Class 12 Chapter 8 - Applications of Integrals

Y
EXERCISE 8.1 1 ,
l— =X
1. Find the area of the region L] d
bounded by the curve
y2 = xand the lines x= 1, x =4 x« S X
and the x-axis. 0
Sol. Equation of the curve
(rightward parabola) is y2 = x \-
y=x (D) y, x=11x=4
(For branch of the parabola above x-axis)
. Required area (as shown shaded in the figure)
4 4
=‘I y dx =“1J§ax‘ (. From () y = )
]
Jx
4
2]
X )
| [Ex2ax | - WA 2 (42-12)
1 3
2
= (4 -1 1) [ 3 2+1 g+17 1+7=X1 1=x ]
Ja
X2 =x 2 _X2 2_X 2 X2
V Jx
2 2 2 14
- —(4(2>—1(1»‘ =“(8-1="x7="" sq units.
3 3 3 3
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Class 12 Chapter 8 - Applications of Integrals

3 =
Note. 5 = XJx - Y
Remark. Equation of the curve is y2 = x.

y = — Jx for branch of the ]

parabola below the x-axis. X

The reader is within his or her rights o

to find the required area as shown

shaded in the figure in the S~
x=1

2
-y =X

remark as ‘ J' yax ‘ taking

y=-1x-
2. Find the area of the region bounded by y2 = 9x, x = 2, x = 4
and the x-axis in the first quadrant.
Sol. Equation of  (rightward

parabola) curve is y2 = gx Y
- VB 3K ) B
for branch of curve in first ]
quadrant.
Required (shaded) area X 5 X
bounded by curve y2 = 9 x,
(vertical linesx=2,x = 4),and ~| oox
x-axis in first quadrant A
4 ., X=2 -
J;de :JIZB&ax‘ B
n (By ()
3
_ } \ (2\ 3 3
A 3j4x2ax ‘3—\’3’22 _3|K3 [42 - 22]
3
= (4JZ' —2‘5) [ =x ]
X2 Vx

=2(8-2 )=(016 -4 ) sq. units.
V2 V2
3. Find the area of the region bounded by x2 = 4y,y =2,y = 4
and the y-axis in the first quadrant.
Sol. Equation of (upward parabola) v
curve is x2 = 4y E=ay

= Jay =2y .0 ‘ f—y=4
for branch of curve in first \ /
quadrant.

-. Required (shade WETX X
bounded by curve x Agademy o
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Class 12 Chapter 8 - Applications of Integrals

(Horizontal linesy = 2,y = 4)and
y-axis in first quadrant

@gya%zmy
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Class 12 Chapter 8 - Applications of Integrals
=\I£‘Xdy - J,2 (By (1)
W
|( 3\|"
s [V |
=2.[2 y2ay| =, k—s
2
4‘ 3 4 .8
= 3l@w-2) = 343 ~25) G w2 =xyx)

4 (32-8.7)
= 5(4(2) -2/2)= L—ng Sq. units.

4. Find the area of the region bounded by the ellipse

X Ly _ Y
6 "9 =t
B|(0,3) L l
Sol. Equation of ellipse is 16 9
X2 y? A
) B . X X
6 9 -1 (D) -4, o)! @, 0)
Here a2(= 16) > b2(= 9) (0,-3)
2 e
From (i), 9 - 1-— I Y
_ 16 — x2
16

= y? =_16(16 - x2)

8
= Y= 4\/16—x2

for arc of ellipse in first quadrant.
Ellipse (i) is symmetrical about x-axis.

(. On changing y — — y in (i), it remains unchanged).

Ellipse (i) is symmetrical about y-axis.

(".” On changing x — — x in (i), it remains unchanged)

Intersections of ellipse (i) with x-axis (y = 0)
X2
Putting y = 0 in (i), 6 =1 = x2=16 = x=14

Intersections of elli

Intersections of elli suithimyaxis (x = 0)
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Class 12 Chapter 8 - Applications of Integrals

2 =1 = y2=9 = y==13.

Putting x = 0 in (i), 9

Intersections of ellipse (i) with y-axis are (0, 3) and (0, — 3).
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Class 12 Chapter 8 - Applications of Integrals

Area of region bounded by ellipse (1)
= Total shaded area
= 4 x Area OAB of ellipse in first quadrant

4
=4 ], vax ‘ (- At end B of arc AB of ellipse;
x = 0 and at end A of arc AB; x = 4)
43
=4 |[" 7 fle_xe ax [By (ii)]
04
=3 J4/2 2ax = 2Sm“x—\
42 — x [7 Yo
0 4U0
[ 2 11X
l X
a2_x2 E a2_x2 N —
L,[ ax= + _ sin
[4 | 1 2 a
=3 = in—11— in-1 <
3 16—16+8$m 1-(0+8sin0) = 3 |—0+8_n—|
12 JhoAp 2]
[ sinZ=1 = sin1=andsin0=0 — sin10=0
I 2 2 )

= 3(4m) = 127 sq. units.
Remark. We can also find area of this ellipse as

3
iz
5. Find the area of the region bounded by the ellipse
Y
2
RS
4 tg 7L B(0, 3)

Sol. Equation of the ellipse is

.
X y 2,00 o Ao
R SEERN0 t ’\\\/// @9

N
N

Here  a2(=4) < b2(=9) /(0, -3)
F LY X _4-x v
rom (i), g “l1- 7 T 4
9 3
= yr=4-x = Y= 1_s (i)
4 ACUET 2

for arc of ellipse in fuﬁﬁé:&liﬁﬂy Clearly ellipse (i) is
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Class 12 Chapter 8 - Applications of Integrals

symmetrical about x-axis and y-axis both.
[ On changing y to - y in (i) or x to — x in (i) keep it
unchanged]
Intersections of ellipse (i) with x-axis (y = 0)
2
X
Putting y = o in (i), i X2=4 = Xx=+2

®CUET |
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Class 12 Chapter 8 - Applications of Integrals

Intersections of ellipse (i) with x-axis are (2, 0) and (- 2, 0)
Intersections of ellipse (i) with y-axis (x = 0)
2
Putting x = o in (i), 9 =1 = y2=9 = y==%3
Intersections of ellipse (i) with y-axis are (0, 3) and (0, — 3).
Area of region bounded by ellipse (i)
= Total shaded area
= 4 x area OAB of ellipse in first quadrant

2
=4 _[0 yax‘ (.- At end B of arc AB of ellipse x = 0
and at end A of arc AB, x = 2)
23
-4 | Jae (By (i0)
02
2
=4. 3|2 [z _yzax| =6 sin‘1§]
'[ o [5\,22_)(2 +2—2
2 0 r |2 2 g 2|,
|_[ axs % + 2 sin-1 X
I ya2 - x2 aVaZ-x2 - aJ
e [2 A4 +2sin"'1-0 - 2sin 0}
- 2

6 |—0+2- E—0—| = 67 sq. units.
o2 ]
6. Find the area of the region in the first quadrant enclosed
by x-axis, line x = /3 y and the circle x2 + y2 = 4.
Sol. Step I. To draw the graphs and Y
shade the region whose area we

are to find. NG}
Equation of the circle is A(ﬁ 2
X2+ y2 = 4 = 22 ...(i) (0! 0) :

X X

We know that eqn. (@) o mM/B
represents a circle whose centre (2, 0)
is (0, 0) and radius is 2. D
Equation of the given line is
x= 3y
Yl

1 y

= y = ﬁ X WD

We know that equation (ii) being of the form y = mx where m =

1
N tan 30° = tan M @ EEIO° represents a straight line
3 Academy
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Class 12 Chapter 8 - Applications of Integrals

passing through the origin and making angle of 30° with x-axis.
We are to find area of shaded region OAB in first quadrant
(only).

®CUET |
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Class 12 Chapter 8 - Applications of Integrals

Step II. Let us solve (i) and (ii) for xand yto find their

points of intersection.
2

X . X
Putti _ from (i) in (), x>+ __ =4
utting y 7 3

= 3x% + x2 =12 = 4x%> =12 = x2 =3

= x=1% 3
1
For x = .f3, from (ii), y = ﬁﬁ =1

1
For x = — /3, from (ii), y = ﬁ(—ﬁ)=—1

. The two points of intersections of circle (i) and line (ii) are
A(/3, 1) and D(- /3, — 1).

