )’’’ is a T-function of derivative y'’").
Therefore degree of this D.E. is not defined.

Ans. Order 4 and degree not defined.

2.y +57=0
Sol. The given D.E. isy’ + 5y = 0.

The highest order derivative present in the D.E. is y’ (: ay) d

| | an
so its order is one. The given D.E. is a polynomial équ%zti)on in
derivatives (y' here) and the highest power raised to highest order
derivative y' is one, so its degree is one.

Ans. Order 1 and degree 1.
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3

Sol.

Sol.

Sol.

(ds\4 dzs
—| +35s — =0
&) "3 e
(az)* a%z
The given D.E. is |\atJ a2 = 0.
a’z
The highest order derivative present in the D.E. is Zg and its

order is 2. The given D.E is a polynomial equation in derivatiyes

and the highest power raised to highest order derivative pres is

one. Therefore degree of D.E. is 1.
Ans. Order 2 and degree 1.

(d2y 12 dy
|W') + coSs d_X= (0}
(a?y (ay)

The given D.E. is | [ +cos | [, =0
\a? ) \az!) =%

The highest order derivative present in the differential equation
a’y
is 7—5 and its order is 2.
az
The given D.E. is not a polynomial equation in derivatives

a
(. The term cos a is a T-function of derivative & )-
az az
Therefore degree of this D.E. is not defined.

Ans. Order 2 and degree not defined.

d?2y
—5 = ¢o0s 3x + sin 3x
dx?
a’y
The given D.E. is — = cos 3x + sin 3x.
az
a’y
The highest order derivative present in the D.E. is ——5 and its
az
order is 2.

The given D.E. is a polynomial equation in derivativtis and the

2
highest ised to highest order ——Y |a LA
1 es ower raise 0 ni1 est order —5 = — 1S one, SO
g p g - |\35|

its degree is 1.
Ans. Order 2 and degree 1.

Remark. It may be remarked that the terms cos 3x and sin 3x present
in the given D.E. are trlgonometrlcal functions (but not T-functions of

derivatives). 9CUET
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( ay)
cos3 & is not a polynomial function of
It may be noted that
—
derivatives.
6.(y)+(yP+()r+ys=o0
Sol. The given D.E. is (y"")? + (1'")% + (J')* + ¥5 = Oueeececesreeesseeessreesinns )]
The highest order derivative present in the D.E. is y'"" and its
order is 3.
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The given D.E. is a polynomial equation in derivatives y'"’, y’" and
y' and the highest power raised to highest order derivative y'"’ is
two, so its degree is 2.
Ans. Order 3 and degree 2.
7.y"+2y" +y =0

Sol. The given D.E.is y""" + 2y" +y' =0 )]
The highest order derivative present in the D.E. is y'"" and its order
is 3.
The given D.E. isa polynomial equation in derivatives y
y' and the highest power raised to highest order derivativey
one, so its degree is 1.
Ans. Order 3 and degree 1.

e

e

, y'"and
rr iS

8.y +y=e
Sol. The giVen D.E. is yl +y = (@osmmomasssocconocrancaocconoos I LI L LT (I'J
The highest order derivative present in the D.E. is y' and its order
is 1.

The given D.E. is a polynomial equation in derivative y’. (It may be
noted that exis an exponential function and not a polynomial function
but is not an exponential function of derivatives) and the highest
power raised to highest order derivative y' is one, so its degree is 1.
Ans. Order 1 and degree 1.

9.7+ (y)+2y=o0

Sol. The given D.E. isy"” + (y)?> + 2y = 0 )]
The highest order derivative present in the D.E. is y’ and its order
is 2.

The given D.E. is a polynomial equation in derivatives y’" and y’ and
the highest power raised to highest order derivative y'' is one, so
its degree is 1.

Ans. Order 2 and degree 1.
10.y" + 2y’ +siny = 0

Sol. The given D.E. is y"’ + 2y’ + siny = 0 )
The highest order derivative present in the D.E.is y’' and its order
is 2.

The given D.E. is a polynomial equation in derivatives y" and y'. (It
may be noted that sin y is not a polynomial function of y, itisa
T-function of y but is not a T-function of derivatives) and the highest
power raised to highest order derivative y'’ is one, so its degree is one.
Ans. Order 2 and degree 1.

11. The degree of the differential equation

@2y (dy) ,[di\ .
|\dx2|) +|\aJ + sin dx ) +1=01S

(D) Not defined.

A) 3 (B) 2
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Sol. The given D.E. is
(2P (ayR Ly
&) ha)
\az)
This D.E. (i) is not a polynomial equation in derivatives.
o osin (aY\| isa T-function of derivative
\-az)

|+1=0 (D)

ay |
4]
Degree of D.E. (i) is not defined.
Answer. Option (D) is the correct answer.
12. The order of the differential equation
d2y dy .
dx? -3 dx +y=01s

2x2

A) 2 3B)1 ©o (D) Not defined

ZXZQ—SQY

Sol. The given D.E. is +y=0

az? az
The highest order derivative present in the differential equation
a’y
is 75 and its order is 2.
az

Answer. Order of the given D.E. is 2.
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Exercise 9.2
In each of the Exercises 1 to 6 verify that the given functions
(explicit) is a solution of the corresponding differential equation:
l.y=e+1:y"—-y =0
Sol. Given: y =ex+1 (D
To prove: y given, by (i) is a solution of the D.E. y”" -y’ =0  ..(ii)
From (i), ' = ex+ 0 = ex and y" = ex
L.HS. of D.E. (ii) =y"" -y’ = ex - ex = 0 = RH.S. of D.E. (if)
-. y given by (i) is a solution of D.E. (ii).
2.y=x2+2x+C:y —2x—2=0

Sol. Given: y =x2 + 2x + C (D)
To prove: y given by (i) is a solution of the D.E.
y -2x-2=0 (i)

From (i), y' = 2x + 2
L.H.S. of DEE. (if) =y" - 2x - 2
=(2x +2)-2x-2=2x+2-2x -2 =0 = RHS. of D.E. (ii)
.y given by (i) is a solution of D.E. (ii).
3. y=cosx+C:y +sinx=o0

Sol. Given: y = cosx +C (D
To prove: y given by (i) is a solution of D.E. y" + sin x = 0 ...(ii)
From (i), y' = - sin x

L.H.S. of D.E. (ii) = y’ + sin x = — sin x + sin x

= 0 = R.HS. of D.E. (ii)
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. y given by (i) is a solution of D.E. (ii).

Xy
4. y=1+x> y'= 172

Sol. Given: y = /1 + 2 (D)
zy
To prove: y given by (i) is a solution of D.E. y' = 1+2 ..(i)
a a
From (1), y" = _, 1+ Z =, U+ x2)1?

1 a 1 =
= (1 +x¥)-1/2 0z 1) 5 (1+xx)" Y2 2x= h, 2 3D
z

zy
1+2
RHS. of DE (i) = 4, ,2 = 1,5 (By (1)
£ r,, Jt _i _ 1 —’
T 1+ 2 [ t t\/'f__t“
= y' [By (iii)] = L.H.S. of D.E. (ii)
..y given by (i) is a solution of D.E. (ii).
5. y=Ax:xy =y (x # 0)
Sol. Given: y = Ax (i)
To prove: y given by (i) is a solution of the D.E. xy' =y (x # 0)
(i)

From (i), y' = A(1) = A
L.H.S. of D.E. (ii) = xy’ = xA
= Ax = y [By ()] = R.H.S. of D.E. (ii)
~. y given by (i) is a solution of D.E. (ii).
6. y=xsinx:xy' =y+x xx-y> x#0oandx>yorx<-—y)
Sol. Given: y = x sin x (D)
To prove: y given by (i) is a solution of D.E.

Xy' =y +x \z2 - y? (i) (x20andx>yorx<-y)

ay a a

From (i), 2z (=y) =x az (sin x) + sin x az X=X cosx+ sin x

L.H.S. of D.E. (ii) = xy' = x (x cos x + sin x)
=Xx%2 cosx +xsinx ..(1ii)

RH.S. of D.E. (if) = y -
Putting y = x sin x fro@Aca lem
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. 2 _ 72 sin? = x sin x + x 2 (1 - sin?

—xsinx+x VZ -2z sincz VZ* (1 -sin? 2)
. 7 2, =xsinx + X.X COS X

= x sin x + x V£ C05"Z

= Xx sin x + X2 cos x = X2 cos X + x sin x -(iv)
From (iii) and (iv), L.H.S. of D.E. (ii) = R.H.S. of D.E. (ii)
.y given by (i) is a solution of D.E. (ii).
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In each of the Exercises 7 to 10, verify that the given functions
(Explicit or Implicit) is a solution of the corresponding
differential equation:

2

, y
7. xy—logy+C.y—1_Xy (xy = 1)
Sol. Given: xy =logy + C (D)
To prove that Implicit function given by (i) is a solution of the
y2
D.E. "= b
Y=y (if)

Differentiating both sides of (i) w.r.t. x, we have

1
xy' +y(1) = yy'+0
! _y' ! l

= -y =-y =>y|z‘y)=—y

(zy-1)
= y | y )|=—y = yky-1) =-y?

o _y2 _ = y2 yz

= YT zy-1 7 —(1-z) 1-zy

which is same as differential equation (ii), i.e., Eqn. (ii) is proved.
Function (Implicit) given by (i) is a solution of D.E. (if).
8. y—cosy=x:(ysiny+cosy+x)y =y

Sol. Given: y - cosy =x (1)
To prove that function given by (i) is a solution of D.E.
(ysiny+cosy +x)y =y (i)
Differentiating both sides of (i) w.r.t. x, we have
Yy +(siny)y =1 = y (1 +siny)=1
= Y= 1 4in y ...(ii)

Putting the value of x from (i) and value of y’ from (iii) in L.H.S.
of (ii), we have
LHS. = (ysiny + cosy + x)y'

1 1
= (ysiny +cosy +y-cosy) y qny =Wsiny+y) 1 qiny

=y (siny + 1) (1+sin y) =y = R.H.S. of (if).

The function given @ﬁgg’l&ﬂytion of D.E. (ii).
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g.x+y=tan " 'y:)y2y +y2+1=0

Sol. Given: x +y =tan 'y (i)
To prove that function given by (i) is a solution of D.E.
Y2y +y2+1=0 (i)
1 1

!

Differentiating both sides of (i), w.rt. x, 1 + )’ = +y? y
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Cross-multiplying
1+ +y2) =y = 1+yz+y +yyz =y
= y%' + y2 + 1 = 0 which is same as D.E. (ii).
Function given by (i) is a solution of D.E. (ii).

dy
10. y= Ja2-x2 ,xe(-a,a):x+y a=°(J’¢°)
Sol. Given:y = /g2 _ 272 ,x € (- a, a) (D)
To prove that function given by (i) is a solution of D.E.
ay
X+y 27 = 0 (i)
ay 1 a
From (i), = (a® - x?) 12 (a2 - x2)
2 az
1 -z
= 2 'az —ZZ (— ZX) = a2 _22 ...(iii)

ay

Putting these values of y and b from (i) and (7ii) in L.H.S. of (if),

Y p—
L.H.S.=X+y _=X+\/E 82—22
az I J
=x - x = 0 = RHS. of D.E. (ii).
Function given by (i) is a solution of D.E. (ii).
11. Choose the correct answer:
The number of arbitrary constants in the general solution
of a differential equation of fourth order are:
Ao (B) 2 ©3 (D) 4.
Sol. Option (D) 4 is the correct answer.
Result. The number of arbitrary constants (c,, c,, c5 etc.) in the
general solution of a differential equation of nth order is n.
12. The number of arbitrary constants in the particular
solution of a differential equation of third order are
A3 (B) 2 ©) 1 (D) o.
Sol. The number of arbitrary constants in a particular solution of a
differential equation of any order is zero (0).
[ By definition, a particular solution is a solution which
contains no arbitrary constant.]
Option (D) is the correct answer.
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Exercise 9.3

In each of the Exercises 1 to 5, form a differential equation

representing the given family of curves by eliminating arbitrary
constants a and b.

1.

| x
+
o<
I
[y
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z
Sol. Equation of the given family of curves is 2t

ol<
I
_
=
p—

Here there are two arbitrary constants a and b. So we shall
differentiate both sides of (i) two times w.r.t. x.

1 1 a 1 1a
From (i), — .1+ & =0 or S ...(if)
a az
b az a b
L 1 22
Again diff. (if) w.r.t. x, 0 = — ay
b az?
2
a
Multiplying both sides by — b, Zfzz‘ -o.

Which is the required D.E.
Remark. We need not eliminate a and b because they have
already got eliminated in the process of differentiation.
2. y2 = a(bz — x2)
Sol. Equation of the given family of curves is
y2 = a(b? — x2) )
Here there are two arbitrary constants a and b. So, we are to
differentiate (i) twice w.r.t. x.

ay
From (i), 2y 2z B a(o — 2x) = — 2ax.
ay
Dividing by 2, y 2z = T ...(ii)
Again differentiating both sides of (i) w.r.t. x,
a’y ay ay aly [ay)?
V¥t ezt az =@ OF e |kaz|) a ..(ii)

Putting this value of — a from (iii) in (ii), (To eliminate a, as b is
already aPsent in both (ﬁl) and (iii)), we have
ay a’y a’y (ay)? ay

y + ) x or Xy 2 =
Y az \' az2 |\azlj az +X|\az|} Y az
or &y (ay\2 it
X —| -y = =
Y >+ X \az ) YV az=©
3. Yy = ae3* + be 2x
Sol. Equation of the family of curves is
y=ae3+be 2 ..
Here are two arbitrary constants a and b.
ay
From (i), az 3 ae3x — 2 be- 2x ...(ii)

Again differentiating b@gg&%{lﬁﬁ, w.r.t. x,

ive
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azy

= 9 ge3x + 4 be 2x ..(iii)

az
Let us eliminate a and b from (i), (ii) and (iii).
Equation (ii) — 3 x eqn. (i) gives (To eliminate a),
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ay
_ - _ — 2x i
az 3y 5 be ...(iv)
Again Eqn. (iiif) — 3 x eqn (ii) gives (again to eliminate a)
2
ay _ 3 ay _ 10 be~ 2x ...(v)
az? az

Now Eqn. (v) + 2 x eqn. (iv) gives (To eliminate b)

a’y _gay _fay_3)
—— 3 +2 =3Y =10 be-2 — 10 be~ 2

5 |
az az \az )
aZy ay ay
or 28 2 gm0
azy ay
or rel s

which is the required D.E.
4. y = e (a + bx)

Sol. Equation of the given family of curves is

Sol. E

e (0
Here are two arbitrary constants a and b'a
From (i), &Y _ (a ezﬂ (a + bx) + ex —

(a + bx)
az |kaz |) az
ay
= 2X 2X
or - 2e (a+ bx) +ex.b
ay
= 2x i1
or az 2y + be ...(>if)
(By (1))
Again differentiating both sides of (ii), w.r.t. x
2
ay _ 2 ay 2 be2x ...(iif)
az? az

Let us eliminate b from eqns. (ii) and (iii), (as a is already
absent in both (ii) and (iii))

S
From eqn. (ii) az 2y e

Putting this value of be2x in (iii), we have

azy=2§Y +2(§Y_2y\ - azy=2ﬂ+2ﬂ
N — - 4y
az? az |kaz |J az? az az
a’y ay
or y -4 E; +4y =0

which is the required D.E.
5. y =ex(a cos x + b si gU]E,lT
quation of family of srLacemy
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y = e (a cos x + b sin x) )

ay [jez\ . .
= (a cos x + b sin x) + e (— a sin x + b cos x)

az |\az |}
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ay . .
or =e*(acosx+bsinx)+ e (—asinx+ b cos x)
ay
or ., =y +e (- a sin x + b cos x) (7))
(By ()
Again differentiating both sides of eqn. (ii), w.r.t. x, we have
2
ay . ay + e (—asinx+bcosx)+ e (—acosx— b sinx)
az? az
or @’y _ay f(ay_ )
_ + Yy, _ X 1
| | ex (a cos x + b sin x)
az? az \az ')
(By (ii))
a’y  ay
or ? =2 az -y-y
(By (1)
aly ay - .
o —3 27 + 2y = 0 which is the required D.E.

