Class 12 Chapter 7 - Integrals

Exercise 7.1

Find an antiderivative (or integral) of the following
functions by the method of inspection in Exercises 1 to 5.
1. sin 2x
Sol. To find an anti derivative of sin 2x by Inspection Method.
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d
We know that; (cos 2x) = — 2 sin 2x
X

Dividing by — 2, o dx (cos 2x) = sin 2x
d (-1 ), = sin 2x
— |, cos2x

or dx |\ 2 |)

By definition; an integral or an antiderivative of sin 2x is

1
COS 2X.

2

Note. In fact anti derivative or integral of sin 2xis _2_ COS 2X + C.

For different values of ¢, we get different antiderivatives. So we
omitted ¢ for writing an anti derivative.
2. cos 3x
Sol. To find an anti derivative of cos 3x by Inspection Method.

d .
We know that ;{ (sin 3x) = 3 cos 3x

1 d
Dividing by 3, ~ — (sin 3x) = cos 3x or d (1 sin 3x = cos 3x
3 dx dx '\3 |}

By definition, an integral or an antiderivative of cos 3x

I
is sin 3x.
3

(See note after solution of Q.No.1 for not adding ¢ to the answer.)
3. e2x,
Sol. To find an antiderivative of e2x by Inspection Method.

d o, d s
We know that dx e*= e dx (2x) = 2¢

d
Dividing by 2, 14 por = e or (1 o) _ o

2 dx dx |\2 |)

. . . .1
An antiderivative of e2x is = o2
2
4. (ax + b)>.
Sol. To find an anti derivative of (ax + b)2.

d @(:UET , d
We know that ] (ax Academy b)

(ax + b)= 3(ax + b)?a.
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Dividing by 34, > (@ ¥ b)° = (ax+ Db

3a
dx
or d B (ax + b)3—| = (ax + b)?
dx l3a |

1
. An anti derivative of (ax + b)* is ;1 (ax + b)3.

5. sin 2x - 4e3x,
Sol. To find an anti derivative of sin 2x — 4e3x by Inspection Method.

- Integrals
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We know that 4 (cos 2x) = — 2 sin 2x
dx
-1
Dividing by - 2, 4 (=1 COS2X = gin 2x ()
d dx |\ 2 |) d
Again T e3x = 3e3x (1 e3x\ = 3%
dx dx |\3 U
Multiplying by — 4, -4 (=4 jx) = — gex (if)
dx |\ 3 |)
Adding eqns. (i) and (if)
d (__lcos2x\ 4+ 4 (—_463:(\ = sin 2x — 4e3x
O L
-1
or d (=2 COS 2X — 4 e3x’ = gin 2x — 4e3x
dx |\ 2 3 |)
-1
An anti derivative of sin 2x — 4e3x is _2_ COoS 2X — 4 esx,

Evaluate the following integrals in Exercises 6 to 11.
6. [ (4e3 +1)dx.

Sol. [(4e3+1) dx = [ gedrdx+ [1dx ax
e
exdx=  and 1dx=x

3x e
- L.. - 4 4
=4Je dX+X=43 +X+C.|'J‘ a
7. fxz(l_;\ dx.
-y
N (. )

Sol. _[X |k_x2/] dx = J-|kx _;D dx:I(XQ—l) dx
J‘x"dx:xnﬂifn;é—jj

x3
:Ix2 dx—jldx=7_x+c“t'.' N1

3
8. I (axZz + bx + c) dx .

Sol. I(ax2+bx+c) dx = X2 dx + J.bx dx + I c dx
. gUET
¢
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3 X +ex+c
X 1
2 1 = +b —
aIx dx+bjxdx+c.[1dx a >
where c; is the constant of integration.
9. I(2x2+ex) dx.
Sol. I (2x2 + &) dx = j2x2 dx + f ex dx
x2+1 x3
= 2 X = X = —_— X
-QIx dx+je dx 22+1+e +c 23 +ex + c.
( 1)2

Jx
10. [I C') dx.
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)
Sol. |K —ﬁb dx ( o ,
( x)*+ 1\2_2X1
Opening the square = I | WM} S Tx)' dx
=.[(x+l—2\ dx=jxdx+fldx—f2dx
U x
=ﬁ+log|x|—2x+c. [ I2dx=2j1dx:2x—|
2

dx.

x3 +5x2 - 4
11._[7

xZ
Sol. [ X452 -4 gx= [ L 5% 4 dx
X2 _['kx2 X2 X2|)

|Using

a+b-c a b _c]

=" 4+ = = |

d d d d
= J (x+5-4x2) dx= le dx + Is dx — I4x‘2 dx

2 x> —2+1

X
=X;+5_|‘1dx—4'[x‘2 dX=?+5x— c

*.’_
4 —o41

X2
= + 5x +

2

sl

Evaluate the following integrals in Exercises 12 to 16.