Step III. Now shaded area OAM between segment OA of line (ii)
and x-axis

J

= J‘OsyaxN (. AtO,x=o0andatA, x = )
A

J3ixax if
- [ N [By (ii)]

3

I R I T T C A,
_ \/§|\7|)0 -5 G | 53 7sq. units ...(iid)

Step IV. Now shaded area AMB between arc AB of circle and
Xx-axis

2
J yax‘ (.0 atA,x= and at B, x = 2)
\E ) )

V3

“J— —x2ax‘ (From (i), y> = 2° = x> = y = {22 -x2)

_[x 2 _y2 4 2% gjn1 X X\’

2 2 2)(
2
{ I\/az x2 ax—g la2 — x2 +a25in_1xa1J
= fz +2sin1 —( + 2 sin™ —3\1
Lz o 3c;1_ai {J‘J
Acadt{mysm n_ 31
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Class 12 Chapter 8 - Applications of Integrals

_ s B 3 v
R T "3 | 3 2 3 2|
J3 & _ 2t 3 -2 3
T2 T3 3 2 7 3 2
(n B
=|3_ 2 | S UNIES. teuteutrtetetetetetetet ettt ettt ettt eeee (iv)
\ )
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Class 12 Chapter 8 - Applications of Integrals

Step V. Required shaded area OAB
= Area OAM + Area AMB

B (2 B =
= 7 + |K3 2 |) = 3 sq. units. [By (iii) and (iv)]
7. Find the area of the smaller part of the circle x2 + y2 = a2 cut
a
off by the line x = ﬁ v

S

Sol. Given: Equation of the circle is
X2 + y2 = g2 (1) B

yZ:aZ_XZ

. 1 & 0 M >
y=yaz—xe (i) X< Al @

for arc BM of circle in Ist

quadrant. T
We know that equation (i) 3
represents a circle whose centre 3% X=E
is origin (0, 0) and radius a. Y

Clearly, circle (i) is symmetrical both about x-axis and y-axis.

We also know that graph of (vertical) line x = a is parallel
2

to y-axis at a distance % (< a) to the right of origin.

Area of smaller part of the circle x2 +y2 = a2 cut off by the

line x = a = Area ABMC = 2 x Area ABM
2

a
2 y ax
I

a
[" At point B (point of vertical line BC) x = ﬁ

and at point M, x = radius a)

-2 j;\/aZ—XZ ax
2
X a2 ., x|°
=2 {, / 2_X2+ism—1f|

12 2 a|?

(By (in))
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Class 12 Chapter 8 - Applications of Integrals
2
5 |l

=2l + sin 1- | +  sin I
Fz 2 a/J
an \/7
=2 |0+77 2‘/_ - sin ‘/_
|_| 22
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Class 12 Chapter 8 - Applications of Integrals

|—TC32 ! a a2 71:—| ( sin T_ = sin™! _ E\
P L Loy
L°) 20242 ST V2 2 )
na?  na? a2 . .
=2|LT 8 4ﬂ [. ‘Eﬁ=(‘/§)=2]
(m n 1) (2n-n-2)
= 2?2 = 2q2 | |
| | \8 Y
= a’ (%4—8);%72 \ sq. units.
4 2 '\2 |}

Note. It may be clearly noted that in this question No. 7 we were not
to find only area AMB or only area AMC because x-axis isnot
given to be a boundary of the region in question whose areais
required.

We have drawn x-axis here only as a line of reference because
without drawing x-axis and y-axis as lines of reference, we can’t draw

any graph. v

8. The area between x = y2 and x = 4
is divided into two equal parts by /9_
the line x = a, find the value of a. Alx=4

Sol. Equation of the curve (rightward
parabola) is

x=y* le, y>=x ...(D)
From (9, y =%% ..(ii) 0 e
for arc OAC of parabola in first _
quadrant. v e

We know that equation (i) represents a right-ward parabola with
symmetry about x-axis.

(.- Changing y to — y in (i) keeps it unchanged)
Given: Area bounded by parabola (i) and vertical line x = 4 is

divided into two equal parts by the vertical line x = a.
=  Area OAMB = Area AMBDNC.

J.a yax‘ =2 J.4yax
0

a

=

(For multipliction by 2 on each side,
see Note above after solution of Q. No. 7)

Dividing by 2 and putting y = /x = 1 from (ii),

Irsl

@Academy
Cali Now For Live Training 93100-87900
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Class 12 Chapter 8 - Applications of Integrals

2 3 3

x
[\
o
x
[\
o
IN
|w

3 = 3 = 2_q1 = 3 [42 a2
5 5 3 [a2-0] [ ]
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Class 12 Chapter 8 - Applications of Integrals

2
Dividing both sides by _ , 3 = 4\/— - 3
4

a2
a2
3 3 3

Transposing, 282 =g = a’=4 = g= 4§ .

9. Find the area of the region bounded by the parabola y = x2
and y = | X |
Sol. The required area is the area included between the parabola
¥y = x? and the modulus function
X, if x> 0
yelal= {0
-x, if x<0
We know that, the graph of the modulus function consists of two
rays (ie, halflinesy =x for x> 0 and y = - x for x < 0) passing through
the origin and at right angles to each other. The half liney = x if x
> 0 has slope 1 and hence makes an angle of 45° with positive x-
axis.
Y = x2 represents an upward parabola with vertex at origin.
The graphs of the two functions y = x2 and y = | x | are symmetrical
about the y-axis.
[ Both equations remain unchanged on

changing x to - x as |—x|=|x|]

Let us first find the area between the parabola
y =x2 (1)
and the ray y=xforx=>0 ..(i1)

To find limits of integration, let us solve (i) and (ii) for x.
Putting  y = x2 from (i) in (ii), we have x2 = x
or x2-x=0orx(x-1)=0-.x=0o0orx=1
py =111 #1111
Table of values

=
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@gya%zmy
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Class 12 Chapter 8 - Applications of Integrals

Area between parabola (i) and x-axis between limits

Xx=0and x =1
(X) -1

= J1 yax = _[1 x?ax = (i)
0 0 (3), 3

Area between ray (ii) and x-axis,
1 1 ()

=J' yax:j Xax =| —| =~ (V)
0 0 \2), 2

Required shaded area in first quadrant
= Area between ray y = x for x > 0 and x-axis
- Area between parabola (i) and x-axis in first quadrant
= Area given by (iv) - Area given by (iii)
1 1

1
=E_3 =gsq.units

1
Similarly, shaded area in second quadrant = = sq. units.

.. Total area of shaded region in the above figure
1 1 1 1

=6+6=2x 6=§sq.units.

10. Find the area bounded by the curve x2 = 4y and the line
X =4y - 2.

Sol. Step 1. Graphs and region of Integration.
Equation of the given curve is x2 = 4y (1
We know that eqn. (i) reprsents an upward parabola symmetrical
about y-axis

[ on changing x to - x in (i), eqn. (i) remains unchanged]

X =4y—-2
2, 1)

> X

Equation of the given IF

S
X=4y -2 CUET (i)

Academy
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X+2
= X+2=4y = Y= 4

@gya%zmy
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Class 12 Chapter 8 - Applications of Integrals

Table of values for x = 4y — 2

X 0 -2
1
y 2 0

We are to find the area of the shaded region shown in the
adjoining figure.
Step II. To find points of intersections of curve (i) and line
(ii), let us solve (i) and (ii) for x and y.
2
X
Putting y = ‘Tfrom () in (i),

2

X
X=4'T_2 = X=Xx*-2 = —-Xx2+x+2=0
or X2 —-Xx—-2=0
= x2—-2x+x—-2=0 or xx—-2)+(x-2)=0
or x-2)x+1)=0
: Either x—2=0 or x+1=0
ie., xX=2 or x=-1
X2
For x = 2, from (i), y=7 T o=1 s (2, 1)
T4

For x = — 1, from (i), y= x* =1 (_1 1)

4 4 |k 4‘)

. The two points of intersection of parabola (i) and line (ii) are
C(I_ 1, 1\| and D(2, 1).

U 4)
Step III. Area CMOEDN between parabola (i) and x-axis
2 2 x2 co_x2)
‘ ] ‘ o fy="_
" From
- .[71)2/ax = J'71 4 # ) 44
S |
_ 1 _ Lo qy3 - — (=
o | E-em | - Le-cn
A 9 3 .
= 19 8 +1) = 12 = 4 54 units ... (iiP)

Step IV. Area of trapezium CMND between line (ii) and x-axis

IZ X+2 l.[2 (x+2) ax
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V(1Y =4 1o = 2 ‘
- == + 2X 4 (2
) 4
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(15} 15 . )
L 2) = SQ. UNItS. .ovevvrereererreenens (>iv)

8

‘16 1‘

FNEN

Required shaded area
= Area given by (iv) — Area given by (iif)
Area of trapezium CMND — Area (CMOEDN)
15 3 15-6 9
8 " 4

=g = Sq. units.

8
11. Find the area of the region bounded by the curve yz = 4x
and the line x = 3.

Y
Sol. Equation of the (parabola) curve is
¥ = 4x () -
1
o Y iy
Ly = Jax =2X% .. (i) i M N
for arc OA of parabola in first O
quadrant. (x=0) .
We know that equation (i) B y'=4x
represents a rightward parabola
with symmetry about x-axis. Y  x=3

(. Changing y to — y in (i), keeps it unchanged)
Required shaded area OAMB.
(See Note after solution of example 7)

= 2(Area OAM)

=2 \J: yax‘ =23 262 ax (By (i)
() :
X2 o ; £ .

=4 3 = 4.4 [32—0]:33\/§=8.ﬁ Sq. units.

12. Choose the correct answer:
Area lying in the first quadrant and bounded by the
circle x2 + y2 = 4 and the lines x = 0 and x = 2 is

n n T
(A) n ® , © , D) ,.
Sol. Equation of the circle is
X2+ y2 =4 = 2° .0
We know that equation (i)
represents a circle whose centre
is origin and radius is 2. x=2

CUET
vﬁf%&’ﬂdew
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for arc AB of the circle in first
quadrant.