6. Form the differential equation of the family of circles
touching the y-axis at the origin.
Sol. Clearly, a circle which touches y-axis at the origin must have its
centre on x-axis.
[ x-axis being at right angles to tangent y-axis is the normal or
line of radius of the circle.]
.. The centre of circle is (r, 0) where r is the radius of the

circle.
Equation of required circles is
x-r+(y-032=r [x — )+ (y - B)*=r]
or X2 +r2—2rx+y2=r°
or X2 + y2 = 2rx (D)

where r is the only arbitrary constant.
Differentiating both sides of (i) only once w.r.t. x, we have

ay
2X + 2y — =2 .G
X 3% az r (i)
To eliminate r, putting the value of 2r from (ii) in (i),
a Y
x2 +y2 = (22+2yJ\X
-

a
or x2+y2=2x2+2xyl
az

ay 0

or — 2xy —Z—x2+y2:0

a
CUET iplvi
@ Aca dM’:H!ll\)/;ultlplyln
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+ X2 — y2 =0
ay o :
or 2wy o+ x2 = y2 which is the required D.E.
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Remark. The above question can also be stated as : Form the
D.E. of the family of circles passing through the origin and
having centres on x-axis.

Find the differential equation of the family of parabolas
having vertex at origin and axis along positive y-axis.

We know that equation of parabolas having vertex at origin and
axis along positive y-axis is x2 = gay ()]
Here a is the only arbitrary constant. So differentiating both sides
of Eqn. (i) only once w.r.t. x, we have

ay
2x = 4a ...(if)
To eliminate a, putting Y
22
4a = 7 from (i) in (ii), we have
2
Z~ a8y X
2= y az 0
, ay (VERTEX)
= 2y =x
ay
Dividing both sides by x, 2y = x oz
ay
= X 5y TW=0
ay
= X, ~¥=0 which is the required D.E.

Form the differential equation of family of ellipses having
foci on y-axis and centre at the origin.
We know that equation of Y

ellipses having foci on y-axis ) )
. . . . Major Axis
i.e., vertical ellipses with
major axis as y-axis is (0\a)

Y LZ 0 I

EZ BZ = . F Focus
Here a and b are two arbitrary X' X
constants. y (=50 o (b, 0)

. . F Minor Axis

So we shall differentiate eqn. ' X
. . Focus
(i) twice w.r.t. x. ©,- a)

Differentiating both sides of
(i) w.r.t. x, we have \




Class 12
+ 2 2X =
b o
2 ay
or ) YV az

Dividing both sides by 2,
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1 ay -1
a2 YV az = b2 X ...(>if)

Again differentiating both sides of (ii) w.r.t. x, we have

1 [ a?y ay ayl -1 "
2 = 5 G
a yﬁaz +az . az_| b2 (iif)

-1
To eliminate a and b, putting this value of | > from (iif) in (ii),

the required differential equation is

1 ay 1 | ay (ay?]

azyazza2 ||}’ 2+ |||
az® '\az')J X
. o ay a’y (ay)?
Multiplying both sides by a,y _ =xy 32 +x |\;|)

a’y (ay)? ay
or xy aZZ +X|k?2) —ya—z =0
which is the required differential equation.
Form the differential v
equation of the family of Conjugate
hyperbolas having foci on Axis

x-axis and centre at the 3,0)
origin. 3 Ff(FoFus)
We know that equation of
hyperbolas having foci on x-

; 3o g F ransverse
axis and centre at origin is ( (2.0)

Axis

—2 - — =1 ...(i)

Here a and b are two arbitrary constants. So we shall differ-
entiate eqn. (i) twice w.r.t. x.

1 1 ay 2 2 ay
From (i), a2 . 2X — 2, =0 or a2 X =

bZ

1 1
Dividing both sides by 2, >0 X = o Y az ...(>if)
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Again differentiating both sides of (ii), w.r.t. x,
1 1 [ya?y, ay ayl

= ’ 2
82 .1 b2 |_ az az azJ

1 1 ] a’y (ay\z—l

or 2 = 2
a b ' |}, aZZ +| \az |) U
Dividing eqn. (iii) by eqn. (if), we have (To eliminate a and b)

(i)
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a’y +(§y\2
— )
1 Llié&—
z az
?I azy (ay\z\ ay
Cross-multiplying, x Lyaz )| N
2 +|\az|) =V a4

a2 y [ayV ay
or — | ., ==
a4 az2 T X |kaz) YV az =9
which is the required differential equation.
10. Form the differential equation of the family of circles
having centres on y-axis and radius 3 units.
Sol. We know that on y-axis, x = 0.
. Centre of the circle on y-axis is (o, B).
. Equation of the circle having centre on y-axis and radius 3
units is
(k-0 +(y-pr=3s [(x — )+ (v = B)* = r]
or x2+(y-pr=9

Here f is the only arbitrary constant. So we shall differentiate both

sides of eqn. (i) only once w.r.t. x,

a
From (i), 2x+2(y—[3)a7(y—5):0
ay
or 2x+2(y—[3)a?=0
a -2z~
- == ox -B=f = = —
or 2(y-B) YoP ey T ay
az az

Putting this value 0f2( y— B) in (i) (To eliminate B), we have

o2+ S
(ay)?
=)
(ay )
LCM. = |\az |) . Multiplying both sides by this L.C.M.,
. (ay)? (ay)\?
x g +x =9|\ajb
> (ay (ay)? > (ay\?

= x |\azJ _9|kaz|) +x
which is the required di
11.  Which of the follo

equation.

o or (X_9)|\az| +X =0

ial equation has y = c1 ex
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+ c, e x as the general solution?

d2y d?y
A) — +y=o0 B) — -y=o0
@ 5 +y ® 5 -V

Call Now For Live Training 93100-87900



Class 12 Chapter 9 - Differential Equations

d?y d2y
(C) dx* +1=0 (D) dx2 —1=0
Sol. Given:y =c,ex+c, e * ..(D)
ay

i - —_ — X
az “GeFC e X(=1)=c, er—c, €

@Y —¢c er—c ex(—1)=c e+c¢ e X

aZZ 1 2 1 2
a’y

or —3 =y [By (0]
a’y <l : .

or > —y = 0 which is differential equation given in option (B)

. Option (B) is the correct answer.
12. Which of the following differential equations has y = x as
one of its particular solutions?

dy ., dy dy  dy

— -x = —L =
) dx? dx TV X (8) dx? X gx i - ©

d2y dy d2y dy
(C)W—X2 dx tX¥ =0 (D)W*—de +xy=0

Sol. Given: y = x
ay a’y
ay —1and Pl (o]
ay &Y

These values of y, az and a2 clearly satisfy the D.E. of option (C).
.+ LIS, of D.E. of option (@) = =Y x 2
[~ L.H.S. of D.E. of option (C) = az? X, Ty

=0-x2(1)+x(x =-x2+x2=0 = R.H.S. of option (C)]
. Option (C) is the correct answer.

Exercise 9.4 (Page No. 395-397)

For each of the differential equations in Exercises 1 to 4, find

the general solution:
dy 1-cosx

L 4x ~ 1+cos X

Sol. The given differential eq(l)lratig% is

in2 Z
ay l-cosz ?CUE -C0S 7 2sin
az = l+cosz @Acaq 1YCOS Z
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dx.
Integrating both sides, _[ ay = o2 ? dx
2
z
[ tan? % [ secz 21 tan —
ory = dx = dx:*}—x+c
2 o2 ) 1
2

Call Now For Live Training 93100-87900



Class 12 Chapter 9 - Differential Equations

Exercise 9.4
For each of the differential equations in Exercises 1 to 4, find
the general solution:
dy 1-cosx
L dx ~ 1+ cos x

Sol. The given differential equation is

ay 1-cosz _ 1-cosz
az = 1+cosz O Y7 1icosz I
2sin2 £
Integrating both sides, j ay = pcos2 29X
2
z
I tan2 £ I (secz z —1\ tan =
ory= dx = dx= — & —Xx*tc
2 o2 1
2
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z
or y = 2 tan > —-x+tc
which is the required general solution.
d
o oAV C2<y<2)
dx
ay
Sol. The given D.E.is —_ = V4 — y2 = dy=V4-Y? dx
ay
Separating variables, ——— = dx
p 9 /—4 —y2
ay
[92 _ \2
Integrating both sides, J' 25, Ay = J‘ 1 dx
[ 1
g Y |--J‘7a2:sin -1Z]
SIn 2—X+C L 222 au
y
= 5= sin (x + ¢)
= y =2 sin (x + ¢) which is the required general solution.
3'% +ty=1 (y#1)
ay
Sol. The given differential equation is s +y=1
ay
= 5—17y = dy=(01-y)dx =dy=-(y-1)dx
ay
Separating variables, yj = — dx
ay
Integrating both sides, I 1= I 1 dx
y_
= log|ly-1l|=-x+c
= ly—1|=ex+c [ Iflog x = t, then x = ef]
= y—1l=fxex*c = y=1xexe
= y= 1 +ece x
= y =1+ Ae xwhere A == e
which is the required general solution.
4. sec*x tan y dx + sec’y tan x dy = 0
Sol. The given differential e is
sec? x tan ggla%ﬁ]San xdy =0
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Dividing by tan x tan y, we have

sec? z . sec?y dv =0 (Variables separated)
tanz 7 tan y v P

sec?z .[ sec?y

=1
tan y dy = log ¢

Integrating both sides, J

tan z
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. BE@ |
or log [tan x | + log | tan y | = log ¢ { [ F2)% = 1001 f

L ]
or log | (tan x tan y) | = log ¢ or |[tanxtany | = ¢

tanxtany:icLCWhereC=ic.
[/ |t|=al@=0) = t==ad]
which is the required general solution.
For each of the differential equations in Exercises 5 to 7,
find the general solution:

(ex+edy —(ex—e ¥Mdx=0
Sol. The given D.E. is (ex+ e %) dy = (ex— e %) dx
or dy = (ez_e_Z\ dx
|kez+e’z|)
both sid fGecrl
Int ti th si , = —_—
ntegrating both sides jay = -[|\ez+e‘z|) dx
x x [ f—’(Z)—az fz |
o y=logle +e |+c Tt =109t O]
L ]

which is the required general solution.

ay
=+ x2)(1 + y2
6. 4y a + x)(1 + y?)
ay
Sol. The given differential equation is = 1 +x)1 +y?)
= dy=@1+x)1+)y>dx
—ay
Separating variables, 14y2 = (1 + x?) dx
Integrating both sides,
1 1 z°
I — y:j(22+1) dx = tan "y = " 1y+¢
y2 + 1 3
which is the required general solution.
7. ylogydx —xdy = o
Sol. The given differential equation is y logy dx —x dy =0
= —xdy=-ylogydx
) ) ay az
Separating variables, ylogy = z (D)
ay ay
Integrating both sides I ylogy = .[ z
CUET

For integral on left ha Acadehog vy = t.
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1 at ay
= = =dt
y ay aty az

Eqn. (i) becomes JT = J?

= log|t|=log|x]|+log]|cl ... (i)
= log | xc |

@ggﬁmy
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= [ e]=]xc|

= t =zt xc

[ Ixl=lyl = x=2%y]

= logy =+ xc =ax where a= + ¢

.y = e which is the required general solution.
For each of the differential equations in Exercises 8 to 10,
find the general solution:

dy
x5 = —y5
8. dx y
a
Sol. The given differential equation is x° o — 5

az

= xdy=-y>dx

ay az
Separating variables, (v) = - (29) = ySdy=—-x5dx

Integrating both sides, I Yy dy=- _[ 7% dx
4

4

y z
4 T "4 tc¢

Multiplying by — 4, y4=—x*%—4c
= x4%+y4=—4c = x*+y 4=Cwhere C=-4c
which is the required general solution.
dy

9. — =sin"'x
dx

. . . .. a
Sol. The given differential equation is _y =sin! x
az

or dy =sin™ ! x dx
Integrating both sides, j1 dy = _[ sin"'z dx
or y:_[sin*1z,1dx

I 1
Applying product rule,

Y =(sin"* x) I1 dx — Ii (sin" ! x) j1 dx dx

=xsin!x— .[7 x dx (D)

®CUET
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_z _—2Z
To evaluate \/ﬁ ﬂ

Put 1 — x2 = t. Differentiate — 2x dx = dt

*Remark. To explain * in eqn. (ii)
If all the terms in the solution of a D.E. involve logs, it is better to use
log c or log | ¢ | instead of c¢ in the solution.
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z
J. 1_gp2 X 12 Iat :715 th1/2 dt
Jt
1 tV2
S sVt 12
z
Putting this value of Iﬁ dx in (i), the required general
solution is
y=xsinltx+ +c.