J x3+3x+4

Jx

Sol. IXS+3X+4 dx= [ x3 +—3L+_4_\ dx

12. dx.

,[ |kXIT X2 X1/2J
Jx

I x3~Y2 4 gx! "2 4 4x V) gx = I (x5 + 3x"2 + 4x V%) ax

:J‘XS/2 dx+3J. X1/2 dX+4J. Xﬁl/2 dx
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+c= x7/? x3/2 xY/2
+3 + 4 — —_—
z 3 1
2 2 +c
2
-2 X7/2 + 2x3/2 + 8x%/2 + c.
7
J- x3-x2+x-1 d
13. —x—l Ix.
x3—x2+x-1 J.XQ(X—1)+(X—1)
Sol. Iid)(: ————— dx
x—1 x—1

x-1Dx2+1)

- | (x-1)

dx = I(X2+1) dx
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2 +1 XS

=Ix2 dx+j1dxzz+1 .

14. [ (1-0Vx dx
o

Sol. J(l—x) dx=j( - x x) dx
X

= I (x1/2_x1X1/2) dx = J' (X1/2_X1+1/2) dx

X1/2+1 X3/2+1
=J.(X1/2—X3/2) dx= = _ -
—t1 ‘3+1
3/2 5/2
=X7_X +C=gx3/2—gx5/2+c,
3 5 3 5
2 2
Jx

15. [ (3% +2x+3) dx.
Sol. j (3x2+2x+3) dx= J‘ xV/2 (3x2 + 2x +3) dx
X
= [ (w2 x/2 + 2x /2 4 300/2) dx = [ (3%9/2 + 2x9/2 + 3x1/2) dx

(. ,,1_4%1 5,1 2+1 3
\ 2 2 2> "2 2 2

=3[ ¥ dx o] W2 dx 4 gf X% dx

¥3/2
x5/2+1 x3/2+1 x/2+1 Nk x5/2 +3 i e
=3 + 2 + 3 +c=13 + 2
5+1 3+1 l+ 1 Z 5 3
2 2 2 2 2 2

= 8y . x5/2 + 2x3/2 + c.
7 5

16. I (2x - 3 cos x + ex) dx.
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x> —3sinx+e +c
=2I xt dx—3.[ cos x dx+.[ede=27

2
=x2—-3sinx + e + c

Evaluate the following integrals in Exercises 17 to 20.
17. [ (2x2 - 3 sin x+5Vx) dx.

e

Sol. J(2x2—3sinx+5 x) dx

of 2 dx—3[sinx dx+ 5[ x/* dx

x2+1 x/2+1 x3 x3/2
=257 —3(-cosx) +5 +c=2—+3cosx+5?+c
1]
2 2

x3 10
2€+3COSX+ x3/2 + c.

Call Now For Live Training 93100-87900
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18. f sec x (sec x + tan x) dx.

J' sec x (sec x + tan x) dx= j (sec2 x + sec x tan x) dx

=fse02xdx+ jsecxtanx dx = tan x + sec x + c.

seczx
19. | =% — ax.

cosec2x

sec? x 1 sin2 x
Sol. J‘ d J~ COS2X (x = J dx

= 2
cosecx —1 Cos=x
sin? x

= _[ tan2x dx = _[ (sec2x - 1) dx
(.- sec?’x —tan*x =1 = sec®x — 1 = tan® x)
=Isec2x dx—_[ldx:tanx—x+c.