.. Required area lying in the
first quadrant bounded by the
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circle x2 + y2 = 4 and the
(vertical) lines x = o and

(tangent line) x = 2.
2
jo 22 — x2 ax ‘ By (i)

[ x 22 . x\z
| 2422 - x2 4+ = sin? =
(2

szve

- 2 2)0 :
| j =5 + 2 sin-1z
| a2 x2 yaZ-x2 - aJ

= % J4-4 +2sin'1 — (0 + 2 sin"!o)
s
=0+2., — 0 — 0 = 1 sq. units.
[ sino=0 = sin'o = 0]
. Option (A) is the correct answer.
13. Choose the correct answer:

Area of the region bounded by the curve )2 = 4x, y-axis and
the line y = 3 is

9
A) 2 B) ,

9 9
© D) .

Y
/ A v=3
(0]
3 2 X K X
Equation of the curve (rightward

parabola) is

Sol.

2 = 4x )
Required area of the region
bounded by parabola (i), y-axis and the Y’
(horizontal) line y = 3
= Area OAM

- szay ‘ (i)

[ For arc OA of the parabola (i), at point O,
y = 0 and at point A, y = 3]
2
Putting x = — from (1) in (ii), required area

- Po CUET I\ 3 |
1 (_S\Akademy 4 \3 )
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4 27 9
0 3 -0 =7 $q. units

. Option (B) is correct answer.

@gya%zmy
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1.

Sol.

Class 12 Chapter 8 - Applications of Integrals

Exercise 8.2

Find the area of the circle 4x> + 4y2 = 9 which is interior to
the parabola xz = 4y.
Step I. Let us draw graphs and shade the region of
integration.
Given: Equation of the circle is 4x2 + 42 = 9

9 [(3Y

X2 +y2 = _=|k2|)

Dividing by 4, 4

..(D)

We know that this equation (i) represents a circle whose centre is

(0, 0) and radius 2 (o 4} = o)
2

Equation of parabola is x2 = 4y ...(i)
Y
=4
02 1
1 D
(2:3)
M
A g 1)
/\ | 2
X'¢ :

v

(eqn. (ii) represents an upward parabola symmetrical about
y-axis)

Step II. Let us solve eqns. of circle (i) and parabola (ii) for
x and y to find their points of intersection.

9
Putting x2 = 4y from (i) in (i), we have 4y + y2 = _4
Multiplying by L.C.M. (= 4),

16y + 42 =9 or

4y + 16y — 9 =0

= 42+18 -2y-9=0 = 2y(2y+9) —1(2y + 9)=0
= 2y +9)2y -1 =0
. Either 2y +9 =0 or 2y —1=0
= 2y =—9 or 2y =1
9 1

= y =- or y =

9 - WACOEY_9) 2
Fory = - —, from (i) Rcademy = - 18
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2 |k 2|)

@gya%zmy
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which is impossible because square of a real number can never be
negative. I

Fory= ",from (i), x2=4y=4x" =2
2 2
x =4 ,ji

. Points of intersections of circle (i) and parabola (ii) are

ALQ—\/Z’!J and Bt\/z’i}

Step III. Area OBM = Area between parabola (ii) and y-axis

'[Ol2xay

I
(.- atO,y =0and at B, y = '2)

From (ii), putting x = .4y =24y |2y2,
! ZE

Area OBM = 2 2yt ay 2. yg(?-
2
2 [“—\3—0] 41 5 3
=25 2l 1=5 547 [ x =xdX]
L ]
2 1 2 X
=3 2 =A3£ (i) ’ ﬁ:&

Step IV. Now area BDM = Area between circle (i) and y-axis

I 3
‘[7 Xay| [-- At point B, y=" and at point D, y = N
2 2
, ) (3% , ( 3)2
From (i), putting x2 = |\2|} -y? e, \2|J

(3)2 12§

H@Twé’ "

j\/iy
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Vag=y? v, R |
3) r
9 1
| 4 4 (
;
syt e o Sl
@)y a4, s 13l
\2) 1L J
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(3, 0\ 9 i i L
=ly l+gsin 1| [& 8 |
L) |[ V4 1
9 =« 1 9 [
=g X2 g4V2 o sin”
-8 3
9n 2 9 N | )
6 a4 8 sin ..(iv)

Step V. .. Required shaded area (of circle (i) which is interior to
parabola (ii)) = Area AOBDA
= 2(Area OBD) = 2[Area OBM + Area MBD]

=2|—‘V2+(%_Vg_gsin—|l\—|
3 s 4 8 3

(By (i) (By (iv))
= 2[@ é—i\w%—gsm_' "!3—"
L 9 . 1
4-3) 9n —  sint
=2/ +
| 2 | 8 4 3
- (72 +k9_14 - gjsm_l 1 2 9 (T _gipr 1)
= T + =
l6 8 4 3) 6 42 3)
N2 9 | .
= 6 + cos sq. units
4 3
Ans - sin™! x+cos™! x="T
"\ 2)
9
Remark: = *GQ + Zsm_l I—% (. cosTx =sinTt \1-x2)
v A
2 09 \/g (T2 9  22)
= & +4sin 9:|k6+4Sin 3\)sq.units.

Note: The equation (x468 §8)° = r> represents a circle whose
centre is (o, ) and ra Academy
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2. Find the area bounded by the curves (x — 1)* + y2 =1 and
X2 +y2=1.
Sol. The equations of the two circles are
X2 4+ y2 =1 (D
and x—12+y2=1 ...
The first circle has centre at the origin and radius 1. The second circle
has centre at (1, 0) and radius 1. Both are symmetrical about the
x-axis. Circle (i) is symmetrical about y-axis also.
For points of intersections of circles (i) and (ii), let us solve
equations (i) and (ii) for x and y.
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Y
1 3
2" 2 2, 2
x—1) +y =1
x2+y2:1 A
X © D ,c@o X
©,0) '
B
13
2’7 2
v
From (i), y2=1— x2
Putting y2 = 1 — x2in eqn. (i), (x — 1)*+ 1 —x2 =1
or X2 — X —x 2 =
|
or -2X+1=0 .. Xx=
| | 2
Puttingx= ,y2=1-x2=1—- =
2 4 4
3 3
y= i = i

2

-. The two points of intersections of circles (i) and (ii) are

I 3) l 3)

2 2Jand 2 - 2J
From (i), y? =1 — x?
) y = |-x? in first quadrant.
From (ii), y2 =1 — (x — 1)® and

y= D1—(x-1)2 in first quadrant.

Required area OACBO (area enclosed between the two circles)
(shown shaded)

= 2 x Area OAC
2 [Area OAD + Area DAC]
2 _[Vz y of circle (ii) ax +J.I y of circle (i) ax1
0 I|/2 1
— — 12 — x2
2fI|/2 I-(x-1) ax+j I —x2 ax

| o 1/2 |

|J(X—|) |—(X—|)2+Isin*'(x—l)w2 JX 1—x2 + Veintxl* |

GBSy,
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N
O
~—
~—
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(1

—{sin”' (- D}+sin7' I -

__ R _ T,z z 3 =z (2n J3) _
4 6 2+2—4—6 =|\3 2|)sq.un1ts.
3. Find the area of the region bounded by the curves
y=x2+2,y=x,x=0andx = 3.
Sol. Equation of the given curve is y = x2 + 2 ..(0)
or x2=y-2

It is an upward parabola (.- An equation of the form x2 = ky,
k > o represents an upward parabola).

Eqn. (i) contains only even powers of x and hence remains
unchanged on changing x to — x in (i).

.. The parabola (i) is symmetrical about y-axis.

Parabola (i) meets y-axis (its line of symmetry) i.e. x = 0 in (0, 2) [put
x =0 in (i) to get y = 2]

.. Vertex of the parabola is (0, 2).

Equation of the given line is y = x ()]
We know that it is a straight line passing through the origin and
having slope 1 ie, making an angle of 45° with x-axis.

Table of values for the line y = x
X 0 1 2
y 0 1 2

Also the required area is given to be bounded by the vertical lines
x=0tox = 3.
o Limits of integration are

given to be x = 0 tox =
3- y=x
Area bounded by parabola
(i) namely y = x2 + 2, the x- » «

axis and the ordinates x =
otox = 3 is the area OACD
and

= jj yax = JOS (x2 +2) ax

[ x3 \®

= +2X| = -0=1
| =5 | (9§)C:UET 5

. @Acadﬁmy
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Area bounded by line (if) namely y = x, the x-axis and the
ordinates x = 0, x = 3 is
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T

0 0 KZ )0
= -0= (IV)

3
area OAB and = _f y dx

. Required area (shown shaded) i.e., area OBCD
= area OACD — area OAB
= Area géven b2/1 (iif) — Area given by (iv)
=15 - 2 = 2 sg. units.
Remark: ) and (i) for x we get imaginary
On solving Egns (i
values of x and hence curves (i) and (ii) don’t intersect.
4. Using integration, find the area of the region bounded by
the triangle whose vertices are (— 1, 0), (1, 3) and (3, 2).
Sol. Given: Vertices of triangle
are A(- 1, 0), B(2, 3) and

C(@, 2).
. Equation of line AB is
3-0
. (x— (- 1)
y
1-(1) X
( y -y )
ly-yi= 2 '(x-x)|
\ ) X2 = X, J
or y=—(kx+1)
. 2 Y'
Area of AABL = Area bounded by this line AB and x-axis
_ |1
= “4 y dx