10. extany dx + (1 — e) sec*y dy = O

Sol. The given equation is e* tan y dx + (1 — eX) sec’y dy = 0
Dividing every term by (1 — e¥) tan y, we have
e? sec?y i
ﬁ dx + dy =0 (Variables separated)
tan y
Integrating both sid fiez d+fsec2yd—
ntegrating both sides, 1_e I oy ly = ¢
—e?
or —J.1_ez dx +log |[tany | =¢
x I .[ 1:—(ZLaz fz |
or —log|l-e |+logltany|=c | 7 f(z) =logl ()l
L ]
Itan vyl
or log 1 —el = log ¢’ (See Remark at the end of page 612)
Itan yl
or 1-e21 =€

or tany=C({l-e). [ |t]=¢ = t==c =C (say)]For
each of the differential equations in Exercises 11 to 12, find a
particular solution satisfying the given condition:
d
11. (X33 + x2 +x + 1) a =2x2+x,y =1, when x = 0

dx

Sol. The given differential equation is (x® + x*> + x + 1) ay =232 +x

®CUET ¥
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LB+ X+ x+1)dy = (2x% + x) dx

(222 + 2)

Separating variables dy = —————— dx
P g YT B2y z41
dy = 272 + 2z dx
or Y= i@+ 1)

[ ¥ +X2+x+1=xXx+1)+x+1)=(x+1E +1)]
Integrating both sides, we have
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_[ 222 + 2 _[ 222 + 2 )
[1ay= @) X YT ey 0

272 + 7 _A Bz+C
Let i@ty 241 T 2241

(Partial fractions)
... (i)
Multiplying both sides by L.C.M. = (x + 1)(x*> + 1), we have
2+ x =A@ +1) + Bx + C)(x + 1)
or 2x2+x=Ax>+A+Bx?+Bx+Cx+C
Comparing coeff. of x2 on both sides, we have
A+B=2 ...(ifi)
Comparing coeff. of x on both sides, we have
B+C=1 ...(iv)
Comparing constants A + C =0 .. (v)
Let us solve eqns. (iii), (iv) and (v) for A, B, C
eqn. (iif) — eqn. (iv) gives to eliminate B,
A-C=1 ...(vi)

1
Adding (v) and (vi), 2A =1 or A= _2

From (v), C:—A:_2

1 i - 1 3
272 2T 5, T
Putting these values of A, B, C in (ii), we have

1 3.1

272 +7 — +22—2

1
Putting C = — } in (iv), B —

(z+1)(z +1) z+1 72 41

1
Z+

+

—
w N W

2z
+ . —
22 +1

N = N =

1

S 2+1 0 2 Z22+1
1 1
1 2

N

Putting this value in (i)
1 1 3 jﬁ lf 1

_ d.
y_2_[2+1 X+4

1 3 1 1 .
y= log (x +1) + 4 log (x? + 1) - tan 't x + ¢ ..(vii)

cad¢my
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L z +1 () ]
To find ¢
When x = 0, y = 1 (given)

Putting x = 0 and y = 1 in (vii),

1—1I 1+§| 1 1 -1
—20g 4ogfztan 0+c

@ggﬁmy
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or 1=c [.log 1 =0andtan 10 = 0]
Putting ¢ = 1 in eqgn. (vii), the required solution is

1 3 1
y:EIog(x+1)+ZIog(x2+1)7_tan*1x+1.
2
1 1
y= g [2 log (x + 1) + 3 log (x2 + 1)] - 5 tan~lx + 1
1 1
=3 [log (x + 1) + log (x2 + 1)°] — 9 tan~1x + 1

1 1
=, [log (x + 1)? (2 + 1)°] - —2 tan 'x + 1

which is the required particular solution.

dy
12. x (x2 — 1) dx =1;y = 0 when x = 2.

a
Sol. The given differential equation is x(x> — 1) _aYz =1
) az
= x(x*—1)dy = dx = dy = 2(221_1)

Integrating both sides, I1 dy = j 222 1) dx

1

= y=| L dxvc (i)
z(z 1)(z 1)
- A c
Let the integrand _ n b — (i)
zZ( +1)( z1) z z+1 z-1

(By Partial Fractions)
Multiplying by L.C.M. = x(x + 1)(x — 1),
1=AKX+1)(x—1) + Bx(x — 1) + Cx(x + 1)
orl=AK —-1)+B(x —x)+C(x* +x)
or 1=Ax>—- A+ Bx? - Bx +Cx?+ Cx
Comparing coefficients of x?, xand constant terms on both sides,

we have

x2: A+B+C=0 ... (iii)
x: -B+C=0 = C=8B ..(iv)
Constants —A=1 or A=-1

Putting A = — 1 and C = B from (iv) in (iii),
CUET
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. From (iv), C = B =
Putting these values of A, B, C in (ii),

1 A
2z+Nez-1) ~ z T 741 T 71

@ggﬁmy
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-[ +1 dX:,_[ldx+1J‘—1dx+1J‘_1dx

z(z 1)z 1) z 2 z+1 2 z-1

1 1
:—Iog|x|+2log|x+1|+ Iog|x—1|

2
1
= [2log!x|+loglx+1/+1loglx—11]
1
=5 log| x 2 +log | (x + 1)(x — 1) []
2 _ 2 _
L 1 1(Ioglz 1ﬂ:1|09|z 11
Z(z+1)(z-1) dx=
(2 + i 21 e | o 22
Putting this value in (i),
1 2 -1
Y= log 52 +c .(v)
To find c for the particular solution
Putting y = 0, when x = 2 (given) in (v),
_1 3 -1 3
0-2Iog4+c :>c-zlog4
Putting this value of ¢ in (v), the required particular solution is
1 -1 1 3
Y=y log 22 - log
4
OR
1 z 1 2z
To evaluate dx = dx = — _[ dx
I 2(z2 - 1) .[ 72(z2 - 1) 2 -1
Put x2 =t

For each of the differential equations in Exercises 13 to 14,
find a particular solution satisfying the given condition:

d
13. cosL\k_d\j) =a(acR);y=1whenx=o0

Sol. The given differential equation is

ay
cos > =a(aeR);y=1whenx=0
az
ay
az =Costa = dy = (cos ! a) dx

®CUET
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Integrating both sides
I1 dy = _[(COS_1a) dx :y=(COS’la)J.1 dx

= y=(osta)x+c ..(i)
To find c for particular solution
y =1 when x = 0 (given) o From (i), 1 = c.
Putting c = 1 in (i), y = xcos ta + 1
-1
= y-1=xcos'a = =cos ta
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— cos [Y=1) = g which is the required particular solution.

Uz )

dy =ytanx;y = 1whenx =0

14.
4 dx

Sol. The given differential equation is al =y tan x

az
= dy =y tan x dx
ay

y = tan x dx

Separating variables,

1
Integrating both sides f . dy - Itan Z dx

= log|y|=1log|secx|+log]|c|

= log |y | =log| c sec x | = |y | =]csecx|
. Yy ==+ csec x
or y = C sec x (D)

where C = + ¢
To find C for particular solution
Puttingy =1and x =01in (i), L =Csec 0 = C
Putting C = 1 in (i), the required particular solution is y = sec x.
15. Find the equation of a curve passing through the point (o, 0)
and whose differential equation isy’ = exsin x.
Sol. The given differential equation is y’ = ex sin x

ay . .
Ezexsmx = dy = ex*sin x dx

Integrating both sides, J‘ 1 dy = I e’sinz dx

or y=1+C (D)

where | = I eZ sin z dx ..(if)
| 1

| Applying Product AEule [rwaz=1]naz-| f%z(l)f 1 az? az}
L ) ]
=ex (—Ccos x) — _[ €” (- cos 2) dx
= I:—exc03x+_[ezcoszdx
culT

Again applying product Academy
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I =—ex 005x+exsinxfjezsinz dx
= | = ex(—cos x +sinx)— I [By (i)]
Transposing 21 = ex (sin x — COS Xx)
v4

I = S i
=5 (sin x — cos x)

Putting this value of | in (i), the required solution is
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1
y = 5 ex (sin x — cos x) + ¢ ... (iii)

To find c. Given that required curve (i) passes through the point
(0, 0).
Putting x = 0 and y = 0 in (iii),

1
0= (-1 +c or 0=
2

i
+c oo
2 2
. 1. . . .
Putting ¢ = ) in (iii), the required equation of the curve is
1 : 1
y =~ ex(sin x — cos x) +
2

LCM. =2 .. 2y =ex(sinx—cosx) +1 or 2y — 1 =ex(sin x— cos x)

which is the required equation of the curve.

dy
16. For the differential equation xy dx_= x + 2)(y + 2), find
the solution curve passing through the point (1, — 1).

ay
Sol. The given differential equation is xy adi x+2)(y +2)
= xy dy = (x +2)(y + 2) dx
z+2
Separating variables ﬁZ dy = ; dx
. . _Y zZ+2
Integrating both sides, y+2 dy = _f 5 dx
y+2-2 (Z 2)
= -4+ =
(y+2_ 2 ) (1, 2
= .[|y+2 Y+2|dy:‘[|\ Z|)dx
\ )
(, _2 ) (1,.2)
= I|1_y+2|dy: .[|C+Z|)dx
\ )
= y-2log|ly+2|=x+2log|x|+c
= y—-x=log(y+2?2?+logx?+c | | xP=x2
= y—x=log ((y +2)°x) +c¢ ...(0)

To find c. Curve (i) passes through the point (1, — 1).
Puttingx=1and y=—1in (i), -1 -1=1log (1) + ¢
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Putting ¢ = — 2 in (i), the particular solution curve is
y—x=log ((y +2)°x?) - 2
ory —x+2=log ((y + 2)?x%).

17. Find the equation ofthe curve passing through the point
(0, — 2) given that at any point (x, y) on the curve the product
of the slope of its tangent and y-coordinate of the point is
equal to the x-coordinate of the point.
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Sol. Let P(x, y) be any point on the required curve.
According to the question,
(Slope of the tangent to the curve at P(x, y)) xy = x
dy

= dX_y:x:}_ydy:XdX

Now variables are separated.

Integrating both sides I Yy dy = J' x dx = + €

Multiplying by L.C.M. = 2, y2 = x? + 2¢
or Yy ’=x>+A ...(0)
where A = 2c.
Given: Curve (i) passes through the point (0, — 2).
Putting x =0 and y = — 2 in (i), 4 = A.
Putting A = 4 in (i), equation of required curve is
y2=x2+4 or y?-x%=4.

18. At any point (x, y) of a curve the slope of the tangent is twice
the slope of the line segment joining the point of contact to
the point (— 4, — 3). Find the equation of the curve given that
it passes
through (- 2, 1).

Sol. According to question, slope of
the tangent at any point P(x, y)
of the required curve.

= 2 . (Slope of the line
joining the point of
contact P(x, y) to thegiven
point A(\(— 4, — 3)).

P(x. y)
(Point of contact)

= dy :2|x: :3 y)(z_—_% A(-4,-3)
dx
\ ) 2 1
dy 2(y+3)
= dx T (x+4)

Cross-multiplying, (x + 4) dy = 2(y + 3) dx
. . _dy 2
Separating variables, y+3 x+4 dx

1 1

Integrating both sides, I y+3 dy =2 I X+ 4 dx

= log|y+3|=2log g + log | c |
(For log | ¢ |, see Foot éﬁlg:l
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= log|y+3|=log|x+4P+log|cl=log]|c]|x+ 47>

= ly+31=]c]|(x+ 4y

= y+3==%|c|(x+ 4>

= y +3=Cx + 47 () where C = + | ¢ |

@ggﬁmy
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19.

Sol.

To find C. Given that curve (i) passes through the point (— 2, 1).
Putting x = — 2 and y = 1 in (i),

i—1
g ~ L

1+3=C(=2+4)? or 4=4C = C=

Putting C = 1 in (i), equation of required curve is
y+3=(x+4) or (x+4)?=y+3.

The volume of a spherical balloon being inflated changes at

aconstant rate. Ifinitially its radius is 3 units and after

gseconds itis 6 units. Find the radius of balloon after

t seconds.

Let x be the radius of the spherical balloon at time t.

Given: Rate of change of volume of spherical balloon is constant

= k (say) 4n az a

a (4n3) =k = = 3 =k = 4 =k

at |\ 3 |) 3 at at
Separating variables, 4nx? dx = k dt
Integrating both sides, 4 IZZ dx = k I1 dt

23
= 4gx — =kt +c ..(D)
3

To find c: Given: Initially radius is 3 units.
= Whent=0,x=3
Putting t = 0 and x = 3 in (i), we have

4n

3 (27) =c¢ or c=36xn ... (i)
To find k: Given: When t = 3 sec, x = 6 units

. i 4n
Putting t = 3 and x = 6 in (i), _3(6)3: 3k + c.

. 4n
Putting ¢ = 36n from (ii), 3 (216) = 3k + 36m
or 4gm (72) — 36w = 3k = 288n — 361 = 3k
or 3k=252n = k =84xn .. (iff)
Putting values of ¢ and k from (ii) and (iii) in (i), we have

4

3 x% = 84nt + 367

Z3
gﬂﬁzu +9
ademy

W
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= x3=63t+ 27 = x = (63t + 27)!3.

20. In a bank principal increases at the rate of r % per year.Find
the value of r if ° 100 double itself in 10 years. (log. 2 =

0.6931)
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. Let P be the principal (amount) at the end of t years.

According to given, rate of increase of principal per year
= r% (of the principal)

aPp  _r_
= =

at =100 *"

P
i iabl a _ Lt dt
Separating variables, P = 100
r

Integrating both sides, log P = 100 t+c ()

(Clearly P being principal is > 0, and hence log | P | = log P)
To find c. Initial principal = * 100 (given)
ie, When t =0, P = 100
Putting t = 0 and P = 100 in (i), log 100 = c.
r

Putting ¢ = log 100 in (i), log P = 100 t* log 100
I _P r

= log P — log 100 = t = log =~ ¢ ..(ii)
100 100 100

Putting P = double of itself = 2 x 100 = * 200
When t = 10 years (given) in (i),
200 _r r

99 100 = 100 * 10 =/log 2= 44

= r =10 log 2 = 10 (0.6931) = 6.931% (given).

21. In a bank, principal increases at the rate of 5% per year. An
amount of ° 1000 is deposited with this bank, how much
will it worth after 10 years (e°5 = 1.648).

Sol. Let P be the principal (amount) at the end of ¢ years.

According to given rate of increase of principal per year
= 5% (of the principal)

. @@ _5 ,p _ @ _FP
— 20 at 100 at 20
dP =P dt

: . ap _ at
Separating variables, P~ 20

Integrating both sides, we have

1 .
log P = 20 t+c (D)

To find c. Given: Initial principal deposited with the bank is

*1000.
e = 0.7 = 1LY

Academy
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Putting t = 0 and P = 1000 in (i), we have log 1000 = ¢

t
Putting ¢ = log 1000 in (i), log P = 50 * log 1000
:>IogP—IoglOOO:—t = |og—P :i
20 1000 20

Putting t = 10 years (given), we have
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g =0 _1_4s

%9 1000 =20 T2 T

I [ If logx = ¢, then x = e1]
= 1000 05 .. 0.8

P=1000e = 1000 (1.648) [. e =1.648 (given)]

(M\ .

= 1000 1000 = " 1648.

22, In a culture the bacteria count is 1,00,000. The number is
increased by 10% in 2 hours. In how many hours will the
count reach 2,00,000, if the rate of growth of bacteria is
proportional to the number present.

Sol. Let x be the bacteria present in the culture at time ¢ hours.
According to given,
Rate of growth of bacteria is proportional to the number present.

e, O is proportional to
e, — X.
at prop
az i . .
= = kx where k is the constant of proportionality (k > 0

because rate of growth (i.e., increase) of bacteria is given.)
az

= dx = kx dt = ?=kdt

1
Integrating both sides, I . dx _ k I1 dt

= log x = kt + ¢ ()
To find c. Given: Initially the bacteria count is xo (say) = 1,00,000.
= When t = 0, x = xo.

Putting these value in (i), log xo = c.

Putting ¢ = log x, in (i), log x = kt + Iogzx0

= log x — log xo = kt = log Z =kt .. (if)

To find k: According to given, the number of bacteria is increased
by 10% in 2 hours.