Note. Similarly j cot2x dx = I (cosec2x — 1) dx

=Jcosec2xdx— _[1 dx = —cot x — x + c.
2 -3 sin x
20. | d
COs2x 4
Sol. 2-3sihx g (2  3sinx) "
] o [ e J
cos2x COS2X OS2 X

_3$in_x\ dx = _ (2sec2x —3tan x sec x) dx

(4 soc?
2sec” x —
j k COS X COS XJ

2 I sec2 x dx—3_[secxtanx dx =2tan x — 3 sec x + c.

21. Choose the correct answer:

1
The anti derivative olt\/; + ! equals

Yx

(A) lx1/3 + 2x1/2 + C (B) 2 xX2/3 + 1 xe+c
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( e ! )
Sol. The anti derivative of the | L X+

=J|(\/;+ 1\\ dx = J‘(X1/2+X—1/2) dx
Jx)

~ X1/2+1 X1/2+1
='|.x1/2 dx+J.x1/2 dx = I + = +C
241 1.,
2
X3/2 X1/2 2
=3 * 3 +C=3x3/2+2x1/2+C
2 2

. Option (C) is the correct answer.
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22. Choose the correct answer:

If f(x) = 4x3 - x% such that f(2) = 0. Then f(x) is

dx
(A) x+ + L _ 129 (B) x¢ + L , 129
x3 8 x* 8
(C)x4+l+m (D)x3+L_—129_
X3 8 £ 8
Sol. Given: 4 ) = 40 - -3 and f(2) = 0
X x4
.. By definition oﬁ anti derivative (i.e., Integral),
fx) = 4x3 3 ) dx=4 x3dx—-3 1 dx
|
.[| N ) ) -[ .[ ¥
X -3
=4'——3IX_4 dx = x4 — 3 L+C
4 _
or f(x) = x4+ 1 e Q)
)
To find c. Let us make use of f(2) = 0 (given)
Putting x = 2 on both sides of (i),
1 128 +1
f(2)=16+8+c or O = 3 +c
(- f(2) = o (given))
or C+m_0 or c= =12
8 8
—129

in (), () = x4 + o — 129

Putting ¢ = o) ~ g

8

. Option (A) is the correct answer
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Exercise 7.2

Integrate the functions in Exercises 1 to 8:
2x

1+ x2

.[ 2
1+ x

dt
Put 1 + x2 = t. Therefore 2x = ; or 2x dx = dt
X

[ 2x dt 1
1+ x2 dx=j = dt=log | t|+c
Putting ¢ = 1 + x2, =log|1+x2|+c=log(1+x2)+c.
(- 1+x2>0. Therefore | 1 +x2 | = 1 + x2)
2. (logX)z_
X

I (loix)2

Sol. To evaluate dx
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1
Put log x = t. Therefore ~_ = dt = dx =dt
X dx X
log x)2 £
_[& dx = Jtz dt =5 +c
X 3

. 1
Putting ¢ = log x, = (log x)* + c.
3

1
3 x+xlogx

1 .
Sol. To evaluate j xafliORRE ax =] x(1+logx) ¥

1 dt dx
Puti1 +logx=1t. Therefore x Cdx T = dt
_[ 1
. + dx=JM =J‘ldt=log|t|+c
x xlogx 1+logx x t

Putting t = 1 + log x, log 1+ log x | +c.
4. sin x sin (cos x)

Sol. To evaluate_[ sin x sin (cos x) dx = - _[ sin (cos x) (- sin x) dx
Put cos x = t. Therefore - sin x = -dt
X
- sin x dx = dt
_[ sin x sin (cos x) dx = - I sin (cos x)(- sin x dx)

—jsint dt = - (-cost)+c
cost+c

Putting t = cos x, = cos(cos x) + c.
5. sin (ax + b) cos (ax + b)

Sol. To evaluate J sin(ax + b) cos(ax + b) dx

1 . -1
= 5 J 2 sin(ax + b) cos(ax + b) dx 2 J' sin 2(ax + b) dx

(. 2 sin O cos 6 = sin 20)

L |- cos(2ax+ 21))
-1 J sin (2ax + 2b) dx = cos(2ax+2b)] | .
? 2 2a-> Coeff. of x
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6. \/mos 2(ax + b) + c.

Sol. To evaluate j ax+b dx= j (ax + b)1/2 dx

L 3
4 (ax+b)? _ [ax+ b)?
=" 41 a— Coeff.of x €= 24 T
2 ) 2

(ax + b)"*t

am+1)

[ J‘(ax+b)"dx: +cifn¢—1J

Call Now For Live Training 93100-87900
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2
= ;1 (ax + b)*? + c.