(.- At point A, x = — 1 and at point B, x = 1)
_3 “1 (x+1) dx

_[1 §(x+1)dx

-1 2 2

3[(x2 3l Y (1]
:2|2_+X :_ 7+‘]___']

2oy el
zé(é_(_l\\:§(§+1\_§.5:3 ()

212 2l 2 2) 2 o
YaqCUET
\ Academy
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Again equation of line BC is

2-3
y—-3= x-1

31
= y-3=—~(x-1 = y=3-(x=1)  6-x+1
5 | |
7-X 1 v 2 2
= y= = (7 -%
2 2

Area of trapezium BLMC = Area bounded by line BC and x-axis

®CUET |
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:“:’yax‘
Coe® al 9 (N
“3h gk s 7o)

(42-90441) = ' (20)

‘J' -(7 X) ax

ol 2 2 2l 2
=5 ..(i)
Again equation of line AC is
2-0

y-o=—"" (x-(-1)) = y= —(x+1)
3 | 4

I
= y-= '2(x + 1)
Area of AACM = Area bounded by line AC and x-axis

U an “ (x+1) axJ _(X_+x\|
I 2\2 ),
1 rg+3_(1_|ﬂ RLAET

22 ha )] 2l 2 )

1 [9+6-1+2] 16 =4 ...(iid)
T2l 2 Ty
We can observe from the figure that required area of AABC
= Area of AABL + Area of Trapezium BLMC — Area of AACM
=3 +4+ 5 — 4 = 4sq.units. By
() By (i) By (iii)
5. Using integration, find the area of the triangular region
whose sides have the equations y= 2x + 1, y = 3x + 1 andx

= 4.

Sol. Equation of one side of triangle is y = 2x + 1 ...(1) Equation
of second side of triangleis y = 3x + 1 ...(i1) Third side of
IANEGLE 1S X = Furverierieieieteectetetete ettt ettt (iii)

It is a line parallel to y-axis at a distance 4 to right of y-axis.
Let us solve (i) and (ii) for x and y.

Eqn. (i) — eqn. (i)

gives x = 0.

= = CUET
Put x = oin (i), y = 1. SAcademy
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. Point of intersection of lines (i) and (i) is A(o, 1)
Putting x = 4 from (iii)) in (i), y =8 +1=9

. Point of intersection of lines (i) and (iii) is B(4, 9).
Putting x = 4 from (iii) in (ii), y = 12 + 1 = 13.
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. Point of intersection of lines Y

(i) and (iii) is C(4, 13).

Area between line (ii) ie., line

AC and x-axis c(,13)

= _[: yax = _[: (3x+1)ax

[By (i1)]

(32 W
=| 2 +X|

A L
= 24 + 4 = 28 sq. units ...(iv) A a o B(A9)

Area between line (i) ie., line AB v

and x-axis

= j; yax = j: (2x + 1) ax v

= (@ +x) By @)

=16 + 4 = 20 sq. units ...(v)
.. Area of triangle ABC = A, 1)
Area given by (iv) X! X
— Area given by (v)
= 28 — 20 = 8 sq. units.
6. Choose the correct v
answer:
Smaller area enclosed by the circle x2 + y2 = 4 and the
linex+y=2is

(A) 2(x — 2) B)r—2 () -V | (D) 2(n + 2).
Sol. Step 1. Equation of circle is x2 + y2
=4 =22 ) v
. y2 - 22 — x2
B(0, 2)
y= 22_x2 ..(i) c

for arc AB of the circle in first 2 A2, 0)

quadrant. X o 2 X
We know that eqn. (i) represents a

circle whose centre is origin and

radius is 2.
Equation of the line is x + y = 2 ...(iii)
Bableof values
Acadgmy o

Cali Now For Live Training 93100-87900



Class 12 Chapter 8 - Applications of Integrals

+yv=2 + =4

. Graph of equation (iii) is the straight line joining the points

(0, 2) and (2, 0). il
The region for required area is shown|as shaded in ;,Ze figure.

;

v

A

e
=

@CUET ,
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Step II. From the graphs of circle (i) and straight line (iii), it is
clear that points of intersections of circle (i) and straight line

(iii) are A(2, o) and B(o, 2).

Step III. Area OACB, bounded by circle (i) and coordinate axes in

first quadrant
“02 yax| = j; 22 —x2dx (. From (i), y = /22 —x2)
2
2
|(5\/22—x2 +£sin*' 5)
|2 2, J 2); ) p )
i ax=" + sinTt =
I—. 'aZ _X2 2 a2 _X2 aJ
(2 =2 . . _
‘\2 4-4 4 2sin™ ﬂ— (0 + 2 sin* 0)
)

s
=O+2|\2|} -200)=n

..(iv)

Step IV. Area of triangle OAB, bounded by straight line (iii) andco-
ordinate axes

2
=“02an =“0 (2—X)ax‘ (.- From (iii), y = 2 — x)
( x2 2
=|2x—7| =4-2)-(0-0)=2 ..(v)
\ Jo

Step V. .. Required shaded area

= Area OACB given by (iv) — Area of triangle OAB by (v)

= (n — 2) sq. units.
. Option (B) is the correct answer.

7. Choose the correct answer:

Area lying between the curves yz = 4x and y = 2x is

2 1 1 3
(V) 3 (B) 3 © 4 D) 4

Sol. Step 1. Equation of one curve v
(parabola) is N Y=2x
2 = 4x )
1 B/(1.2)
y= =2 =2X° (i) o i
Jax  Jx X M > X

for arc of the parabola in first
quadrant. VaqCUET 5
We know that eqn. (i Aademy =
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rightward parabola symmetrical
about x-axis.

Equation of second curve (line) is y = 2x ...(iii)
We know that y = 2x represents a straight line passing through
the origin.

We are required to find the area of the shaded region.

Call Now For Live Training 93100-87900



Class 12 Chapter 8 - Applications of Integrals

II. Let us solve (i) and (iii) for x and y.
Putting y = 2x from (iii) in (i), we have
42 =4 = 42 —-4x =0 = gxx-1) =0
Either g4x =0 or x—-1=0

. 0
Le., X—4—O or x=1
When x = o, from (ii), y = 0 .. point is O(0, 0)

When x = 1, from (i), y = 2x= 2 .. point is A(1, 2)

. Points of intersections of circle (i) and line (ii) are O(o, 0) and
A1, 2).

III. Area OBAM = Area bounded by parabola (i) and x-axis

1 1
no 4 1
- ‘jo' an‘ _ | [, 2@ ax| [ From (i) y = 2X?]
( 3)'
2, 4 4 (i)
= 2 = (1 — o) =
3 3
2
IV. Area of AOAM = Area of bounded by line (iii) and x-axis
[
= j(; yax | - “0 2x aX‘ (.. From (iii) y = 2x)
(x2\! I
_ 0 <
=2|K2| =(x) =1-0=1 (V)

V. .. Required shaded area OBA
= Area OBAM - Area of A OAM

4 4-3 | .
= 3 i = 3 = 385G units.
(By (v)) (By )

Option (B) is the correct answer.

®CUET |
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MISCELLANEOUS EXERCISE

1. Find the area under the given curves and given lines:
(i) y=x% x=1,x =2 and x-axis.
(i) y=x% x=1,x=5 and x-axis.
Sol. (1) Equation of the curve
(parabola) is
y=x2le,x2=y ..(i)
It is an upward parabola
symmetrical about y-axis.
[*. Changing x to — x in (i)
keeps it unchanged] *'
Required area bounded by
curve (i) y = x2, vertical lines x=1

®CUET |
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x =1, x = 2 and x-axis

=“12an =“f"2ax\ By ()
( fﬂz 8 1 ‘ 7 .
= = $q. units.
(3 3 3 _ M
3
(if) Equation of the curve is y = x4 (D)
= y > o for all real x (. Power of xis Even (4))

Curve (i) is symmetrical about y-axis.
[*. On changing x to — x in (i), eqn. (i) remains unchanged]
Clearly, curve (i) passes through the origin because for
x = 0, from (i) y = o.
Table of values for curve y = x* for x =1 to x = 5 (given)
X 1 2 3 4 5
y 1 24 =16 3% = 81 4% = 256 5% = 625

Required shaded area between the curve y = x4, vertical
lines x = 1, x = 5 and x-axis

=‘J‘15 yax‘:“fx“ax’ (By (1))
(x5)\5 55 45 3125-1 3124
\5 |1 5 5 5 5
3124 x 2 _
= 10 = 624.8 sq. units.
2

2. Find the area between the curves y=xand y=x.
Sol. Step I. To draw the graphs and region of integration.
Equation of one curve (straight

line) is M
y=x )
We know that graph of eqn. (i) AL, 1)
is a straight line passing
through origin. B

?. CUET
Equation of secon &Wduﬁmy ( parabola) is
Cali Now For Live Training 93100-87900
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y=xtor x2=y X o M x
i)

We know that equation (if) represents an v

@gya%zmy
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upward parabola with symmetry about y-axis.

Step II. Let us find points of intersections of curves (i) and (ii) by
solving them for x and y.