10
Increase in bacteria in 2 hours = TOOX 1,00,000 = 10,000

x, the amount of bacteria at t = 2

= 1,00,000 + ‘?D Frl0,000 = x1 (say)
Putting x = x1 and ¢ :ﬁ%&%lfmy
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Al _ _ 1 IOQ Z1
log 7z, ~ 2k = k= Z0
2
1 1,10,000 ~ 3 10
= k_
= 2 199 100,000 log
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(1o 1)

09 t

Putting this value of k in (ii), we have log £ = 1
zy 2 |K 10|)

When x = 2,00,000 (given);

2,00,000 (1Iog 1) a2t [u\
then log 1,00,000 ~ L2 10) t = log 2= og 10) t
2
11 2log 2
Cross-multiplying 2log2 = (|09 1) t => t= hours.
U 10|) (11
Uog 10J
23. The general solution of the differential
dy .
equation | = ex*yis
A)e+erv=cB)ee+e=c@ex+e@=c(Dex+er=c
ay
g : — pxty
Sol. The given D.E. is G
ay
= az:ex_ey :>dy=ex.eydx
a
Separating variables, v =exdx or e Vdy = exdx

(@)

Integrating both sides _[e’y dy = Iez dx

= — ZeX+¢c => —eY-—ex=c¢

Dividing by — 1, e v +ex=—¢
or ex + e ¥ = C where C = — ¢ which is the required solution.
Option (A) is the correct answer.
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Exercise 9.5

In each of the Exercises 1 to 5, show that the given differential
equation is homogeneous and solve each of them:

1. (x2 + xy) dy = (x2 + y2) dx
Sol. The given D.E. is
(x2 + xy) dy = (x2 + y?) dx )

This D.E. looks to be homogeneous as degree of each coefficient of
dx and dy is same throughout (}aere 23.\

22| 1+y2|

From (i) a - Zz—+y— —H LL)
" a Z+zy T oa2ly

e 2l

) ()

or

az _ 1+(J\ =F|\Z|) (i)
z)
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*. The given D.E. is homogeneous.

y

Put < -V Therefore y = vx.

ay av av
— =V.14+X T2 =V+X o
az ~ V1T X &z az

y ay

Putting these values of - and az in (ii), we have

av  1+v2

V+X az = 1+v
av  1+v2
Transposing v to R.H.S., x el

av 1+vZ—v-v2 1-v
= X az ~ 1+v T 1l+v

Cross-multiplying  x(1 + v) dv= (1 — v) dx

. ) 1+v az
Separating variables 1_y dv =

z
l+v 1
Integrating both sides 1_y dv= J;az
1+1-1+v 2-(1-v)
:J. 1_v dv=1logx+c = I 1_y dv=logx+c
:>I|1—v | dv =log x + ¢ = -1 —v=logx+c
\ J
= —2log(1—-v)—v=Ilogx+c
-y - (_yl _y
Putv =7, 2log 1" _ ¥ log x + ¢
|
z z
Dividing gy—l, 2 log (&—_yv 1
| | =-logx—c
Lz z
(z-y¥ y (@-yrz)

:logk , J tlogx=- _ —c=log| 2 J=_ , ¢
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Xty
2.y =
Sol. The given differential equation is y’ =
zZ+y
z
ay z y ay y (J\
:aZ:z"'z = 4 =1+ _fz) 0]

. Differential equation (i) is homogeneous.
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y
Put — = =
Z v y =X
ay av av
— =vVv.l14+X - =V+Xx
az az az
ay
Putting these values of az and y in (i),
av av
V+Xx = =1+v = x — =1
az az
az
Separating variables, dv = —
az

Integrating both sides, I 1 adv= _[ -

) y
Putt1ngv=; =log|x|+c

'z
which is the required solution.
3. x—y)dy—-(x+y)dx =0
Sol. The given differential equation is
x-y)dy—(x+y)dx=0

Differential equation (i) looks to be homogeneous because each

coefficient of dx and dy is of degree 1.
From (i), (x —y) dy = (x + {) dx

z 1 + 1+
ay _ z+y _ Z| ay
tez T ozoy T o a7 1Y
z kl - J z
Z
Differential equation (i) is homogeneous.
y
Put Z =V Ty = WX
ay av av
— =V.1+4X - =V+X o
az az az
av 1+v

Putting these values in (ii), v + x az = 1-v

Chapter 9 - Differential Equations

y=xlog | x|+ cx

= xdv =dx

v=log|x|+ ¢

..(D)

(i)




Class 12

1+v2 1-v

Cross-multiplying,

Separating variables,

Integrating both sides, _[

Chapter 9 - Differential Equations

x(@—-v)dv=>0+ ) dx

1-v B ai

1+v2 V=

1-v 1

1+v2 dv:jz e
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1 1
3'[1+v2 dv_Ilez dv:szX+c
. 1 J' 2v
= tan vyl dv=1log x + ¢
1 1 f'(v) |
=tan " 'v - log (1 + v2) = log x + ¢ I—J av=log f(v)
2 f(v)
L
y oy 1y
Putting v = ,» fan 2—210g| 2| =logx+c
2,2
= tanfl—\l—llog|(Z z+2y\=10gx+c
z 2 k }
y 1
= tan™ ' . 2[1og(x2+y2)—long]=logx+c
.y 1 1
= tan™' 2log(x2'+y2)+22logx:logx+c

1
:tan‘ljzl - E log (x2+y2):c:>tan‘1§ = 5 log (x2 +y2)+c

N =

which is the required solution.

4. (x2 —y2)dx + 2xy dy = 0

Sol.

The given differential equation is

(x2 —y2) dx + 2xy dy = O )
This differential equation looks to be homogeneous because degree
of each coefficient of dxand dy is same (here 2).
From (i), 2xy dy = — (x®> — y?) dx

ay -(22-y) y -2

= az 2zy 2zy

Dividing every term in the numerator and denominator of
R.H.S. by x2,

[y
-1
ay |kz|} y) -
- Y _in | ...(i)
2 \z)
. The given differential equation is homogeneous.
ay av av

PutE = v. Therefore y = vx .. = SV.l+4x o =viHx o
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Putting these values of z and az in differential equation (ii),

we have
av v2 -1 av v2 -1 vVZI-1-2v
v az 2v = az 2v 2v
av. —yv2-1 (V2 +1) J ve+1)d
= = - S.x2vav = — (v + 1 X
= X az 2v 2v
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Class 12

Chapter 9 - Differential Equations

2v av

az
d vyl T 7 4
. . —2v T odx
Integrating both sides, J. V241 dv=- .[ ,
= log (v + 1) = — log x + log ¢
= log (v + 1) + log x = log ¢
= log (v + 1) x = log ¢
= v+1)x=c
2 (y2422)
Putv= 5|2 | x=c or | 2 l|x=c
\ \ J
y2 + 22
or =c or X2 + )% = cx
which is the required solution.
dy )
x* (\_d))l() = x2 — 22 + xy

a
The given differential equation is x2 =

X2 — 2y% + X
az 4 v

The given differential equation looks to be Homogeneous as all
terms in x and y are of same degree (here 2).

. ay 22 2y2 zy
2 = = - 2L
Dividing by x2, az ) 2 e
ay (y2 (y)
or az =1_2|\z +|\Z|/ (D)
y
-
(z)
Differential equation (i) is homogeneous.
Soput - =v y =vx
ay av av
— =V.1+4X - =Vv+x =
az a az
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av y=1—2v2:xdv=(1—2v2)dx

V+Xx =1—2v2 +Vv Or Xx
az az az

av

Separating variables, | _5,2 =

z
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1
Integrating both sides, f dv = .f , dx

vt
log | 1+2v 12 - (2v)?

1- 2v|

1
= = =1 x| +c
2.1 /2 - Coefficient of v og | x|

|

[+ et —bion | 212
L
1+ 2
. y 1 -z
Puttmgv=z', ﬁlog 1-H Y =log | x|+¢c
z
Multiplying within logs by x in L.H.S,
Llo 2+:0y =log |x|+c
22 % 2- 2y 2 ’

In each of the Exercises 6 to 10, show that the given D.E. is
homogeneous and solve each of them:

6. xdy —ydx = ,/x2+y2 dx

Sol. The given differential equation is

xdy —ydx=\z2+y2 dx or xdy=ydx+ Jz2+y2.dx

Dividing by dx
ay ay y 2
}22 i y2 1+(E|)
X 0y =V or X . =y+x
ay |y 2 ()
1 +(-¥\
\z)
=2t =)

Dividing by x, az 5

Given differential equation is homogeneous.

y
Put E =v lLe, Yy =vVvx.
ay av
Differentiating w.r.t. x, —— =v +x
az az

. y ay
Putting these values of 2 and e in (i), it becomes

av >
YET o L+v2

.0
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V+X - =V + or X =
az az

/ 2
1+v av az
z

x dv = dx o —T— =

J1+v2

az

av
Integrating both sides, —_— = | &
st il

A
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log(v+ 1+v2) =1logx + log ¢

. y
Replacing v by 2 we have

S Y2y

)
_ | -1 _
log|z+ =log cx or = cx
\

or + = cx?
y [72 4 y2

which is the required solution.
( (Y4 y sin (y)l fy sin (¥ (y)

X COs
7 3 ijl k|X)|Fydx= 3 |\X|) kxﬁxdy
( J L J

Sol. The given D.E. is

- X COs

[z cos (¥) + ysin (¥l [y sin (yV_ Z Cos (¥
3 kZJ kZJFydx=4 LZJ kZdey
L J L J
(z cos Y + y sin—y\ y zy cosY + y? sin—~Y
. ay |k 8 2 z z
=/ V; VAN LY, y
az ysSin— —zCcos— 'z zy sin— — z© cos
K' z z | z z
Dividing every term in R.H.S. by x2,
Y os¥ (Y v
ay z z |\ZJ sin 2 (y\
?Z = y y y = F| kz_| ...(i)
sin —cos
z z z

. The given differential equation is homogeneous.

y
So let us put x =V Therefore y = vx.

ay av av

Putting these values in differential equation (i), we have
av VCOSV+VvZsinv av

_vcosv+vZsiny
" = X = - ~
az vsin v —cosv az vsin v —cosv

VCOSV+V2sinv—v2 si@‘g&%g

vV +X

vsinv-—cosv
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avaz
X

<O I0I< |IN!

I < o n <!

< W O o

Cross-multiplying, x(v sin v — cos v) dv = 2v cos v dx

vsinv-—cosv az

dv = 2

Separating variables, V COS V z

J vsinv-—cosv

Integrating both sides, vl dv =2 I; dx
1
. _a-b a b | vsinv _cosv )
Using c Te "o > \veosv v )dv=2fzdx
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= J‘[tanv—l\ dv=2_[ldx

\| v | z

= log|secv|—log|v|=21log|x]|+log]|c|

secv
= log v =log |x2+1log|c| =log(c|x?
secv s secv )
= v lclx = v =x|c|x
= secv==%|c|x2v

y
Putting v = Y sec ¥ =Cx2 where C = + | ¢ |

z z z
or sec f = Cxy = Lcos - Cxy
¥
y 1
= C Xy COS =1 = Xy COS_Y = = Cs (Say)
z z C

which is the required solution.

(¥

8 x ¥ —y+xsin =0
dx LX)
1. The gi i & + x sin ¥ =
So.TeglvenD.E.lsva y+x zj_o
or x & =y — x sin (‘y\
az z)
ay Y (1\ )
ividi = - =F (]
Dividing every term by x, az 5 s | ) H |.0)
\z)
ay Ly)
Since = F|Kz)|’ the given differential equation is
homogeneous.
y ay av

Putting Z =V ie, y =vx so that az VX
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in (i), we have

av .
V+X — =v-sinv
az
av . .
or X _ =-sinv x dv = —sin v dx
az
av -az az
or - = or cosec vdv=—
sinv z z
Integrating, log | cosec v —cotv | = —log | x | +log | ¢ |

or log | cosec v —cotv | =log

z
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c
or cosecv—cotv:i;
Replacing v by ¥ , cosec ¥ _ cot ¥ = = where C =+ ¢
z z z z
y y
1 cos—  C 1-cos”
= = zZ = = Zz _ =
Y- 3y z y z
sin sin sin
z z z
( )
o 1 - cos~ = C sin Y which is the required
Cross-multiplying, x
| |
solution. \ z) z
L Jq
dx + x lo dy —2xdy =0
o ¥ dx+xlog ) dy ly
Sol. The given differential equation is y dx + x 9 dy
I 2)
( \ - 2X =0
ydx =2xdy - x |09_¥ (Z—IOQJ dy
dy or ydx=x
Ul I
ay Z (y)
o _ - P ()
2 log , \2)

W Ly) o . S
Since = F|Kz)|’ the given differential equation is
homogeneous.

y ay av
Putting — =vie,y =vxsothat - =v +x_Z
z az az
. y ay
Putting these values of - and P in (i), we have
av v
VX az T 2-logv
av. V. v-2v+vlogy ~ —v+vlogv

or X o ~ 2-logv -V~ 2-logv ~ 2-logv
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x(2 —log v) dv =v (log v — 1) dx

2-logv az 1-(logv-1) az
or dv = or dv =
v(log v-1) z v(ogv-1) 4=
[ 1 _ﬂ dv = az
or | 3 |
v(logv-1) v z

@ggﬁmy
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[ 1/v 1l
Integrating j ~Tdv=1log | x| +log|cl
logv-1 v|
orlog [logv—1]-log [vI]=log|x|+loglcl 1
|—” V) - fv
] f(v) logI ()I|
L ]
logv-1 logv-1
or log =log | cx | or v =|ex|
logv-1
or v =+ cx = Cx where C = + ¢
or logv —1=Cxv
y
Replacing v by 5> we have
y Yy y
logz—1=Cx(Z) or log  -1=0C

which is a primitive (solution) of the given differential equation.
Second solution

. J qu
The given D.E. is y dx + x log l\X) dy - 2xdy = 0

Dividing every term by dy,
y 1

y% X [ log~ =logy—logx =—(logx—logy) :—Iog—x

x X=0
logy—z I_ o yJ|

Dividing every term by y,

dy

dx X X X
dy~ ylog y—2 y=0

dx X X X (_e X))

= gy = ylog y T2y ...(i)|\ kgﬂ

. The given differential is homogeneous.

X
Puty=vi.e.x=vy
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Putting these values in D. E. (i), we have

dv
v+yTy=vlogv+2v

dv
=y (Ty: viogv+v=v(logv+1)

Cross-multiplying y dv = v (log v + 1) dy
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Separating variables —dv__ dy
v(logv+l) vy

1
1
Integrating both sides I Y—dv = J‘7 dy

logv+1 y ¢ 1
)
log ‘Iogv+1‘ = log ‘y ‘+ log ‘c‘: log ‘cy | [ I v=log| f (v)|
d
logv+1=2cy=Cy where C = £ ¢ f) J
X
Replacing v by y o we have
X
log y 1= Cy
[ x y 1

or—log1+1=Cy =
" log —log see page 632
x |9y ey, }
Dividing by -1, log < s -Cy or = Cy which is a primitive

(solution) of the given D.E.

xly x|y (1 —l\
10. 1+e )dx+e | y\dy=o
v
xX/y xly (1 —_Z\
Sol. The given differential equationis (1 +e )dx + e | | dy=o0
oY)
xfy al x/y (1 __Z\
Dividing by dy, (1 +e ) 5 +e | y| =0
L)
(z
xly az x/y (1 _72\ az _ eZ/Y| ; - 1)
or (1+e - _ ay .
( ) ay e \ yJ or ay W N0)
az (z)

which is a differential equation of the form a7 = f|\y J

. The given differential equation is homogeneous.