7. X /x+2

Sol. To evaluate j XX+ 2 dx

=fx x+2 dx= J((x+2)—2) x+2 dx

1 1) ( 3 1)
= UX+2)(X+2)2 —2(X+2)2)| dx = k(x+ 2)2 - 2(x + Z)ZJ dx
3 1
= _[ (x+2)* dx - 2_[ (x+2)2 X
341 1, 5 3
/ fx + 2)2 (x+2]2 (x+2)?2 X+ 2)2
=371 Coeff of x~ (l+1\1 €= 5 -2 3 +tc
Iz 2 b 2 2
— 25 (X+2)5/2— ( +2)3/2+C
OR

To evaluate _[ X\ X+2 dx

Put vLinear =1t ie, ([x+2 =t

Squaring x + 2 = t2 (= x=t2-2)
dx dx

= =2t e, =2t or dx=2tdt
dt dt
X+ 2
" jx dx = I[tZ—Z)t.Zt dt = _[2t2(t2—2) dt
e £
=J2t2(t2—2) dt=2‘|. t+ dt-4 _[tz dt =2E —43 +c
2 4

Putting t = , =" (x+2)5 - ( x+2B +c

N A N e

2 4 2 4
=T T (e ) o= Tr ) - T2 e
5

8. x\1+2x2

CUET
Sol. To evaluate j xJ1+

w
85}
w
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1 .
Letl = I x\/m dx - A I (4x dx) (1)

|—_d (1+ 2x2) :0+2.2X=4X—|

Il ax I
_dt
Put 1 + 2x2 = t. Therefore 4x = dx or 4x dx = dt
. From (1), I = 1 J-\/Z dt = 1 j tY2 dt
4 4
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=
T
~
[ 3}
[

1 2
+c=".% pr,.
3

|
N |w‘
S

. 1
Putting £t = 1 + 2x2, = _6 (1 + 2x2)%2 + c.

Integrate the functions in Exercises 9 to 17:

9. (4x+2) x> +x+1.
Sol. Letl= [ (4x+2)yx2+x+1 dx= [ 2(2x+1) dx
Jx2+x+1

= [ 2yx+x+1 (2x+ 1) dx (D

d
Put x2 + x + 1 = t. Therefore (2X + 1) =_dX
(2x + 1) dx = dt
[ 2Vt dae=2f o2 ae

From (i), I
3/2

4
=23 *tc=7 Pl
= 3
2

Putting t =x2 + x+ 1,1 = 4 x2+x+1)P%+c
3

1
100y Jx
1
Sol. Letl = Fh ()
N
Put vLinear =t, ie, Jx =t
dx
Squaring x = t2. Therefore ;‘, = 2t or dx = 2t dt
B I 1 B tt(t
From (1), | = ot 2t dt = 2 1 dt
1 ( 1 dX:llog|ax+b\
=2J‘t—1 dt=210g|t—1|+c""jax+b a l
\ )

Putting t = Jx,1=2 lo@ cfwpTl | + ¢
Academy
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Sol. Letl= dx (D)
Jx+4
x+4-4 (x+4 4 )
-] x+4 dx= J.lk\/m \/m}| dx
1 ] - _f7f__ J
t t- -
S R SRS I o IR N (N v
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[@+a2 ax - 4] (z+4) "2 dx

32 112 ,
- (Z§4) NGk L A R T Y Cp,

(1) T
2 2

2
3 (x+4) Jz+4 -8yz+4 +c¢

r 2,1 14! 1
Il t92-t2 2 ¢ 2=t1-t”2=t\}U

_ (M \+c:2 (M\\Jr

"2 z+4 -4 JZ+4 | | ¢

g ) v 3 Y
2

= 34z+4 x -8 +c

OR

Put /Linear =t ie, ,z+4 =t

Squaring x + 4 = ¢ = x=t - 4.

az
Therefore?t =2t or dx =72tdt
Z
t2-4
wa=] g axe | et

=2f (2-4) dt=2 H tat-4] fat

e ]
-9 |?—4t| tc= E (& - 12) + ¢
IL 1 3
2
Putting t = Jz+4, =3 Jz+4 &x+4 - 12) +¢
2

== Jz+4 (x -8 +c
3 + X C

12. (x3 - 1)/3 x5

Sol. Let I = I @ -1)" X dx= I @ -1)" X x dx

=1 J(23—1)1/ . ((:Bi(J“EdTX) (D) [ 22(23_1):322]
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Putx’ - 1=t¢ = X =t+1
at