Putting y = x from (i) in (if), we have
x=x2 or x—x2=0 or x1—-x)=0
Either x =0 or 1 —x =0 ie, x = 1.
When x = o, from (i) y = o .. Point is O(0, 0)
When x = 1, from (i), y = 1 .. Point is A(1, 1)
.. Points of intersections of line (i) and parabola (ii) are O(0, 0)
and A(1, 1).
Step III. Area of triangle OAM
= Area bounded by line (i) and x-axis

=“3an‘ =“3X3X‘ (. From (i) y = x)

(@1 1 1
_ R ..(iii
N G
Step IV. Area OBAM = Area bounded by parabola (ii) and x-axis
= [, yax‘ = |[, x?ax (. From (il) y = x?)

(ﬁv 1 1
= |\3 LO =y 0= 3 (IV)

. Required shaded area OBA between line (i) and parabola (ii)
= Area of A OAM — Area OBAM

11 3-2 1

= 2”3 = & ~ sq. units.
"6
(By (i) (By (iv))
3. Find the area of the region lying in first quadrant and
bounded by y=4x2,x= 0, y = 1 Y
andy=4. x=0 y:4)(2
Sol. Equation of the (parabola) curve is \ y=4
Yy
= x2= 4 () y=1
X 0l©,0) X
N A
4 >
For branch of parabaolf¥h iyt uadrant. 4
We know that this eq £a8IWNts an upward parabola with
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symmetry about y-axis.

. Required shaded area of the region lying in first quadrant
bounded by parabola (i), x = 0 (= y-axis) and the horizontal lines
y=1andy = 4 is
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L“xay:”\gyay (By (i1)
4

10! () P

— 4 y2 ay _ 1 1
, - 3 ' %Mz_1q

2

1 1 7

= (4\/Z -1)="(8-1) = $q. units.
3 3 3

4. Sketch the graph of y = | x + 3 | and evaluate
| 06 Ix+301dx.

Sol. Equation of the given curve is
y=1lx+3l (D)
We know that from (i),
y=Ilx+3/|>o0 for all real x.
Graph of curve is only above the x-axis ie, infirstand
second quadrants only.

From (i),y= | x+3 | =x+3ifx+3>0 ie, ifx>—-3  ..(i)
and y=|x+3]=-@x+3) if x+3<o0ie, ifx<—3 ..(i)
Table of values for y=x+ 3 forx> -3
X -3 -2 -1 0
y 0 1 2 3
Table of values for y =— (x + 3) for x < -3
X -3 —4 -5 -6
y 0 1 2 3
. Graph of curve (i) is as shown in the following figure.
Y
= — (x+3) AN Y=x+3
forx<—3 forx=>-3
X' > X

M
- Graph ofy = | x + 3 | is L-shaped consisting of two rays
above the x-axis at right angles to each other.

0 0
Now, J_Slx+3lax = Ix+3lax + fﬁslx+3lax
k.9CUET

Academy
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[ ".* On putting expression x + 3 within modulus equal to zero,

we get x = — 3 and -[bf(x)

a a Cc

Call Now For Live Training 93100-87900
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_ J'::—(x+3)ax + 0 (x+3)ax
("
(By (iii) because on (By (ii) because on
(-6,-3),x<—-3=>x+3<0) (-3,0),x>-3=>x+3>0)

-3

2 2 0
- (_Xz+3x\| + (§Z+3X\|

\ Je J)-3
- rg—9—(18—18)1 . [0_(9_gl
12 [
L i
9 9 18 .
== +9+o+o—2 +9 =18 — 2=18—9=9sq.un1ts.

5. Find the area bounded by the curve y = sin x between x =0
and x = 2m.

Sol. Equation of the curve is y = sin x ()
Let us draw the graph of y = sin x from x = 0 to x = 2%

Now we know that y = sin x > 0 for 0 < x <7 ie, in first
and second quadrants

and y =sinx< o0 for n < x< 2n ie, inthirdand fourth

quadrants.
Y
15
{72
X B (x=m) D (x = 2n) X
O x=0
L
2
v
To find points where tangent is parallel to x-axis, put al =0.
ax
n 3n
= CSX=0 => X= ,Xx-=
2 2

Table of values for curve y = sin x
betwee&= 0 and x = 21t

P CULT
@Aca%ﬁ!y
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n 3n
X 0 2 n 5 25
y 0 1 0 -1 0
[.* sin nt = o for every integer n
3n
and sin_2 = sin 270° = sin (180° + 90°) = — sin 90° = —1]

®CUET |
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Required shaded area = Area OAB + Area BCD

2n
|y

- [fg yax

[Here we will have to find area OAB and Area BCD separately
because y =sinx>oforo<x<n

and y =sinx <o for n < x < 2rn]

Putting y = sin x from (i),

fos
0 Sin X ax

2n i
+ “ sin x ax
11

‘ — (cos x); } + ‘— (cos x)i“

= |—(cosn—coso) |+ | — (cos 2m — cos m) |
=l-C1-Dl+l-@+1
[ cos nt = (— 1)" for every integer n
putting n = 1, 2; cos © = — 1, cos 2w = 1]

= 2 + 2 = 4 sq. units.
6. Find the area enclosed by the parabola y?> = 4ax and the
line y = mx.
Sol. Step I. To draw the graphs and shade the region of

integration. v
Equation of the parabola is y=mx
y2 = 4ax (I) D A da 4da
(It is rightward parabola with <? T)
symmetry about x-axis) X 0 x
From (i), N \M a8
1
v = Jdax =2+a x2 ..(i) y =4ax
v
v
for arc ODA of parabola in first
quadrant.
Equation of the line is y = mx ... (i)
We know that eqn. (iii) represents a straight line passing through
the origin.

Step II. To find points of intersections of curves (i) and (iii), let
us solve (i) and (iif) for x and y
Putting y = mx from (iii) in (i),
m2x? = 4ax = m2x?> — 4ax = O
= x(m2x — 4a) = 0

= Either X=0 Or m2x—4a =0 lLe, mM2X = 4da
4a

= Xx=0 or xX= 5
m

— CUE . .
When x = o, from (iii) @ Aca d?ﬁ_)]l)r(lt is O(o, 0)
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4a 4a  4a

When x = m2,y=m- m2 - m

.. Second point of intersection of parabola (i) and line (iif) is
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(ﬁ 4a)

Al ).

\m2 m )

Step III. Area ODAM = Area parabola (i) and x-axis

4a )

4a
jm2 y ax ( AtO,x=0andatA, x= |
0 m )

1

a
Putting y = 2 X2 from (i),
4

(o)

X2

4a 1
[o* 2axzax| _,a

3
2
3
bl 3@ y
3
_4/a (ﬁ\Z_ N S

3 m2) 3 m? \m?

4
_4-6 42§ 322 (V)

3 m? m 3m3

Step IV. Area of AOAM = Area between line (iif) and x-axis
4a
2

Jo v

4a

Om2 mx ax
4a [ 2 ]
(Xz\m2 m |(ﬂ\ _Ol

=m

Putting y = mx from (iii),

2h =5l
m  16a? 8a?

= — (V)

T2 mt m

Step V. Required shaded area
= Area ODAM given by (iv)
— Area of AOAM given by (v)
_ 3222  8a2 _ & (32 )

3ms3 m?3 m | 3 |
_a? (32 -24) a? k._ =)8a2

@%%Emy3 T
Cali Now For Live Training 93100-87900

3m3




Class 12 Chapter 8 - Applications of Integrals

7. Find the area enclosed by the parabola 4y = 3x? and the line
2y = 3x + 12.

Sol. Equation of the parabola is 4y = 3x2 (D

or X = 3y

It is an upward parabola with vertex at the origin and is
symmetrical about y-axis.

Equation of the line is
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2y = 3x + 12 ...(iM)
Putting y = 0 in (i), x = — 4

.. (= 4, 0) is a point online

(i)

Putting x = o in (i), y = 6

. (0,6)is also a point on line

(id).

Joining the points (- 4, 0) and

(0, 6) we get the graphof line

@id).

To find the points of
intersections, let us solve
eqns. (i) and (ii), for xand X'+
y. (=4, 0)

3x+12 Y
5 from (ii) in (i), we have

Putting y =

2(3x +12) =3x20r3x2 —6x—24=00rx2—2x — 8 =0

or x-4) (x+2)=0 .. x=4,-2
3x+12 Ix+12
When x = 4,y = 2 =12 ; Whenx=-2, y= 9 = 3.

.. The points of intersection are B(4, 12) and C(- 2, 3).

3
Area bounded by the line (ii) namely 2y = 3x + 12 ory = ~— x + 6,

2
the x-axis and the ordinates x = — 2, x = 4 is ABCD
4 4 (3 ) [3 2 14
6 _ X +6x
_ [, yax = [alipX+lax = g% +6x]
=12+ 24) - (3-12) =45 ... (i)
3
Area bounded by the curve (i) namely y = _4x2, the x-axis and the
ordinates x = — 2, x = 4 is (area CDO + area OAB)
[2 3%
= I4 yax = I4 3%2 ax - |§.X71
-2 -2 4 4 31,
1 )
=4 [64 — (= 8)] = 18 oo (iv)

.. Required area (shown shaded)

= (Area under the line — Area under the curve) between the
lines x = — 2 and x = 4

= Area given by (iii) {35 givdn by (iv)

=45 - 18 = 27 5q. u Academy

Cali Now For Live Training 93100-87900




Class 12 Chapter 8 - Applications of Integrals

8. Find the area of the smaller region bounded by the ellipse

2 2 X %
X
?+ % =1 and the line 3 +f=1'

®CUET |

Call Now For Live Training 93100-87900




Class 12 Chapter 8 - Applications of Integrals

Sol. Step I. Equation of the v

ellipse is

oy B, 2)

9 vty =1t -0 5 D

A o) A3, 0)
- 3

Clearly, ellipse () is x> , 3 «
symmetrical about both S6 2
axes.