X
Hence put ' =v 16®g%rgmy
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az av
Differentiating w.r.t. y, ay = +y ay
z az
Putting these values of )7 and EV in (i), we have
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’ yg_ev(v—l)
Tlay T 1+e

Now transposing v to R.H.S.

av.  ve'-eY ve' —e' - v-ve' —e'-v
= —v= -
7 ay 1+e 1+e' 1+ev
1+eY ay
1+ev)dv=— (ev d dv = —
y (@ +ev)dv (ev +v)dy or Ve v y
Integrating, log | (v + e) | = —log | y | +log | ¢ |
z
Replacing v by y» we have
Z 2/y) c Z_ _zly ¢
+e - +€
log (y | log yl o |y y
+ely =1 =
y

Multiplying every term by y,
x +y ey =C where C = + ¢
which is the required general solution.
For each of the differential equations in Exercises from 11 to
15, find the particular solution satisfying the given condition:
11. (x+y)dy + (x —y)dx =0;y =1whenx =1 Sol.
The given differential equation is
x+y)dy + (x—y)dx =0,y =1 whenx =1 (D)
It looks to be a homogeneous differential equation because each
coefficient of dx and dy is of same degree (here 1).
From (i), (x + y) dy = — (x — y) dx

Sy _q)
ay  _(z-y) Y-z _ |\z |)
az = Z+Yy yt+z Y

Zkz+1J
ay f—l (y)

or az =y . :f|\z| ..(i)
+

N

. Given differential equation is homogeneous.

y
Put ; =V Therefore }F%UET
ay

gAcaiq.m.y
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av av — =V 4+ X
az az

Putting these values in eqn. (ii), vV + X =

@ggﬁmy
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av. v-1 v-1-v(v+1) v-1-vZ-v _yv2-1

= X a7 Tovsl VT v+l ~ v+1 T v+l
av (V2 +1)
- _ . — 2
= x = vl soox(v+1)dv (v2 + 1) dx
v+1 az

Separating variables, 2.1 dv = - ,

1
J.iv dv+_f‘1 dv=—_[;dx

vZ+1 v2+1
1 2v
= 5 J.Vz+1 dv +tan 'v = —log x + ¢
1 [ ,
= " log (v +1) +tanv=-logx+c J.—f(l)—av=logf(v)1
2 f(v)
1 2
Y B (y_+1\ y
Putting v= _, . log | »2 | + tan =—logx+c
z’ 2
\ J
1 (y2+zz\ Ly
= 2 log| 22 |+tan 5 =-logx+c
\ J
1 Y
= [log (x2 + y2) — log x2] + tan™ ' =—logx+c
4

<

1 1
= Elog(x2+yQ)—_22logx+tan’1 =—logx+c
z
1 y
= 5 log (x2 + y2) + tan™! , =¢ ...(iii)
To find c¢: Given: y = 1 when x = 1.
1
Putting x = 1 and y = 1 in (i), E log 2 + tan™'1 = ¢
_ 1 ( E _1 E\\
or  c=" Jogo+ & StanT=1 = tan''l=
2 4 I\ 4 4)

Putting this value of ¢ in_(iii),

1 CUET 1
= log (x2 + y2) + Ag‘%%m
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Multiplying by 2,
log (x2 + y2) + 2 tan™* Y log 2 +
z
which is the required particular solution.
12. x2dy + (xy + y2) dx = 0; y = 1 when x
Sol. The given differential equation is
x2dy + (xy + y2) dx =g or x2dy
ay Z+ yz(l Y
= L)

= 2
az z Z2

=1

—y x+y)dx
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ay _ .y (1,9) _ (¥

or = | F| | (D)
2z \z)
az b4
The given differential equation is homogeneous.
y .
Put 2 =v, Le, Yy =VX
. - ay av
Differentiating w.r.t. x, az = V + X az
. Y ay .. . . .
Putting these values of 5 and in differential equation (i),
az
av
we have v+x ~ =-vy(l +v)=-v -2
az
Transposing v to RH.S.,, x ; =-vZ-2v
av
or Xaz=—v(v+2) xdv=-v(v+2)dx
_av az
or =- _
v(v+2
(v+2) z 1 1
Int ting both sid —_— =- | =
ntegrating both sides, -[v(v+2) dv Iz dx
or 1J’¢ dv = - log |x |or 1 IM)_—V dv = - log | x |
2 V(v+2) 2 V(V+2)
Separating terms
1.1
or .“V V+2)|dv=—210g|x|
or log |v |—log lv+2] =log x 2 + log | c |
or log V2 =log | cx-
Y c _Vv Cc
vi2 | T | 2 vi2 = E 2

Replacing v tole, we have
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_y <
o y+2z =+ 2
z
or x2y = C(y + 2x)
where C==%c¢ (i)
To find C
1
Putx=1andy =1 (given) ineqn. (ii), 1=3C .. C= 3

1
Putting C = 3 in eqn. (ii), required particular solution is
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1
Xy 3 (y+2x) or 3xy =y + 2x.
[ (y)
xsinz! ¥ 1oy dx +xdy=0;y= I whenx=1
| iyl |
| (x’) | 4
Sol. The ginn different{al equation is
zsinzl—y T =1
dx +xdy=0;y= "~
T 4
o xdp= 2z Yoy gy
g
ay .
Dividing by dx, x az — x sin® +y
z
s ay .,y |y
Dividing by x, T

4

. The given differential equation is homogeneous.
ay av

Put — = 5 = VX . S — 1+ X
X \ % Sy V. A az V. az

=V

Putting these values in differential equation (i), we have

av av ,
vV + X =—sin*v+v = X = — sin®* v
az az
= x dv = — sin®*v dx
av az
Separating variables, = - —
P 8 sin2v z
1
Integrating, _[coseczv av = — f 2 dx
= —cotv=—1log|x|+¢c
Dividing by - 1, cotv=1log|x|—-c
. y y
PuttlnszE, cot;=10g|x|—c

n

Tofindc: y= 4 when x = 1 (given)

(D)

av
az

. (i)




Class 12

Chapter 9 - Differential Equations
. T =log1-c
in (ii), cot 4

or 1=0-¢

or c=-1
Putting ¢

— 1 1in (ii), required particular solution is

cot;=10g|x|+1=10g|x|+loge=1og|ex|.

dy vy J\
4 4~ + cosec | =o0o;y=0whenx=1
\x)
Sol. The given differential equation is
ay y y
~—_— T~ +cosec - =0;y=0whenx=1
az z z
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y)
ay y y :f(z)

or = - cosec )
az z z

', Given differential equation (i) is homogeneous.
y ay av

Put - = N = X N - = 1+X7
1% LYy =V s az V. az

Putting these values in differential equation (i),

av av. -1
VX o, =v-coseev = x T siny
x sin v dv = — dx
az
Separating variables, sin v dv = — ~y
1
Integrating both sides, _[sin vav = — J , dx
—cosv=-1log|x|+c
Dividing by — 1, cosv=1log|x|-c
Puttin = y 1 ji
g v= p cosz—oglxl—c ...(i)
To find c: Given: y = 0 when x = 1
From (ii), cos 0 = log 1 — ¢ or 1=0-c=-c¢
c=-1
. — = y
Putting ¢ = —1in (ii), cos Eleg|X| +1=1log|x|+loge
y

= cos S = log | ex | which is the required particular solution.

_dy

2 2
15. 2xy +y* - 2x2

=0;y=2whenx=1

Sol. The given differential equation is

a

2xy+y2—2x2;§=0;y=2whenx=1 .......................... @

The given differential equation looks to be homogeneous because
each coefficient of dx and dyis of same degree (2 here).

, ay ) ay —2zy y?

From (i), — 2x =—o2xy -y

az - -222 -2
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\z)
. The given differential equation is homogeneous.
y ay av av
Put - =v = y=w . —Z =v.1+x 2 =v+x
z az az az

Putting these values in differential equation (ii), we have

av l V2 = X av l d d
+ x =v+ = v2 = 2x dv = v2 dx
v az az
2 2
) . av az
Separating variables, 22 =5

$)Academ
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Sol.

17.
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1
Integrating both sides, 2 IV’Z dv = J , dx

vi 2
= 2—1=log|x|+c = = :10g|x|+c
- v

. vy -2
Puttmgv:z, (y\—og|x|+c
z)
or =22 _log|x|+c .. Giif)
y

To find c: Given: y = 2, when x = 1.

From (iii), ? =log1+c or —1=c

Putting ¢ = — 1 in (iii), the required particular solution is

2z
-~ =log|x|—-1
. g | x|

_ -2z
= y(og|x|-1)=-2x = Y= Joglzl- 1
27 2z
=

Y= _(1-loglzl) — Y7 1-loglzl’

Choose the correct answer:

A homogeneous differential equation of the form
dx  (x)

dy = h|\ v J can be solved by making the substitution:

Ay =wx B)v =yx C)x=vwy M)x=v
We know that a homogeneous differential equation of the form
az (z) X

ay - h'\y J can be solved by the substitution )7 =vie, X = V.

. Option (C) is the correct answer.

Which of the following is a homogeneous differential
equation?

(A) (ax + 6y + 5) dy — @k 2K 4) dx = 0
(B) (xy) dx — (x3 + y3) ade@y (x3 + 2y2) dx + 2xy dy = 0




Class 12 Chapter 9 - Differential Equations

D) y>dx + (x* —xy —y*) dy = 0

Sol. Out of the four given options; option (D) is the only option in
which all coefficients of dx and dy are of same degree (here 2). It
may be noted that xy is a term of second degree.

Hence differential equation in option (D) is Homogeneous
differential equation.
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Exercise 9.6

In each of the following differential equations given in
Exercises 1 to 4, find the general solution:
dy

1. dX+2y=smx

ay
Sol. The given differential equation is az * 2y =sin x
| Standard form of linear differential equation
ay
Comparing with az t Py = Q, we have P =2 and Q = sin x
_[de:Jz dx:Zjldx:Zx ILF. = olPaz = e
Solution is y(L.F.) = I Q(.F.) dx + ¢
o J‘ 27 i

or yeXx=|€"SINZ dx + ¢
or yeXx=1l+c ...()
where 1= [ €SINZ Ao (i)

ApplyiTg Product Rule of Integration \ .
a

I.ITaz=I|Ilaz-| |— (I)| ITaz az

J Juaz-[ 12 m] id!

L J

= e2x (_ cos X) — ‘.‘ 2e22 (— CoS Z) dx

2z
or | =—eXXcosx+ 2 Ie cos x dx

| 1
Again applying Product Rule,

| = — e2x cos x + 2 [ezz sin z—j' 2e% sin z az]

= | =—-eXXcosx +2eXXsinx—4 _[ezzsinzaz
or | = e (— cos x + 2 sin x) — 4l

Transposing 51 = e (2 sin X — cos X)
eZZ
| = —|— (2 sin x — cos x)

5

Putting this value of | in (i), the required solution is

e? CUET
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(2sinx—cosx)+ ¢
Dividing every term by e, y = _5 (e®)

1
or y=E(25inx—cosx)+ce‘2X

which is the required general solution.
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d
2. & +3y=e =
dx

ay
Sol. The given differential equation is az + 3y =e X

| Standard form of linear differential equation
ay
Comparing with az +Py=Q,wehave P=3and Q=e

Ipdx:J3 dx:3_[1 dx = 3x ILF. = ol Pz =3

Solution is y(I.F.) = I Q(L.F.) dx + ¢

- 22 -2z +3Z v4
0rye3x:_[e e3xdx+cor:_[e ! dx+c:_[e dx + ¢

or yeXx=ex+c
Dividing every term by e3x,
e’ c 5
_ S — p-2 -3x
y_e3z +e3Z or y=e 2 +ce

which is the required general solution.

CA
3. dx + x
ay
Sol. The given differential equation is + = x2
az 4
ay . ¥
It is of the form - + Py = Q Comparing P=",Q=x2
JP 1 - . = _JPaz = glogx =
dx = dx = log x S LF.= @ =e =X

z
The general solution is  y(I.F.) = _[ Q(.F.)dx + ¢
A
or yX:jZZ-Z dX+C=IZ3dx+c or xy= 4 *c
dy ( )

4 g *(secx)y=tanx l\OSX<2J

_ _ _ CUET &Y
Sol. The given differential oaidemy
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az * (sec x) y = tan x

It is of the form 3z’ Py = Q.

Comparing P =secx, Q =tanx
IP dx = fsecz dx = log (sec x + tan x)

I.F. = ejPaz = glog (secx+tan ¥ = sec x + tan x

The general solution is  y(I.F.) = J Q(L.F)dx +c

or y (sec x + tan x) = _[tanz (sec x + tan x) dx + ¢

_[(sec ztan z+tan?z) dx + ¢ = _[(secztan z+sec?z-1)dx + ¢
secx+tanx —-x+c¢

de
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Sol.

Class 12 Chapter 9 - Differential Equations

or y(sec x + tan x) = sec x + tan x — x + c.
For each of the following differential equations given in
Exercns&s 5 to 8, find the general solution:

COS X +y = tan x (O X TC\
dx |K 2|)
ay

The given differential equation is cos? x az +y =tan x

ay
Dividing throughout by cos? x to make the coefficient of az unity,

ay tan z a
+ —L = - & + (sec’x) y = sec’ x tan x
az = cos?z  COs?z az

It is of the form & | p, = q
az

Comparing P =sec?x, Q = sec? x tan x

IP dx = jseczz dx = tan x I.LF. = eIPaZ Shel *

The general solution is y(I.F.) = J. Q(L.F.) dx + ¢

or yetanx = J. sec?z tan x . etnx dx + ¢ ...(i)
Put tan x = t. Differentiating sec? x dx = dt

_[ Sec?z tan x et x dx =I t etdt
111
Applying integration by Product Rule,

= t.ef—jl Letdt=t.et—et=(t—1)et=(tan x — 1) etanx
Putting this value in eqn. (i), ye® x = (tan x — 1) e x + ¢
Dividing every term by etan x,
= (tan x — 1) + ce~ " x which is the required general solution.
dy

X + 2y = x2 log x
dx

ay
The given differential equation is x az +2y = x2log x

)

a .
Dividing every term by x (To make coeff. of &Y unity




Class 12 Chapter 9 - Differential Equations

|K az

y =xlog x

ay
It is of the f — =
t is of the form aZ+Py Q.

1
ComparingP=_2,Q=ongx J.de=2~|._dx=2Iogx
z
I.F. = eIPaZ = g2 log x = plog 2 _ x2 I -+ elog f(x) =f(X)

The general solution is y(I.F.) = J. Q(.F.)dx + ¢

or yx2=_[(zlogZ).x2dx+c=_[(lOQZ).x3dx+c
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4 4
z 1 ai zZ 1 3
=Iogx.T—IZ,:dx+c =Tlogx— _[Z dx + ¢
4
4
Z A
or yx2= __ _ =
2 log x 16 +c.
2
z 2 (0
Dividing by x2, y = __ _ z -
4 8X~ g * 2
y = z | <
T — (4logx—-1) +
16 ( g ) 2
dy 2 .
+y= og x
x log x dx Vst 4
ay 2
The given differential equation is x log x s = 7 log x
ay
Dividing every term by x log x to make the coefficient of 2z
o XL 2
unity, az 7 zlogz 7 T 2
ay

Comparing with 5 + Py = Q, we have

_1 2
P= Zlogz and Q=
1 1/z
J-P dx = j Zlog z dx = I log z dx = log (log x)
r,_ £ az=log f(z)1|
] f(2)
L ]
I.F. = ejPaz = elog (log M = |og x

The general solution is y(I.F.) = _f Q(L.F) dx + ¢

2
or ylogx= |, = (log 2) 22 gx + ¢
Yy log J. 2 log x dx = 2 j | |

Appl?(ing Prodtict Rulle
e
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H 11 L i
_Iogz+z-1—| -2
:2||_ 7 :J+C or ylogx= 7 (1 + log x) + c.