3x° = az = 3x dx =dt

From (i), 1:% [t (e 1) de

1 o1 1+3 4]
- 3772 3 3
Sog3+1=

L ]

= 5 '[ (t4/3+ t1/3) dt

-1 (] ¢ at+[ £ at)
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1 1 1
1 (¢33 +c=" (3 t7/3+3t4/3\ +c= B+ T3 +¢
= = —_—t —
3 L 4 || 31y P 7 4
I\ )
3 3

1
Putting t =x3 - 1, = 1 -1+ = x3 - 1)*3+c.
7 4

x2
1B 2+ 308

2
X
Sol. LetI = Jm’g dx

_1 9x? dx (D |— 4 (2+3x3) = 9x2—|
o | @raor I ax I
_dt
Put 2 + 3x3 = t. Therefore 9x2 = d = 9x2dx =dt
X
. 1 1¢?
From (1), | = J‘t_g dt = +c= =1 ‘e
9 9 -2 18¢2
_ -1
Putting t = 2 + 3x3; = 18(2 + 3x3)2 + C.
1
14. x (log x)™° X>0 (Important)
J' 1 1 dx
Sol. Letl= d 0 1= [ X —
o ¢ x(log x)m x>0 = J. (log X)m (0
dt
Put log x = t. Therefore 1_ & = dx =dt
x dx X

dt t—m+1

From (i), I = .[ o .

1l
—
~
3
&
1l
+

a

(log x)1—m
Putting t =logx, = — —— +c.
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-1
X dx — —-8x dx
SO].LetIZ.[9_4X2 '[9—4)(2
[..
!

Chapter 7 - Integrals

dt
Put 9 - 4x2 = t. Therefore - 8x =", = -8xdx =dt

dx

-1
Puttingt=9—4x2,=_810g|9—4x2 | +c.

(0
d (9—4x2):—8x—|
dx
-1
= log lt|+c

8

]

)
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16. e**+3
er+3 |— J. axs b ., eax+b—|
2x+3 o _
Sol. J'e“ dx = re L e X p J
2 — Coeff. of x
_ 1
= E eZX+3 +C
X
17. o
p% 1 2x
Sol.LetI=,[_2 dx _ f 2. dx (i
@) "2 (@) 0
_dt
Put x2 = t. Therefore 2x = dx = 2xdx =dt.
1
From (i), I= jﬂ 1 e ar
2 (e 2
1 et +c= 1
2 —1-— Coeff.of t 2(e9)
Putting t = x2, [ = =T .
2(ex )
Integrate the functions in Exercises 18 to 26:
etan"‘x
18.
1+ x2
tan X
Sol. Let] = 1r 0 dx (D
Put tan” 'x = ¢.
1 dt _dx
= = =dt
1+ x2 dx 1+ x2
From (i), 1= .[ ¢ dt=et+c=etn ¥4
o, &1
% e 41
ex -1
Sol. Let] = I e2x 1+ 1 dx
Multiplying every t@ﬁ%@g}?nd by e x
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[EL ar W) [0 € eTEe el
[=]) extex

Put denominator ex + e-x =t
dt

d _dt
ex + e- X dX(_X)de = (e—e )dX—dt

From (i), I = % = J.%dt=log|t|+c
Putting ¢t = ex + g-x, I = log | ex + e x| +corl=1log (ex + e %) +

er+ e x=ex+  >0forall real xand hence|ex + e *|= ex + e *

(¢
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X — gm 2
20. e2X 4+ g~ 2X
2x —2X
eX —e _ 2(€2X — e 2)() .
Sol. Letl= | 55— 9 = dx (i
] e e & 2-[ ey e & @

Put denominator e + e-2x = ¢

_d d dt
2x - 2x _ Ul
e™ ix 2X+ € dx (- 2x) =

dt
= eZX.2—2e-2X=;( = 2(ex - e 2) dx = dt

. 1
From (), 1= j%:lz log | ¢ | +¢

1
Putting t = e2x + e~ 2x, = log\ e + e2x | + ¢ = llog(eZX +e2) + ¢
2

2x+e—2x>0 :>|eZX

[.e +e—2x|=62x+e—ZX]

21. tan® (2x — 3)

Sol. _[ tan?(2x — 3) dx =I (sec?(2x —3) —1)dx (. tan2 6 = sec2 0 - 1)