Intersections of ellipse
(i) with x-axis.

Put y = o in (), Y
2
_ =1 = Xx2=9 S x=13
9
. Intersections of ellipse (i) with x-axis are A(3, 0) and
A'(_ 33 O)'

Similarly, intersections of ellipse (i) with y-axis (putting x = 0 in
(1) are B(o, 2) and B'(0, — 2).

Xy
Equation of the line is 3+ 5 =1
y =

Y —1- X (3 -Xx)
= ! = (i)
2 3 | 3 |}
Table of values
X 0 3
y 2 0

". Graph ofline (ii) is the line joining the points (0, 2) and (3, 0).
We have shaded the smaller region whose area is required.

Step II. From the graphs, it is clear that points of intersections
of ellipse (i) and straight line (ii) are A(3, 0) and B(o0, 2).

Step III. Area OADB = Area between ellipse (i) (arc AB of it)

and x-axis
[ y2 9y
:‘I3yax‘ From (i), = =1- __ _
0 ] 4 9 9
2 1
= (9—x2) = y= 9-x
9 3V 1
(At point B, x= 0 and at pomt A x=23)
_ “32 fo_xeax| = 2“3 /32_Xzax‘
03
a2 a
2[32235|n1—§ X
= 5 =
3|1 CU

Academy
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5 2 _ y2
2 V& X
. -1 X
sin T
al
2 3 +gsin*‘1—(0+gsin’1 O\—|
9-9
3 |2 2 b2
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9 3r
_2 (0,2 m ol _ 2.7 =" .(iif)

3 ||_ 2 2 |j 3 4 2
Step IV. Area of triangle OAB = Area bounded by line AB and

X-axis
2
3 3= (3-x)ax y
= ‘J'Oyax‘ =I0 3( ) [From (if)]
o ey 200 9) ) 2 9
= U= | = 19-,1-0] = = (iv)
SINED NI Ay I R P B
Step V. .. Required shaded area
= Area OADB — Area OAB
3n
= 2 = 3
By (@) 5By ()
_3(&_1 = = (n — 2) sq. units.
9. Find the area of the smaller region bounded by the ellipse
X2 y2 Xy
a7+k)7 =1 and the line ;+E =1.
. / . 2 2
Sol. Step I. Equation of the ellipse is X ;¥ =1 (D
a? b?

Ellipse (i) is symmetrical
about both the axes.

Intersections of ellipse B(0, b)
() with x-axis (y = 0) f‘m
are A(a, 0) and A'(- a, 0). X’ A'\O Al D>)X

Intersections of ellipse (i) T (-a0 3 a
with y-axis (x= 0) are

0,-b
B(0, b) and B/(0, - b) B10.~b)
Again equation of chord .
AB is v
X y
2t p ! ... (i)
Table of Values
X 0 a
y b 0

Eﬁggﬂ%zmy St ep II. From
Cali Now For Live Training 93100-87900




Class 12 Chapter 8 - Applications of Integrals

equation (i), b2 X2 a2 — x2
=1- =
a? a’
b2(a2 — x2 b o
SoyR = Jaz—l LY=oy Jaz —x2 (in first quadrant)

Area between arc AB of the ellipse and x-axis (in first quadrant)

®CUET |
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a ab

= yax = (22 ax = ax

'[ J. a2 — x2 b '[a [a2 _x2

0 0 3 a o

a 2
- b {l a2 _ x2 +az sin~ 5—‘ - b :—O+isin*11—(0+0)—|
1

a |2 2 aJO all 2 u

b a2 T nab
=% %3 -3° 74 (0D

Step III. From equation (if),

b a a
b
y=5la-x
.. Area between chord AB and x-axis
a ab a
[, vax - || g(a—x)ax == [, (@-x ax

Q[ax—x—zr _ b (aZ—a_z\
al o_a|k 2|)

1
= L — = ;ab ...(iv)

Step IV. .. Area of smaller region bounded by ellipse (i) and
straight line (i)
= Area between arc AB and chord AB
= Area given by (iii) — Area given by (iv)
nab ab ab
= 4 - 7 = T(TE - 2).

10. Find the area of the region enclosed by the parabola x2 =y,
the line y = x + 2 and x-axis.

Sol. Step I. Equation of the parabola is x2 = y (D)
We know that equation
(i) represents an upward Y 2y Y=x+2

parabola with symmetry
about y-axis.

(.~ Changing x to — x i
(i), keeps it unchangec@gya%g“ \
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Equation of the line is

y=x+2 ...(>iD)
Table of values
X 0 -2
y 2 0

. Graph of line (if) is the

line joining the points (0, 2) and (- 2, 0).

Step II. Let us solve (i) and (ii) for x and y
Putting y = x + 2 from (ii) in (i),

®CUET |
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X=x+2
or X2 —-x—-2=0 or x2—2x+x—-2=0
or xx—-2)+1x-2)=0
= x-2dx+1)=0
Either X—2=0 or X+1=0
ie., X =2 or xX=-1.

When x = 2, from (i), y =x2=2%=4 .. Point is (2, 4)
When x = — 1, from (i), y = (- 1)®>= 1 .. Point is (- 1, 1).
. The two points of intersections of parabola (i) and line (if)
are A(— 1, 1) and B(2, 4).
Step III. Area ALODBM = Area bounded by parabola (i) and x-
axis
2
[ ) yax

= “_21 x* ax ‘ [ From () y = x°]

(x3 )2 8 (=1) 8 1 9
T = + = =3 (i)

) 3 3 3

|
" s am
m ALMB = Area bounded by line (if)

Step IV. Area of trapez1u

and x-axis
2
= |7, (x+2)ax [+ From (i) y = x + 2]
[ x2 ¥ 1) 1
=L2+2XJ_1 =2+ 4 — |K2_2b=6_ 5 *2
g 1. 1 .
=8-5=7 ..(iv)

Step V. .. Required shaded area = Area of trapezium ALMB
— Area ALODBM

159 .
= 9 3= 2 sq. units.

11. Using the method of integration, find the area bounded by
the curve 111|111+ Ty 11122

Sol. Given: Equatlon of the curve v

(graph) is

Ix[+1yl=1 (D) B(O, 1)
Curve (i) is symmetrical
about x-axis. 4+ N +
[ On changing y to — y in Sy o
eqn. (i), it remains unchanged
as we know that | -y | =y
Similarly, curve i i + 7
symmetrical about y—a@g?a%rgmy N X} D(O,\\r//Q

Cali Now For Live Training 93100-87900
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We know that, for first

quadrant; x > 0 and y > 0 v
= |x|l=xand |y [=y
Eqn. (i) becomes x +y = 1 ..(i)

which is the equation of a straight line.
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Table of values

X 0 1
y 1 0

. Graph of x + y = 1 is the straight line joining the points (0, 1)

and (1, 0).

We know that for second quadrant, x < o andy > o

= |x|l==-xand |y | =y

. Equation (i) becomes — x + y =1
which represents a straight line.

Table of values
X 0 -1
y 1 0

.. Graph of — x+ y = 1 is the straight line joining the points
(o, 1) and (- 1, 0).
We know that for third quadrant, x < 0 and y < o.
= |xl=-x and |y(f=—y
.. Eqn. (i) becomes —x —y=10rx +y = -1
which represents a straight line.
Table of values

X 0 -1
y -1 0
. Graph of x+ y= — 1 is the straight line joining the points

(o, — 1) and (- 1, 0).
We know that for fourth quadrant x > 0 and y < o.

= |xl=x and |yl =-y

= Equation (i) becomes x —y = 1 which again represents a
straight line.

Table of values
X 0 1
y -1 0

.. Graph of x — y = 1 is the straight line joining the points (0, — 1)
and (1, 0).
Graph of Eqn. (i) is the square ABCD.
Area bounded by curve (i)
= Area of square ABCD
= 4 x AOAB
= 4 x Area bounded by line (i) namely x+ y= 1
and the coordinate axes

:4“;yax‘:4 J;(1—x)ax‘
[ x+y=1 = y=1-x]
[ x2) 1 1

=4 |KX_7JO :4“1_§J_0j| =4 x 5 =2 sq. units.

12. Find the area bounded by the curves

{x, ) : x> x>and y=| x|}

as Q. No. 9 HES.1 page 558.

Sol. It is same cademy
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13.

Sol.