8. (1 +x2)dy + 2xy dx = cot x dx (x = 0)
Sol. The given differential equation is (1 + x2) dy + 2xy dx = cot x dx

a
Dividing every term by dx, (1 + x?) ;Z + 2xy = cot x

a
Dividing every term by (1 + x2) to make coefficient of ?i unity,

de
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ay 2z cotz
az V14277 142

ay
Comparing with 2z " Py = Q, we have
2z cot z
P = 14+ 22 and Q = 1422
I—ZZ 2 [ iz az fz |
[Pax="142 ax=10g11+x| |7 f@ =logl (1
L ]
= log (1 + x?) [ 1+x2>0 = |1+x2|=1+x?
ILF. = g/Paz = eloe(1+X) = 1 4 x2
Solution is Y(L.F.) = IQ(I.F.) dx + c

cotz
e = |, @) dxrc

= y(1 +x?) = _[COtZ +¢c = y(l+x?) =log|sinx]|+c

Dividing by 1 + x2, £ loglsinzl | ¢
1+22 1+ 72

or y=(1+x2)tlog|sinx|+c(1+x2)?
which is the required general solution.
For each of the differential equations in Exercises 9 to 12,
find the general solution:
dy

X +y-x+xycotx=0, (x=0)
dx

Sol. The given differential equation is

ay
X 5 +y—-Xx+xycotx=0
ay
= X§+y+xycotx=x
ay
= Xa?+(1+xcotx)y=x

ay

Dividing every term b’pdiﬁi(f coefficient of —_ unity,
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y =1
ay

Comparing with az + Py = Q, we have

1+zcotz

P = and Q=1
z
1 t (1 zcotz) (1 t\

Paz- (Q+zcotz) gx= Lzeotzh +CotZ° dx

| I T [

= JPaz = log x + log sin x = log (x sin x)
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I.F. = eJPaz = elog (xsinx) = x gjn x

Solution is y(l.F.) = I Q(.LF.) az+ ¢

or ylx sin x) = I.Zsinz dx + ¢

I 1
(Applying Product AEule, ; I.ITaz=1I Il az- (2 M, I az\ az\
i J 5 e 177

= y(x sin x) = x(— cos x) — Il(—cosz) dx + ¢

=—xcosx+J‘coszaz +C
or y(x sin x) = —Xx cos x +sinx +c

—2C0SZ sinz c
- . i A + .
zsin z zsinz zZsin z

Dividing by x sin x, y =

1
or y=—cotx+ = + <
z zsin z
which is the required general solution.

10.x+y) V=1

dx
Sol. The given differential equation is
a
(x+y)a—§:1 = dx=(x+y)dy
az
= =X +y = az _ xX=y
ay ay

| Standard form of linear differential equation

. . az

Comparing with __ 4 px = Q, we have, P=-1 and Q =y
ay

[Pay = [-1ay =- [1ay =—y LFo= P —ey

Solution is x(I.F.) = IQ(I.F.) ay + ¢
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dy +c ( 3
. a

(Applylng Product Aule, | I.ITay=1| ITay - ORR!!
J J J '_ay J ay| ay|
\ \ ) )

e e - y
=>xeV=y _1_I1-_1 dy + c =_ye—y+fe dy +c¢

eV

=—-yer+ _71 +C

= xeV=—yeV—eV+cC

DS
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C
S N
Dividing every term by e 7, x y-1+ =

or xX+y+1=ce
which is the required general solution.
11. ydx + (x-y2)dy = 0

Sol. The given differential equation is y dx + (x —y?) dy =0
az az

_+x—y2=0 or yay

.
Y ay +x=y

Dividing by dy,

az
Dividing every term by y (to make coefficient of ;)/ unity),

az 1
ay + y x =y | Standard form of linear differential equation
az
Comparing with a—y + Px = Q, we have

1
P="andQ-=y
Y

_[Pay

Iidyﬂogy

I.E. = e'[Pay = elogy =y
Solution is x(I.F.) = J. Q(I.F.) ay + ¢

3
Y
:>x.y=_[ yyay +c = xy:fyzay tC = xy= 3m+cC

C

y
which is the required general solution.

yz
Dividing by y, x = 3 +

dy
12. (x + 3y?) dx =y (y>0)

ay

Sol. The given differential equation is (x + 3y2) az =Y
2 az 2 az 2
:ydx=(x+3y)dy3yay =x+ 3y :>yay—x=3y

az

Dividing every term by, WFKE coefficient of ay unity),
Academy
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az 1 x =3y | Standard form of linear differential equation
ay ~y
az -1
Comparing with ay + Px = Q, we have P = y and Q = 3y

1
IPaY =—Jy_dy=—logy=(—1) log y =log y~ !

1 1
ILF.= o/Pay =elgy =y 1= y
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Solution is x(I.F.) = I QU.F)ay + ¢

1 1 A
= X =I3y.—ydy+53y=3_[1 dy+c=3y+c

Cross — Multiplying, x = 3y? + ¢y
which is the required general solution.
For each of the differential equations given in Exercises 13
to 15, find a particular solution satisfying the given
condition:
dy
13. X+2ytanx=sinx;y=0 when X= 3
Sol. The given differential equation is
ay T

_ + 2y tan x =sin x; y = 0 when x =
(It is standard form of linear differential equation)
ay
Comparing with a? + Py = Q, we have
P=2tanx and Q =sin x

J.P dx =2 jtanz dx = 2 log sec x = log (sec x)?
(." nlog m = log mn)

E

I.F. eI Paz — elog (secx)2 = (sec x)? = sec?® x

Solution is  y(L.F.) = IQ(I.F.) dx + ¢

ysec® x = Isin zsec?z dx + ¢

=
f sin z 7 J sinz 4
= + = +
cos2z T cosz.cosz T €
or y sec’ x = _[tanzsecz dx +c=secx+c
Y _1
= 2 = -
Cos- z CO0S z

Multiplying by L.C.M. = cos? x,

Y 2m805 X + cos® x
UET
@gcadﬁmy




Class 12

From (i),

1

or 0=2+c

0 = cos

'(\12)2

Chapter 9 - Differential Equations

To find c: y = 0 when x = 3 (given)

T , I
+ c cos
3 3
1 C
or 0= 7 _
+

2 4
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c -1
= = c=-2
= 47 2
Putting ¢ = — 2 in (i), the required particular solution is

y =cos x — 2 cos’ x.
d -t
14. (1+XZ)F)\(( + 2xy = ; y=0 when x=1

L+

Sol. The given differential equation is

a 1
(1+x2)_¥ +2xy = ; y=0whenx=1
az 1+ 22

a
Dividing every term by (1 + x2) to make coefficient of y unity,

2z 1
ay , 22 )
az 1+z2 7T (1+222
ay

Comparing with o Py = Q, we have

peE g a2
T1az2 YR T g2y
2z f'(z)
J.de=~[1+zz x = |

f(2) dx =log f(x) =log (1 + x2?)

ILF. = oJPaz = elog(1+2) = 1 4 x2
Solution is  y(l.F.) = fQ(I.F.) dx + ¢

or y(1+x?) = _[ (1+ 222 (1+x))dx+c

or

1
y(1 +x2) = J22+1 dx +c =tan !

X+cC
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To find c: y = 0 when x =1
Putting y = 0 and

x=1in(), O=tan ' 1 +¢
T T
or 0=T +¢ otan T =1 = c=-
4 il 4 | 4
T
Putting ¢ = —

in (i), required particular solution is
4

y(1 +x2) =tan" x— ",

4
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dy T

15. & - 3y cot x = sin 2x; y = 2 when X=,

Sol. The given differential equation is ﬂ - 3y cot x = sin 2x
az

ay
Comparing with az + Py = Q, we have

P = -3 cot x and Q = sin 2x

J.P dx = -3 jcotz dx = — 3 log sin x = log (sin x)” 3

LE. = eJ' Paz = elog (sin X~ 3 _ (sin X)—3 -
sin3z

The general solution is y(I.F.) = IQ(I.F.) dx + ¢

or . = sin 2z, . dx + ¢
Y sin3z j sin3 z
—Y i COS Z
or = = 2sin z cos z by + d 5 o
SIN° zZ sin z sin z
| I
CoS z
:ZJ.SinZ SinZdX + =2 J.COSGCZCOtZ dx =—2 cosec X + C
or . y = = i + C
Sin?z sin z
Multiplying every term by L.C.M. = sin® x
y=-2sin’x + csin® x ...(0)
T

To find c: Putting y =2 and x = > (given) in (i),

2 & s L
2 = — 2 sin + C sin or 2=—-2+c or c=4
2 2
Putting ¢ = 4 in (i), the required particular solution is
y =—2sin’x + 4 sin® x.

16. Find the equation of the curve passing through the origin,given
that the slope of the tangent to the curve at any point(x, y)
is equal to the sum of coordinates of that point.

Sol. Given: Slope of the tangent to the curve at any point (x, y) =
Sum of coordinates of tFoint X, V).
z

D)%

ca ayaz
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—y=x
. Loay
Comparing with az + Py = Q, we have P=-—1and Q=x
Ide:J—l dx:—jldx=_x |‘|:.=e_[Paz=e_X

Solution is y(I.F.) = IQ(I.F.) dx + ¢

ie., yex= I ze? dx+c
111
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rApplying Product AEule: [ 1.Taz=1[ az- [~ (1) ([ maz) az)
Il az I
—z

e—Z
= yer=x — - Il'i dx + ¢

_ z e?
or ye ¥=-—Xxe ¥+ J.e az +Cc or yeX=-Xxe X+ 71 +c
oryeX=—xe"X—e X+ or lzz—iz -
e e e
Multiplying by L.CM. =eX, y = —x — 1 + cex ...(1)
To find c: Given: Curve (i) passes through the origin (0, 0).
Putting x =0and y =0in (i), 0=0-1+¢

or -c=-1 or c=1
Putting ¢ = 1 in (i), equation of required curve is
y=—-Xx-1+eX or x+y+1=ex

17. Find the equation of the curve passing through the point (0,
2) given that the sum of the coordinates of any point onthe
curve exceeds the magnitude of the slope of the tangentto
the curve at that point by 5.

Sol. According to question,

Sum of the coordinates of any point say (x, y) on the curve.
= Magnitude of the slope of the tangent to the curve + 5

2

(because of exceeds)

. ay
ie., x+y=£+5
ay ay
= 5+5=x+y = E_y=x_5
ay
Comparing with o + Py = Q, we have

P=-1 and Q=x-5
J-PdXZJ._ldX:—J‘ldx=—x ILF. = ol Pz = e

Solution is y(I.F.) = [ Q(LF.) dx + ¢

or ye x= J(Z_S)efz dx + ¢
[

[ Applying Product Aule: [rmaz=1fmaz- [ () (] maz) az)

rJy
: @ yaﬁgm.y ¢
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az
e’ -z
=(x-5) Y JT |J .
Ell dx + ¢
or ye X =—(x—5)e ¥+ _[e’zdx+c

@ggﬁmy

Call Now For Live Training 93100-87900



18.

Sol.

19.
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—Z
or ye-x=—(x—5)e—X+—1+c

Y (z=5) 1 +c

or = -

&) ()  (e9)

Multiplying both sides by L.C.M. = ex
y=—(x—-5)—-1+ cex
or y=—x+5—-1+cex or x+y =4+ cex ...()
To find c: Curve (i) passes through the point (0, 2).
Putting x = 0 and y = 2 in (i),
2=4+ce® or -2=c¢

Putting ¢ = — 2 in (i), required equation of the curve is

X+y=4-2e or y=4-x-—2ex

Choose the correct answer:
The integrating factor of the differential equation

dy

x -y = 2x2is
dx
L
(A) e x (B) ey ((9) N (D) x
ay
The given differential equation is x w825 2x2
ay

Dividing every term by x to make coefficient of ; unity,

ay 1

— = y =2x | Standard form of linear differential equation
az z

ay -1
Comparing with - + Py = Q, we have P = 2 and Q= 2x

[-1

IP dx = dx =—logx=logx ' [.  nlogm=log mn]
z
1 1
ILE. = ejPaz = glogxt = x-1 = [ elosfa = f(x)]
V4

Option (C) is the correct answer.
Choose the correct answer:
The integrating factor of the differential equation

d
(1_y2)d_);/ +@€ﬁéil<y<1)

Academy
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L L
L
(a) v -l (B) fyz -t © l-y? (D)

L
L- y?

Sol. The given differential equation is

az
— 2 = —
(1 y)ay+yx ay (-1<y<1)

az
Dividing every term by (1 — y?) to make coefficient of ay unity,

Call Now For Live Training 93100-87900



Class 12 Chapter 9 - Differential Equations

az + L x = —ay
ay 1-y? 1-y2
| Standard form of linear differential equation
Comparing with ;i + Px = Q, we have
y ay

P= "5 and Q= 7 5
1_y2 1_y2
Y Y -1 4 =2y

IP dy = J.1_yz dy = 5 jl—yz dy

[ f(y) ]
_=1 log (1-?) |,,I = log f(y)
2 - f(y)
L i
= log (1 - y?)
I.F. = ejPay = elog (1-yA~ 112
= (1 -y [ e/t = £(x)]

1

=iy

. Option (D) is the correct answer.
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MISCELLANEOUS EXERCISE

1. For each of the differential equations given below, indicate
its order and degree (if defined)

ooy (dy)?
(i) ax? + 5x |kdx|} -6y =log x
(i (dy)  (dy)? o
- + Ty =
ii |de|) 4|\d7|) ’y = sin x
dty (d3y)
(iif) @_—sin |kdx3|) =0
Sol. (i) The given differential equation is
a2y (ay)?

Py + 5x |raz|) — 6y = log x

The highest order derivative present in this differential
a2y

equation is E and hence order of this differential

equation is 2.

The given differential equation is a polynomial equation
in derivatives and highest power of the highest order
azy

derivative — is 1.
az

Order 2, Degree 1.




Class 12 Chapter 9 - Differential Equations

(i) The given differential equation is
3 2
(ﬂ? — 4 (ﬂ\ + 7y = sin x.
az ) \az)
The highest order derivative present in this differential
ay
equation is az and hence order of this differential

equation is 1.

The given differential equation is a polynomial equation

in derivatives and highes|'5 power of tqe highest order
(ay)3

derivative - is 3 | of | —

erivative _— . L \az ) |J

Order 1, Degree 3.

o o aty (@)
(iii) The given differential equation is azt sin |\az3|) =0.

The highest order derivative present in this differential
aty

equation is ot and hence order of this differential
z

equation is 4.