Class 12 Chapter 8 - Applications of Integrals

Using the method of integration find the area of the triangle
whose vertices are A(2, 0), B(4, 5) and C(6, 3).
Vertices of the given triangle are v
A(2, 0), B(4, 5) and C(6, 3).
Now, equation of side AB is B(4, 5)
y-0=,4 5 (x-2)
y-vy =(Y2_Yl)(x_x)
Loxgmxg '
5 o Ao
= y=5&=2) X
Area of AALB bounded by
line AB and x-axis Y’
- | [ vax| - o -2ax| =3 >
5 5 ’
= [8-8)-(2-49]= (0o+2)
2 2
5 . .
= 5 X 2=55q IS, cevveeireenreeereeereeerrreeereereeeseeenneennnes )
Again equation of side BC is _
3-5 ‘y_y=(Y2 Vl)(x_x)
y-5=6-4 (x-4) U x -x t
2 L
=>y-5=-(x-4)
= Yy=5—-X+4=9—-x
. Area of trapezium BLMC bounded by line BC and x-axis
(e
- [eyvax| o[ @-xax oxX-5
- 4 = I 4 = ‘\ 2 J4
=154-18-(36-8)1=136-36+8|
=8 .0
Again equation of lén_e OAC is 3
y-o0-= k-2) = y="(kx-2)
6-2 4
Area of AAMC bounded by line AC and x-axis
:‘Jeyax‘ = J'sé(x—2)ax
2 2
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2 4
\6
- 2X | _ 3
2 [18 )_ 4
12 —
(2 -
3 4)]
=" (6+2)=" x 8 =6 sq. units. ...coerre.... (iii)
4 4

We observe from the above figure that
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Area of AABC = Area of ABL + Area of trapezium BLMC
— Area of AMC
= 5 + 8 - 6
(by ()  (by @)  (by (i)
= 7 sq. units.
14. Using the method of integration find the area of the region
bounded by lines:
2x+y=4,3x-2y=6 and x-3y+5=0

Sol. Equation of one line is 2x + y = 4 ()
Equation of second line is 3x — 2y = 6 (1))
Equation of third lineisx — 3y + 5 = 0 ..(iff)

Let ABC be triangle (region) bounded by the given lines (i), (if), (iif).
Let us find point of intersection A of lines (i) and (ii) i.e. solve (i)
and (ii) for x and y. Eqn (i) x 2 + Eqn (ii) gives 4x + 2y
+3x—-2y=8+6
or 7x =14 or x = 2
Puttingx=2in (i) 4+y=4 .. y=0
. point A is (2,0)
Let us find point of intersection B of lines (ii) and (iii) i.e., solve
(i) and (iif) for x and y.
Eqn. (ii) — 3 x eqn. (iii) gives

3x—-2y-6-3kx—-3y+5)=0

ie., 3Xx—-2y-6-3x+9y—-15=0
or 7y —21=0 = 7y =21
= VSRS

Puttingy =3 in (i), 3x -6 =6 = 3x=12 = x =4

Point B is (4, 3).
Let us find point of intersection C of lines (i) and (iii) i.e, solve
() and (iii) for x and y.
Eqn. (i) — 2 x eqn. (iii) gives

2x+y—-4-2x-3+5) =0
= 2x+y—4-2x+ 6y —10 =0
= 7y -14=0 = 7y =14 = y =2 Putting
y=2in(i),2x+ 2 =40r2x =20rx = 1.

Point C is (1, 2)
.. Vertices A, B, C of triangle v
(region) ABC are A(2,0), B(4, 4
3) and C(1, 2).
Join of A and C is the graph
of line (i) 2x + y = 4.
(" () intersects (i) at A and
(i) at C) ,
Similarly A B and BC. X
Now area of AACM bounded
by line (i) i.e, AC and x-axis.

o]

CUET
gAcademy

Cali Now For Live Training $3100-87900




Class 12 Chapter 8 - Applications of Integrals

(At point C, x = 1 and at point A, x = 2)
Putting y = 4 — 2x from (i),

2
= I2(4—2x)ax‘ - |(4X—ﬁ\
1 \ 2 ),
=B8-4-(4-1D=4-3=1 (V)

Now area of AABL, bounded by line (ii) ie, AB and x-axis
[*3(x-2) ax
22

INE
2

[ From (i), —2y=—-3x+ 6
-1
=y=_ (-3+6)="(x-2)]
2 2

(¥-2)|=3l6-89-C-2

3

3
- 2(2) =3 ..(v)

Now area of trapezium CMLB bounded by line (iii) ie, BC and
x-axis
= U4 yax = I4 1(x+5)ax
N I
1

[ From (iii), x + 5=3y = y-= 3(x + 5]
(xz \4 [_ (1 ﬂ

8+20-| . +5
- o[22

5

2l a2 ) ali2)

...(vi)

. Required area of region (triangle) bounded by the three given
lines

= Area of trapezium CLMB — Area of AACM
— Area of AABL

15
2 ~ v 73

(by (vi))  (by (w))  (by (v))

_1—5_4—Z T
T2 2@%ﬁgﬁww
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15. Find the area of the region
{(x, ) : y2 < 4x and 4x2 + 4y2 < 9}
Sol. The required area is the area common to the interiors of the

Call Now For Live Training 93100-87900



Class 12 Chapter 8 - Applications of Integrals

parabola y2 = 4x 0
[Parabola (i) is a rightward parabola with vertex at origin and is
symmetrical about x-axis.]

and the circle 4x2 + 4y2 =9 ...(i)
Dividing every term of eqn. (ii) by 4,
L9 (37
X2+ y? = 4= |\2|)

which is a circle whose centre is origin and radius is _2

This circle is symmetrical about both the axes.

To find the points of intersection, let us solve (i) and

(ii) for x and y. 1

Putting y2 = 4x from (i) in YAEE’ '{)

(ii), we have 4
4x2 + 16x — 9 = 0O

2

—16 + /256 + 144 4x+ay =0
X =
8
[ X 4 » X
{ X== 2 _dgac | °\ © D(%,O)
|L 2a \J
_-t6x20 _1 2 r
- LG
8 2 2 v

9
When x= — _2, from (1),

y2=—18is
negative and hence y is imaginary and hence impossible.

9
Therefore x = — _2 is rejected.

1 1
When x =, from (i), 2 =4x=4x =~ =2
2 2

y=+42

.. The two points of intersection of parabola (i) and circle (ii) are
A (1’\[2\ and B = (1,_ 2\‘
2 ) v

For the parabola (i), @)&%&ﬁl&e first quadrant.
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9
For the circle (ii), 492 = 9 — 4x2 or y2 = 4 X
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/9 _x2
or y =g X" in first quadrant.

Required area OADBO (Area of the circle which is interior to the
parabola) (shaded)
= 2 x Area OADO = 2 [Area OAC + Area CAD]
= 2 [Area between parabola (i) and x-axis in first quadrant
+ Area between circle (ii) and x-axis in first quadrant]

|—* 1/2 2& ax+ 3/2 \/-gjaxw
I1/2 4

=9 .[0 J [Area = | y dx]
h ! ST

,_
N
N
o))

| E—

i— 1 |—| 3/2
4, gin1-2 g T 1y 1 3 1|
|, 242 | ~_
2'3 8 2 8 3V, ==Y
2 2 22
I J| AW, I
L
[ a1l
TIIZ 9« ‘g 9 1 9 9 1 \/_5
=2 3 +8.2- 4 -gsin 3 T g8 - 4 sin™ 3+
L ] 6
.2 2_1
"3 4 6
16. Choose the correct answer:
Area bounded by the curve y = x3, the x-axis and the
ordinates x = - 2 and x =1 is
-5 5 7
(A) -9 (B) 4 © (D) .
4 4
Sol. Equation of the curve is y = x3 ()
Let us draw the graph of curve (i) for values of x from x = — 2
tox = 1.

Table of Values for y = x3

X -2 -1 0

y @g DET 0

aAavaa J’
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We are to find the area of the total shaded region.
We will have to find the two shaded areas OBN and OAM
separately because from the table,

*Limits of integration for parabola are x = 0 to x of point of intersection
and for circle are x of point of intersection to x = radius of circle.
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y =x3< 0 for — 2 < x <o for the region OBN
and y = x3 > 0 for 0 < x < 1 for the region OAM
Y

Now area of region OBN = J.,Og yax
A1, 1)

0
[, ®ax By ()
0 X' X

(x4 O M
| 4 J_z (-1, -1)

= 0—16 =| -4 =4..0) B

4 (-2,-8) Y

Again area of region OAM = _[(; y ax

[ o x®ax (By (i)
(x y 1

UJO = 470 = ...(iii)

Adding areas (ii) and (iii), the total required shaded area

B 1 16+1 17 .
_4+4_ 4 = 4 Sq. units

. Option (D) is the correct answer.

17. Choose the correct answer:
The area bounded by the curve y = x | x|, x-axis and the
ordinates x = - 1 and x = 1 is given by

A) O Bl C D4
A) ()3 ()3 ()3.

Sol. Equation of the curve is

y=x|x|=x(x)=x2ifx20 ..(0)

and y:x|x|:x(—x)
=-x2ifx<o0 (i)
Eqn. (i) namely x2 = y (x > 0) represents the arc of the upward
parabola in first quadrant and We
equation (i7) namely x2 = — y (x < 0) ?ée
represents the arc of the downward fin
parabola in the third MET d
cademy
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Chapter 8 - Applications of Integrals
a—bounded
by the given curve, x-axis and the X N Y x=y
A
A
‘ ‘ x=1
ordinates x=—1 q M
<
x =|—-1and|x = 1. =
Required agea = Area ONBO
+ Area OAM

4

B

xX=—y ¥
N
\ N
< >
<

v
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0
= ‘ [ yax ‘ (for y given by (ii))

I(; y ax ‘ (for y given by (1))

.
S0 a4 J'(:x2ax‘

(e RV (e 1 2
TR L TG o te e

. Option (C) is the correct answer.