Degree of this differential equation is not defined because the
given differential equation is not a polynomial equation
in derivatives

(a®y )

because of the presence of term sin | —
[ Loz’ )
Order 4 and Degree not defined.
2. For each of the exercises given below verify that the given

function (implicit of explicit) is a solution of the
corresponding differential equation.

i) x =an+beX+x2-xﬂ+2g¥—X +x2-2=0
Y 7 dx2 dx Y
d2y dy
ii = ex b si : — _ 2y =
(ii) y =ex (a cos x + b sin x) o 2 o vV 0

d2y

(iii) y =x sin 3x:

d7+9y—6c0s3x=0
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Sol. () The given function is
Xy = aex + be X + x? ..(0)
To verify: This given function (i) is a solution of differential
2
equation ay Lo & xy+x2-2=0 ..(ii)
az® az

Differentiating both sides of (i), w.r.t. x,
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ay
X az +y.1l=aex+ be *x(—1)+ 2
ay
or X +y = aeXx— be ¥+ 2x
az

Again differentiating both sides, w.r.t. x
ay ,ay ,,ay

X =aeX+ be ¥+ 2
az2 az az
or Xazy +29Y = ae*+ be ¥+ 2
az? az
. Putting aex + be x = xy — x? from (i), in R.H.S., we have
Xaz_y+2ﬂ=xyfx2+2
az? az
or xa27y+2§¥fxy+x272=0
az? az

which is same as differential equation (ii).
Function given by (i) is a solution of D.E. (ii).
The given function is
y = eX (a cos x + b sin x) ()
To verify: Function given by (i) is a solution of differential
equation

= v 2 s @
— 2 o t2= (i
e az
From (i),
ay a a
J:*ex . (@ cosx+ bsinx)+ e~ (acosx+ bsinx)
az az az
ay . .
or az:ex(acosx+bS|nx)+eX(7aS|nx+bCOSx)
ay
= az = Y te (— a sin x + b cos x) .. (iif)
(By (1)
2
@Y _ 8 x(-asinx+bcosx)+ex(—acosx—bsin x)
az2 9z
2 a
or &Y _ ay




Class 12 Chapter 9 - Differential Equations

az2 = a7 ez 1)- v (By (iii)) and (By (1))
2
a a »

or l:zlizy or ay72§¥+zy:o
az? az az? az

which is same as given differential equation (ii).
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. Function given by (i) is a solution of differential
equation (if).
The given function is

y = x sin 3x (D)
To verify: Function given by (i) is a solution of differential
equation

azy
—— +9y -6c0s3x=0 .. (if)
az?
ay
From (i), E:x.cos3x.3+sin 3x.1
ay
or ——- =3 xcos 3x +sin 3x
az
azy
P = 3[x(— sin 3x) 3 + cos 3x . 1] + (cos 3x) 3
a2y
or o) = — 9x sin 3x + 3 cos 3x + 3 cos 3x
= — 9x sin 3x + 6 cos 3x
=— 9y + 6 cos 3x [By ()]
a2y
i, _ L
or a7’ 9y —6cos 3x=0

which is same as differential equation (ii).
. Function given by (i) is a solution of differential
equation (ii).
The given function is

x? = 2y? log y ...(0)
To verify: Function given by (i) is a solution of differential
equation

ay
2 4 2 oy = y
x> +y?) az Y 0 .. (if)

Differentiating both sicﬂes 01; (Q w.r.t. x, we ga\ﬂe
ox=2 y2.— Y+ (logy)2y ¥
| y az az

L J
ay
Dividing by 2, x = az (y + 2y log y)

ay z z

az ~ y+2ylogy  y(1+2logy)
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2logy = y2 from (i),
ay z z zy?
az ﬁ = y(y2+z2\_ y(Z2 +Yy?)
Vil 2
Yoo )

@ggﬁmy
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3.

Sol.

ay _ _zy
az z2 +y2

S ay
Cross-multiplying, (x* + y?) az -

a
or (x2+y2);§—xy20

which is same as differential equation (ii).

.. Function given by (i) is a solution of differential

equation (ii).
Form the differential equation representing the family of
curves (x — a)? + 2y? = a2, where a is an arbitrary constant.
Equation of the given family of curves is

(x — a)’>+ 2y% = a?
or x?+ a’>- 2ax + 2y* = a?
or x> —2ax +2y* =0
or X2 + 2y% = 2ax .0
Number of arbitrary constants is one only (a here).
So, we shall differentiate both sides of equation (i) only once w.r.t.x.
ay

From (i), 2x+2 .2y L = 2a
ay
2x +4y — = i
or X Ly az 2a ..(i0)

Dividing eqgn. (i) by egn. (ii) (To eliminate a), we have
z2 + 2y? 2az

ay -~ 2a X
22+ 4 &
Y az
a
Cross-multiplying, x(22 +4y ay)
| | = x% + 2y?
ay { az') o
or 2% +4xy =X+ 2y or 4xy =2p2 X2
az
ay 2y?-72
= az = “4gzy  Which is the required differential equation.

Prove that x2 — y2 = c(x2 + y?)? is the general solution of the
differential equation (x* — 3xy?) dx = (y® — 3x2y) dy, where ¢
is a parameter.

Sol. The given differential equation is

(x® — 3xy?) dx = (y® — 3x%) dy (D)
Here each coefficient of is-of same degree (Here 3), therefore
differential equation diﬂ])Pe homogeneous differential
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equation.

o ay (28 - 3zy?)
From (i), az m

Dividing every term in the numerator and denominator of R.H.S.
by x3,
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'3 (yR
Ao 3|sz') fﬁ%) (i)
(AF () =
\z)  (z)
Therefore the given differential equation is homogeneous.
y ay av av
Put 2 =V Therefore y = vx. " az =v.1l+x 2z SVtX o5
Putting these values in eqn. (ii),
av.  1-3v2
VEX ez T ve_av
av 1-3v2 _1-3v2-v4 432 av 1-v4
X3z T v-3v V7 v3 —3v = X 37 T v3-3v

Cross-multiplying, x(v® —3v) dv = (1 - v*) dx

) . (v®-3v) az
Separating variables, o dv=

z
Integrating both sides,
v3 —3v 1
.[ 1_y4 dv= _[ 5 dx = log x + log ¢ .. (iif)

Let us form partial fractions of
—3v v3 —3v v3 —3v v3 —3v

1-vi T (1-9(1+v) T v T -1+ W)

A B Cv+D
= 2 ;
1-v 1 1+v2 ()

Multiplying both sides of (iv) by L.C.M. = (1 — v)(1 + v) (1 +v?),
vi-3v=Al+v)L +v¥) +B(l-v)A+vd) + (Cv+D)@A-1?

=AQ+v2+v+ ) +BA+v2i-v—Vv3) +Cv-Cv¥+D- Dv?
Comparing coefficients of like powers of v,

v A-B-C=1 .(v)
v? A+B-D=0 ...(vi)
v A-B+C=-3 ... (vii)
Constants A+B+ D=0 ... (viii)

Let us solve eqns. (v), (vi), (vii), (viii) for A, B, C, D.

Eqn. (v) — eqn. (vii) gives, —2C =4 = C =

Eqn. (vi) — eqn. (viii) g@Agﬂt orD=0
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Putting C = — 2 in (v),

A-B+2=1 = A-B=-1 . (i%)]
Putting D = 0 in (vi),
A+B=0 (%)

Adding (ix) and (x),

2A=-1 = A=

@ggﬁmy
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1
From (x), B =- A= _2
Putting values of A, B, C and D in (iv), we have
-1 1
3V _ _2 N 72 B 2V
1-vd — 1=v T 14v 142
- 3v =1 Jog(1-v 1
T—v =, 4 . log (1 +v)
2
f—(M)—av= log f (v)—||

—log (1 +v?) | J‘ fv)
L ]

1 1
=, log (1-v) + ) log (1 +v)— log (1 +12)

-1 g @ - v) + log (1 + v)] - log (1 + v?)
2

-1 log (1 - v)(1 + v) - log (1 + v?)
2

—3v ( )

2 12 2 [1_v2

:>I1_V4 dv=1log (1-v) —Iog(1+v):Iog‘ |
\1+V2|)

Putting this value in eqgn. (iii),

log | \/1 —VZW = log xc N1-Vv2 _ xc

\1+V ) 1+v -

Squaring both sides and cross-multiplying, 1 — v2 = ¢2x2 (1 + v?)?

y y2 ( yz \2
Putting v= — 1 _ —— =c%? -
z'’ 1 z2 U + Z2J
—y2 s (z2 + y?)? z2-y2 c(z2 + y2)2
or 7 =X 74 o 22 _ 22

or x2—y?2=C(x?+ y?)?where ¢2 =C
which is the required general solution.

. Form the differential equation of the family of circles in the
first quadrant which touch the coordinate axes.

Sol. We know that the circle in the first v

guadrant which to CHHET co-

ordinates axes has cen ,W&ﬂﬁfe
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a is the radius of the circle. (See
adjoining figure)
Equation of the circle is
(x—a)*+ (y—a)’=a® ..(i)
or x2+y?—2ax —2ay +a’>=0

Differentiating w.rt x, we get, o X
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2x+2yy' — 2a — 2ay’ = 0
Dividing by 2, x + yy' = a1 + ')

or g= W
1+y

Substituting the value of a in (i), to eliminate a, we get

(z— z+ )9[\? . |(y_;+)94'\f2 :|(¥+¥y'h2

\ )\ )\ J
(z+zy—z-ywV? (y+y-z-wV? (z+yy?

or | 1+y |+ | 1+y | =|1+y'|
\ )\ )\ J

Multiplying by L.C.M. = (1 + y')?
' —yy' Y+ (y —x)°* = (x +yy')*or
YAx—y)+ (x —y)* = (x +yy')or
x-y)PQA+y?) = @x+yy)
which is the required differential equation.
6. Find the general solution of the differential equation

dy 1-y2
&"’ 1_X2 = 0.

Sol. The given differential equation is

ay 1-y? ay —1-y2

az T \1-2 =0 = az ~ \J1-22
=  J1-22 dy =— \[1-y2 dx

ay —az
Separating Variables, \/ =
1-—y2 \/1 —2z2

1
Integrating both sides, .[ -y dy = - Iﬁdx

= sin~ty = —sin”

= sin"lx +sinnly=c¢
which is the required general solution.

7. Show that the general solution of the differential equation
dy y*+y+1
ax b ox2+x+1

'x+¢

=0 is given by

x+y+1) =A1-x-
Sol. The given differential

(Y)pvhere A is parameter.
dreasemy
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ay y2+y+1 o ay (y2+y+1\
az * 2+z+1 T az _ |K22+Z+1|)

Multiplying by dx and dividing by y? + y + 1, we have

ay - —az
y2+y+1 z2+z+1
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ay az
y2+y+1 Y 221241 70

(Variables separated)

Integrating both sides,

1 1
Imdy+! dx =0

22+ z+1 ()
1 1
Now, y2+y+1=y2+y+4_4+1
[ (1 Yo(1e 1l
To complete squares, add and subtract coeff.of y| = = |
L 2 ) T2) T

(12 3 ( e (Y3

\y+2|) +4:|ky+2J + 2 |

1 2 2y + 1
tan ! 2 - £ tan l-
(43) BB

\2) 2

1

Changing y to x, I 24z41 X= = tan~

V3
Putting these values in eqgn. (i),
2 tan- ! 2y+1 2 2z +1

75 \6+T3tan T =c¢

Multiplying by 3 ,
2
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L tan-' a +tan-! b=tan"" a1+ bband replacing %c by tan " c'i\

Multiplying every term in the numerator and denominator of
L.H.S. by 3, we have

J3(22+2y+2)

3-(4zy+2z+2y+1) - ¢
or J3@x+2y+2)=¢ (2-2x— 2y — 4xy)
= 2\/§(x+y+l):2c'(1—x—y—2xy)
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CI
1-x-y-2xy)
Dividing every termby 2 /3, x +y +1 =
NG

or (x+y+1)=Al-x-y-2xy) WhereA:%.

8. Find the equation of the curve passing through the point
( 0, 1) whose differential equation is
U a)
sin X cos y dx + cos x sin y dy = 0.
Sol. The given differential equation is
sin x cos y dx + cos xsiny dy =0

= sin x cos y dx = — cos x sin y dy
. : sin z —sin
Separating variables, = dx= =2l g dy
cos z cosy
= tan x dx = — tan y dy

Integrating both sides,

(tanzdxz Itany dy
| sec x

Io% =—log |secy | +1log | ¢ |
= log | secx | +log | secy | =log | ¢ |
= log se0xsecy|=log|c|
Sec x seCy = ¢ (D)
To find c: Given: Curve (i) passes through (0 T

U 4)

T n

Putting x = 0 and y = in (i), sec 0 sec =c or J2 =c

4 4

Putting ¢ = 2 in (i), equation of required curve is

secz secz
= /2 = COSy =secx = cosy =
V2

cosy 2

9. Find the particular solution of the differential
equation (1 + e?) dy + (1+y?) exdx=0, given that y=1 when
x=0.

Sol. The given differential equation is
@A+ e dy +(1+y3?) exdx =0
Dividing every term by (1 + y?)(1 + e%*), we have

z

ay e _
1y (P eerT™
Academy
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Integrating both sides, we have

e [
1+y2 Y 1pez 7€
eZ
_1 _ .
or tan"* y + _[1+622 dx =c¢ ..(D)

A
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z
To evaluate J 15 ez &

at
Put ex =t ex=:z or exdx =dt

e? az at
J.1+ezz - I1+t2

=tan 't=tan ! ex

Putting this value in (i), tan~ !y +tan" ! ex=¢ ..(if)
To find c¢: y = 1 when x = 0 (given)

0
Puttingx =0and y = 1in (i), tan-'1+tan 11 =¢ (-_-ezq
T

I
or I +  =c tanE=1 s tan 1=
4 4 |L 4 4
2n n
or c= =
4 2
Putting ¢ = 2E in (ii), the particular solution is
yis

tan"ly + tan ! ex = A

10. Solve the differential equation
yexy dx = (xexy + y?) dy (y = 0).

Sol. The given differential equation is
y.elvdx=(x.ev +y?)dy, y#0

az  ze¥V4y? ze?ly y?

or = = ——— A /
ay y_ez/y yez/y yeZV
az Z

or === +ye (D)
ay y

Itis not a homogeneous differential equation (because of presence

. .z
of only y as a factor) yet it can be solved by putting — =v ie, x = vy.
y
so that az av
ay = + ay

. az
Putting these values of x and ~ in (i), we have
ay

yay &Y ®CUET ay

Academy
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zv+ye*v
av
oy eyer oy
ay ay e

Cross-multiplying and dividing both sides by y,
evdv =dy
Integrating ev=y +c or e =y +c¢
which is the required general solution.
11. Find a particular solution of the differential equation
(x —y)(dx +dy) =dx — dy given that y = -1 when x = 0.
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Sol. The given differential equation is
(x —y)dx + dy) = dx — dy
or x—-y)dx+ (x—y)dy =dx —dy
or(x—y)dx —dx+(x—-y)dy +dy =0
or x-y-1dx+x-y+1)dy=0

= x—-y+1l)dy=—(x—-—y—1) dx
ay - (z-y-1) 0
az z-y+1
Putx —y=t¢t
Differentiating w.r.t. x, 1 — ay _ at
az az
ay at —at
= - =~ = = ay _ )
az az az az

. . — at (ﬂ
Putting these values in (i), == +1=-—

az kt+1
at (t-1)
y J
= 7az_717|t+1|
. at _ o, 1 ettt
Multiplying by — 1, " =N8+ te1 - e
- at _ 2t
az t+1
t+1
= (t+ 1)dt=2tdx = t dt = 2 dx

Integrating both sides, J‘(M\ dt =211 dx

r
(t 1) (1, 1)
I| + |dt:2x+c or .[|1+ |dt—2x+c
= t¥tlogt¥t|=&+c v
Puttingt=x7y,x7y+log|x7y|=2x+c
= Iog|x—y|:x+y+c .. (i)

To find ¢: y =— 1 when x =0
Putting x = 0, y = — 1 in (ii),
logl1=0-1+c or 0=-1+¢
S c=1
Putting c=1 in (i), required particular solution is

log |X*,V |=X‘?§gga%£M)é-N_ y\ dx
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12. Solve the differential equation | - |  =1kx=0

Y Yo

. . . o X X!} dy

Sol. The given differential equation is
(o2 y ) az
G

A

=1

@ggﬁmy
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a
Multiplying both sides by ;Z,

o2z yoa al+ v o2z
Jz  Jz T az o az T Jz Tz
ay
It is of the form az t Py = Q.
1 e 2z
Comparing, P = ﬁ and Q = T
1 ~1/2 112
Ide:J-ﬁdXzJ.Z dx:;:Z\E
/

= Paz = @2
LF. = ¢f e

The general solution is
y(IF) = [ QUF) dx+c
e %z 1

or yeZ‘E:I vz e2 dX+C:_[JEdX+C

z - -1/2 -2
or y.e? = j z dx + ¢ 1
2
Jz
Multiplying both sides by &2 , we have

y= efZ\E (Z\E + ¢) is the required general solution.
13. Find a particular solution of the differential equation

dx
d7y + Yy cot x = 4x cosec x (x # 0) given that y = 0, when

T
X = 2"
Sol. The given differential equation is
ay
— + y cot x = 4x cosec x
az

(It is standard form of linear differential equation.)