18. Choose the correct answer:
The area of the circle x> + y2 = 16 exterior to the parabola
y? = 6x

4 4
A) 3 @n - J3) (B)  (r + f3)

4 4
(C)g(Sn—\E) (D)§(8n+\/§).

Sol. Equation of circle is v
X2+ y2 =16 ..(>I)
and that of parabola is (2, S\E)

y2 = 6x ...(ii)

Now (i) is the circle with
centre at O(o, 0) and |
radius 4.
LA (4,0 0 C(2, 0 v
Also, this circle is
symme-trical about x-axis
("." on changing y to — y,
its equation remains
unaltered.)
Also  Circle () is v

symmetrical about y-axis.

Equation (ii) represents

a rightward parabola with vertex at origin O. It is also

symmetrical about x-axis.

To find the points of intersection of the two curves, let us

solve them for x and y.

Putting y2 = 6x from (ii) in (i),

x2+6x—16=00orx+8 x-2)=0
= X = AACFET
When x = — 8, from (ii cag@myo so x = — 8 is not possible.

Cali Now For Live Training $3100-87900
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When x = 2, from (i), y2 =12 => y =+ 23

. The two points of intersection are B(2, 2 B3)and B (2, — 2 8).
Required area (shaded) = Area of circle — area of circle
interior to the parabola
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=1 x 4* — area OBAB'O
(. area of circle = nr2, here r = 4)
= 16m — 2 x area OBACO ...(iii)
(.- the two curves are symmetrical about x-axis.)

Now area OBACO = area OBCO + area BACB
= (area under arc OB of parabola and x-axis)
+ (area under arc BA of circle and x-axis)

= _[02\/6_)( dx + I: \j16—x2 dx

from (i) from (i)
2
= [ﬁh +|(§ l16—x2+fsin‘1 f—“t
L2, |2 2 4],
r 2 ]

sin 11—

X a
'[ aZ_XZaX: a2_x2+7
[' 2 2

2 1
36 (242) +8sin "1 - 12 - 8sin" ',

aj

8 p T
or area OBACO = N +8. o ~ 243 -8. 6
r'.' sin * =1andsin * = 11
|L 2 6 2|J
8 1.1)
= T3—2 3 +8rn 2_6)
B8 e (31 , .
J3 el
lelh & 3
Putting this value of area OBACO in (i),
Required area = 16n — 2 |(1+M\
NG 3
\
4 16n
= 16 — ﬁ 3
= 167 (1 1\ 4 32n
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. Option (C) is the correct answer.
19. Choose the correct answer:
The area bounded by the y-axis, y = cos x and y =sin x when
T

0<x< 2is

Sol. (A) 2(42 - 1) (B V2 -1 © 2 +1 (D) 7.

We are to find the area bounded by y-axis, y = cos x, y = sin x
n

wheno£x£2_.
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s s n T
X 0 6 4 3 2
3| 1 1
d ! 2 | 12, 2 0
Table of values for y = sin x | 0< X<~
)
s s n n
x ° 6 4 3 2
11 /3
y 0 2 \/—2 2 1
From the two tables of Rval es, Xve observe that graphs of
0<x<™
y =sin x and y = cos x | | have a common point ie,
2
(2 1)

intersect at the point B k4’ ﬁj .

Now required shaded area OAB
= Area OABM - Area OBM

= (Area bounded by the curve y= cos x, x-axis and the vertical
T
linesx:otox:4)

— (Area bounded by the curve y = sin x, x-axis and the vertical
T
linesx=o0tox=,)

n 4 . .
I" 4cos x dx jo‘ sin x dx = (sin x)7% ‘4— (—cosx)™, 4
\

i s

=sin , — sin 0 + (cos
4 @Academy
Cali Now For Live Training $3100-87900




Class 12 Chapter 8 - Applications of Integrals

1
5 -0+ 1= 2—1=( —1)=squnits.
= J2

5l

. Option (B) is the correct answer.

Remark. We were required to find area bounded by y-axis.
The second possible solution was:

2
. 1 o .
Required area = -[0 xay ‘ where x = sin”' y from y = sin x

1
+ “1,@ xay‘ where x = cos™ y from y = cos x
Since it is laborious to evaluate I sin™! y ay
= J‘sin‘1 y.1lay and _[003‘1 yay = J cos™y.1ay,

so, we have chosen to the solution by first method.

®CUET .
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	EXERCISE 8.1
	1. Find the area of the region bounded     by     the      curve y2 = x and the lines x = 1, x =4 and the x-axis.
	2. Find the area of the region bounded by y2 = 9x, x = 2, x = 4 and the x-axis in the first quadrant.
	3. Find the area of the region bounded by x2 = 4y, y = 2, y = 4 and the y-axis in the first quadrant.
	4. Find the area of the region bounded by the ellipse
	= 1.
	Intersections of ellipse (i) with y-axis (x = 0)
	sin1
	5. Find the area of the region bounded by the ellipse
	= 1.
	Intersections of ellipse (i) with x-axis ( y = 0)
	Intersections of ellipse (i) with y-axis (x = 0)

	sin 1
	6. Find the area of the region in the first quadrant enclosed
	We are to find area of shaded region OAB in first quadrant (only).

	3 y ax
	7. Find the area of the smaller part of the circle x2 + y2 = a2 cut
	off by the line x = .
	8. The area between x = y2 and x = 4 is divided into two equal parts by the line x = a, find the value of a.
	9. Find the area of the region bounded by the parabola y = x2
	To find limits of integration, let us solve (i) and (ii) for x.
	Table of values
	10. Find the area bounded  by the curve  x2  =  4y and   the line x = 4y – 2.
	Step II. To find points of intersections of curve (i) and line (ii), let us solve (i) and (ii) for x and y.
	11. Find the area of the region bounded by the curve y2 = 4x
	(See Note after solution of example 7)

	2
	12. Choose the correct answer:
	13. Choose the correct answer:
	the line y = 3 is Y
	Sol.

	3

	Exercise 8.2
	1. Find the area of the circle 4x2 + 4y2 = 9 which is interior to the parabola x2 = 4y.
	Step II. Let us solve eqns. of circle (i) and parabola (ii) for
	2. Find the area bounded by the curves (x – 1)2 + y2 = 1 and
	For points of intersections of circles (i) and (ii), let us solve equations (i) and (ii) for x and y.
	3. Find the   area   of   the   region  bounded  by   the   curves
	Table of values for the line y = x
	Remark:
	4. Using integration, find the area of the region bounded by the triangle whose vertices are (– 1, 0), (1, 3) and (3, 2).
	5. Using integration, find the area of the triangular region whose sides have the equations y = 2x + 1, y = 3x + 1 and x = 4.
	6. Choose   the    correct Y
	Smaller area enclosed by the circle x2 + y2 = 4 and the line x + y = 2 is
	Table of values
	7. Choose the correct answer:
	II. Let us solve (i) and (iii) for x and y.
	1. Find the area under the given curves and given lines:
	Table of values for curve y = x4 for x = 1 to x = 5 (given)
	2. Find the area between the curves y = x and y = x . Sol. Step I. To draw the graphs and region of integration.
	3. Find  the  area  of  the  region  lying  in  first  quadrant  and
	Table of values for y = x + 3 for x  – 3
	5. Find the area bounded by the curve y = sin x between x = 0 and x = 2.
	ax
	Table of values for curve y = sin x
	6. Find the area enclosed by the parabola y2 = 4ax and the line y = mx.
	y ax
	7. Find the area enclosed by the parabola 4y = 3x2 and the line 2y = 3x + 12.
	To find the points of intersections, let us solve eqns. (i) and (ii), for  x and y.


	2
	8. Find the area of the smaller region bounded by the ellipse
	= 1 and the line  3
	Intersections  of  ellipse
	Table of values
	9. Find the area of the smaller region bounded by the ellipse
	= 1 and the line
	Table of Values
	y ax
	10. Find the area of the region enclosed by the parabola x2 = y, the line y = x + 2 and x-axis.
	Step II. Let us solve (i) and (ii) for x and y
	Table of values
	Table of values (1)
	Table of values (2)
	Table of values (3)
	12. Find the area bounded by the curves
	13. Using the method of integration find the area of the triangle whose vertices are A(2, 0), B(4, 5) and C(6, 3).

	y – y  = ( y2  – yl)(x – x )
	y – y
	l x – x l
	14. Using the method of integration find the area of the region bounded by lines:
	15. Find the area of the region
	To  find  the  points  of  intersection,  let  us  solve  (i)  and
	16. Choose the correct answer:
	Area bounded by the curve y = x3, the x-axis and the ordinates x = – 2 and x = 1 is
	Table of Values for y = x3
	17. Choose the correct answer:
	(A) 0 (B)  l
	18. Choose the correct answer:
	To find the points of intersection of the two curves, let us solve them for x and y.
	19. Choose the correct answer:
	Sol.
	(A)  2(
	– ) (B)

	1/ x ay