Comparing with ZZ—y + Py = Q, we have
z

P =cot x and Q = 4x cosec x
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ej Paz = |Og
sin x
= elog
sin x —
sin x

Solution is  y(LF)= [ Q(ILF) dx + ¢

= y(sin x) = J 4zcosecz sin x dx + ¢

1
= y(SinX):4IZ'sinz sin x dx + ¢

@ggﬁmy
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2

. z
or ysmx=4.[zaz +c:4,2—+c
or ysinx=2x*+c¢ .0
To find c: Given that y = 0, whenx:72.
) T n?

Putting X= ,andy=0in (@) 0=2. ;—+c

2
or 0= " +c -~ = -

2 2

. Y
Putting ¢ = — = in (i), the required particular solution is

2
T
ysinx = 2x%2 — -5 -

14. Find a particular solution of the differential equation
dy
x+1) dx - 2e v — 1 given that y = 0 when x = 0.

Sol. The given differential equation is

ay
x+1) =2ev-1
az

2
ay 2 -

or  (x+1) 5 T oy —1=
ey
Cross-multiplying, (x + 1) ¥ dy = (2 — &) dx
. . e¥ ay az
Separating variables, = —
2-¢v z+1

ey 1
Integrating both sides, _[ 2o W= ,[ 241 I

at
Puter =t .. w::y = edy =dt
at
Ij=log|x+1|
logl2 —tl
or 1 =|og‘x+1‘+c

Puttingt=e’, —log | 2—e’ | =log | x+1 | +¢
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or lx+1)2-e) | =ec
or x+1)2-e&)=tec
or (x+1)(2 — &) =Cwhere C =+ e c..(i)

When x = 0, y = 0 (given)
From (i), (1)(2 - 1) = C or c=1
Putting C = 1 in (i) the required particular solution is
x+1)2-e) =1
Note. The particular solution may be written as
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2*8y=71 or ey:2——1 - 2z+1
z+1 z+1 z+1
or log er = log rzzzf%\i or y=log (272T+]1\1
\ ) \ J

¢ loge = yloge _yasloge=1)

which expresses y as an explicit function of x.

The population of a village increases continuously at the
rate proportional to the number of its inhabitants present at
any time. If the population of the village was 20,000 in 1999
and 25,000 in the year 2004, what will be the population of
the village in 2009?

Let P be the population of the village at time ¢.

According to the question, Rate of increase of population of the
village is proportional to the number of inhabitants.

=y kP (where k > 0 because of increase, is the constant of

proportionality)

ap
= dP = kP dt = l;:kdt

. . 1
Integrating both sides, _f p dP =k I 1 ae
= logP =kt +c ..(7)
To find c: Given: Population of the village was P = 20,000 in the year
1999.
Let us take the base year 1999 as t = 0.
Putting t = 0 and P = 20000 in (i), log 20000 = ¢
Putting ¢ = log 20000 in (i), log P = kt + log 20000
log P — log 20000 = kt
P y
log 20000 - kt ... (i)
To find k: Given: P = 25000 in the year 2004
ie, whent=2004—-1999=5
Putting P = 25000 and t = 5 in (ii),

log 25000 . _ 5k=log ~ = k=" lo 5
20000 4 5 4
. 1 S . _P L‘ 1,.5)
Putting k = ' log ~ in (i), log = {7 log = |t ...(iii)

CUET20000 \5 4)
To find the population 1& age

T oAt nin~
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ie, when t = 2009 —1999 = 10,
Putting ¢t = 10 in (iii),

P 1,..5)
P _ (15
99 50000 (5 94 210

@ggﬁmy
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. 5 _ (52 25
=2log , =log | 41, =log 4q
P25
20000 = 16
25
- P= Tg X 20000 = 25 x 1250 = 31250.

16. Choose the correct answer:
The general solution of the differential equation

y dx - x dy
T =0 is
(A) xy =C (B) x = Cy2 (O y=Cx (D) y = Cx2
Sol. The given differential equation isYaz—zay _
y
Cross-multiplying, y dx —xdy =0
= ydx =xdy
az ay
Separating variables, - =
z y
Integrating both sides, log |x |=1log | y | + log | ¢ |
= loglxl=logley| =1Ixl=lel
1
= X =*cy = y == _c X

1
or y =Cx where C =+

which is the required solution.
. Option (C) is the correct answer.

17. The general solution of a differential equation of the type
dx

dy
(A) yeIP1dy = J'G(%ejﬁd)') dy + C

+ Pix = Q1 is

(B) y.ejp1dX = Iqqejpmx) dx + C

Q) er1 =J.|k 1 )|dy+C
P dx (ermdx\

(D) )(e-'h1 |k 1 @gmﬁc

cademy
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Sol. Vge know that general solution of differential equation of the type
— +Px=Q is
ay 1 1

x.(LF)= [ Qi(LF) dy +c where LF. = g[Pray
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X eIP1ay - J.(Q1 eIP1 aY) dy + ¢

. Option (C) is the correct answer.
18. The general solution of the differential equation
exdy + (y ex + 2x) dx = 0 is

(A) xer +x2=C B)x e +y2=C

O ye+x2=C MD)ye +x2=C
Sol. The given differential equation is

exdy + (yex+2x)dx=0
Dividing every term by dx,

ay
exaz +ye+2x=0
. a
or @ - +yeX:—2X

a
Dividing every term by ex to make coefficient of ;ﬁ unity,

ay

2z
az +y = —  (Standard form of linear differential equation)

eZ
. Gl
Comparing with P Py = Q, we have

-2z
P=1and Q = o

Ide=J-1 dx = x
ILF. = g/Paz =ex

Solution is y (ILF.) = [ Q(I.F.) dx + C

.[—22
or yex= , exdx+C
€
22
or yeX:—2IZ dx+C o ye=-2 _ +C
2
or yex=—x>+C or yex+x*=C

. Option (C) is the correct answer.
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	In each of the Exercises 7 to 10, verify that the given functions (Explicit or Implicit) is a solution of the corresponding differential equation:
	11. Choose the correct answer:
	(A) 0 (B) 2 (C) 3 (D) 4.
	12. The number of arbitrary constants in the particular solution of a differential equation of third order are

	Exercise 9.3
	In each of the Exercises 1 to 5, form a differential equation representing the given family of curves by eliminating arbitrary constants a and b.
	6. Form the differential equation of the family of circles touching the y-axis at the origin.
	 The centre of circle is (r, 0) where r is the radius of the circle.
	ay
	D.E. of the family of circles passing through the origin and having centres on x-axis.
	8. Form the differential equation of family of ellipses having foci on y-axis and centre at the origin.
	9. Form the differential equation of the family of hyperbolas having foci on
	x-axis and centre at the
	10. Form the differential equation of the family of circles having centres on y-axis and radius 3 units.
	az
	11. Which of the following differential equation has y = c1  ex
	(A)
	(C)
	+ 1 = 0 (D)
	– 1 = 0
	12. Which of the following differential equations has y = x as one of its particular solutions?
	(C) (1)
	For each of the differential equations in Exercises 1 to 4, find the general solution:

	= 1– cos x 1+ cos x


	Exercise 9.4
	For each of the differential equations in Exercises 1 to 4, find the general solution:
	ay
	ay (1)
	f (z)
	For each of the differential equations in Exercises 5 to 7, find the general solution:

	f (z) (1)
	= (1 + x2)(1 + y2)

	y log y =
	1 at
	For each of the differential equations in Exercises 8 to 10, find the general solution:

	az
	*Remark. To explain * in eqn. (ii)

	f (z) az f z 
	= logl  (  )l
	A
	Let us solve eqns. (iii), (iv) and (v) for A, B, C
	To find c

	z(z 1)(z  1)
	( 1)( 1) z
	C
	2
	z(z  1)(z  1)
	1  1
	To find c for the particular solution
	For each of the differential equations in Exercises 13 to 14, find a particular solution satisfying the given condition:
	To find c for particular solution

	ay
	y
	To find C for particular solution
	15. Find the equation of a curve passing through the point (0, 0) and whose differential equation is y = ex sin x.
	16. For the differential equation xy dx = (x + 2)( y + 2), find
	To find c. Curve (i) passes through the point (1, – 1).
	17. Find the equation of the curve passing  through  the point (0, – 2) given that at any point (x, y) on the curve the product of the slope of its tangent and y-coordinate of the point is equal to the x-coordinate of the point.
	18. At any point (x, y) of a curve the slope of the tangent is twice the slope of the line segment joining the point of contact to the point (– 4, – 3). Find the equation of the curve given that it passes

	1 1
	19. The volume of a spherical balloon being inflated changes at a constant rate. If initially its radius is 3 units  and after 3 seconds it is 6 units. Find the radius  of balloon after t seconds.
	20. In a bank principal increases at the rate of r % per year. Find the value of r if ` 100 double itself in 10 years. (loge 2 = 0.6931)
	21. In a bank, principal increases at the rate of 5% per year. An amount of ` 1000 is deposited with this bank, how much will it worth after 10 years (e0.5 = 1.648).
	22. In a culture the bacteria count is 1,00,000. The number is increased by 10% in 2 hours. In how many hours will the count reach 2,00,000, if the rate of growth of bacteria is proportional to the number present.

	1,10,000
	2,00,000
	23. The general solution of the differential
	equation dx

	ay (1)


	Exercise 9.5
	In each of the Exercises 1 to 5, show that the given differential equation is homogeneous and solve each of them:
	2 log (1  v)
	z 1  y 
	z 
	z 1   z  z
	 f (v) av = log f (v)
	y
	log
	 Coefficient of v
	In each of the Exercises 6 to 10, show that the given D.E. is homogeneous and solve each of them:
	7.   

	2v cos v      v sin v  cos v
	v sin v  cos v v cos v
	v sin v  cos v v cos v (1)
	sin v
	v
	v (1)
	  v  v log v
	2  log v v (log v  1)
	v (log v  1)
	f (v)
	Second solution
	10. (1 + e

	az av
	z az
	av vev  ev
	ay
	v e
	z
	y (1)
	For each of the differential equations in Exercises from 11 to 15, find the particular solution satisfying the given condition:

	 f (v) av = log f (v) (1)

	z
	v
	v (1)
	y
	To find C
	when x = 1
	Put

	y (1)
	 (1  logIzI)
	1  logIzI
	16. Choose the correct answer:
	can be solved by making the substitution:
	17. Which of the following is a homogeneous differential equation?



	Exercise 9.6
	In each of the following differential equations given in Exercises 1 to 4, find the general solution:
	For each of the following differential equations given in Exercises 5 to 8, find the general solution:
	z log z
	1
	1 (1)
	1/z
	 f (z) az = log f (z)
	f (z)
	For each of the differential equations in Exercises 9 to 12, find the general solution:

	 Applying Product Æule, I . II az  I II az   a (I)   II az az
	  z cos z z sin z
	z sin z
	c  z sin z
	ay
	ay (1)
	c
	az az
	az
	az 1
	az (1)
	az (2)
	az 1 (1)
	az (3)
	y
	For each of the differential equations given in Exercises 13 to 15, find a particular solution satisfying the given condition:
	14.   (1 + x2)   dy

	f (z) (1)
	sin z . sin z
	sin z
	16. Find the equation of the curve passing through the origin, given that the slope of the tangent to the curve at any point (x, y) is equal to the sum of coordinates of that point.
	17. Find the equation  of  the  curve  passing  through  the  point (0, 2) given that the sum of the coordinates of any point on the curve exceeds the magnitude of the slope of the tangent to the curve at that point by 5.

	(ez)
	(ez) (1)
	18. Choose the correct answer:
	19. Choose the correct answer:
	(A)
	(B)
	(D)
	1. For each of the differential equations given below, indicate its order and degree (if defined)
	– sin
	2. For each of the exercises given below verify that the given function (implicit of explicit) is a solution of the corresponding differential equation.

	z
	z (1)
	zy2
	3. Form the differential equation representing the family of curves (x – a)2 + 2y2 = a2, where a is an arbitrary constant.

	z  y ay az
	4. Prove that x2 – y2 = c(x2 + y2)2 is the general solution of the differential equation (x3 – 3xy2) dx = ( y3 – 3x2y) dy, where c is a parameter.

	y3  3z2 y
	f (v) av = log f (v)
	5. Form the differential equation of the family of circles in the first quadrant which touch the coordinate axes.
	6. Find the general solution of the differential equation
	= 0.
	7. Show that the general solution of the differential equation

	y2 + y + 1 x2 + x + 1
	= 0 is given by
	8. Find the equation of the curve passing through the point
	whose differential equation is

	cos y
	9. Find the particular solution of the differential equation (1  +  e2x)  dy  + (1 + y2) ex dx = 0, given that y = 1 when x = 0.
	10. Solve the differential equation

	az z ez / y  y2
	az z
	ay (2)
	ay (3)
	11. Find a particular solution of the differential equation (x – y)(dx + dy) = dx – dy given that y = – 1 when x = 0.
	12. Solve the differential equation 

	1 (2)
	1 (3)
	1 (4)
	dx
	z .  1
	14. Find  a  particular  solution  of  the  differential  equation
	= 2e– y – 1 given that y = 0 when x = 0.

	ey ay
	1 (5)
	at
	15. The population of a village increases continuously at the rate proportional to the number of its inhabitants present at any time. If the population of the village was 20,000 in 1999 and 25,000 in the year 2004, what will be the population of the v...
	16. Choose the correct answer:

	y dx – x dy
	y (1)
	dx (1)
	(A)
	(B)
	(C)
	(D)
	18. The general solution of the differential equation