[ sec2(2x-3) dx- [1 dx

(2x-3) _ 21
- —tan(2x=3 X+C‘2tan(2x—3)—x+c

2 — Coeff. of x

Isecz (ax + b) dx = 1 tan (ax + b) + c~|
Il a ]
22, sec® (7 — 4x)
tan (7 — 4x)
Sol. I sec2 (7-4x)dx = _ 4  coeffofx €
Isecz (ax + b) dx = 1 tan (ax + b) + C1
I a ]
-1
=, tan (7 - 4x) + c.

sin™' x
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sin"lx dx

Sol. Letl = .[ ﬂ

1 1 e
Put sin" " x =t =
,1—x2 dx
2
From(i),l:jt dt=5+c
Putting ¢t = sin™ ! -1 Gin 10
gt=sin""x,1= ) (sin™ * x)° + c.

) 2cos x — 3 sin x
" 6cosx+4sinx

Chapter 7 - Integrals

()
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2cosx—3sinx

Sol. Letl= '[ 6 cos x+ 4 sin x

_ 1 2cosx—3sinx

dx =

Chapter 7 - Integrals

J- 2cosx—-3sinx
2(2 sin x + 3 cos x) dx

= i
2 ¢ 2sin x+ 3 cos x 9
Put DENOMINATOR 2 sinx + 3 cosx =t
2cosx—35inx=_t: (2 cos x - 3 sin x) dx = dt
X
1 .4 1
F ), 1= - =1 .
rom (i), 2~[t 2og|l:|+c
Putting t =2 sin x + 3 cos X, =~ Jog |2 sinx+ 3 cosx | + c.
1
25: coszx (1 — tan x)2
1 sec” x
Sol. LetI=J dx=_|.72
cos? x (1 — tan x)>2 (1-tanx)
~ J- - sec’x 0
N (1-tan x)?
Put 1 - tanx = ¢
2 dt 2
- sec” x = = -sec” x dx =dt
dx

dt
From (1'),I=—I e =—j t2dt
& 1 =1
ST o1 YT T 1 tanx T

6 COS\/;
20. \/;

Sol. LetI= I cos/x dx
Jx
Put Linear = ¢, ie,

()

dx = 2t dt
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cos tt 2t dt
=2I dt=2sint+c

f:os t

Putting t = \[x, I = 2sin \fx +c.
Integrate the functions in Exercises 27 to 37:

27. ,/sin 2x co0Ss 2x
1
Sol. Let] = _[ ; cos 2x dx = I ; (2 cos 2x dx)
4/sin 2x J/sin 2x
2

Put sin 2x = ¢

dt
cos 2x 4 2x) =", = 2 cos 2x dx = dt
dx dx

(D)
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1 1
From (i), I = IJZ dt =~ J‘tl/z dt

1 2 2
_+1 3/2
1 ¢t
_1 t2 +c=" _+C=l (sin 2x)*/% + c.
2 1.4 2 3 3
2

COS X

28. J1+ sin x
COS X
Sol. Let1= | J1+sinx gy (D)

Puti1+sinx=t
dt

CoOS X = ;- or cosxdx=dt
dx

- +1
dt
From (i), I= Jﬁ = J Y2 de= } Py
- +1
£1/2
Jt
=T+C=2 +c=2 1+sinx +c.
2
29. cot x log sin x
Sol. Letl = Icotxlogsinx dx (D)
Putlog sinx =1t
—1 4 (sinx]—ﬂ or 1sin Cosx—ﬂ
sinx dx ~. X T odx
or cotxdx =dt
dt a2 1 2
N or= (e odt= = = (log si :
.From (M, I I > +c ) (log sin x)° + ¢
sin x
30.
1+ cos x
sin x —sinx
Sol. Letl= d =-
¢ -[1+cosx Il+cosx @
vaqCUET dt
Put 1 +cosx=¢tT adﬁmy=
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- sin x dx = dt

dt
From(i),l=—_‘-7 =—log|t|+c
Putting t = 1 + cos x, = - log |1+ cosx|+c
sin x
31. (1 + cos x)2
Sol. Letl= [ —— gy = =sinxdx (D)
(1+ cos x)2 (1+ cos x)2

Put 1 + cos x = t. Therefore - sin x = idt
X
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where I COS X —sSin x

dx

! -[ sin x + cos x

Put DENOMINATOR sinx +cosx =t

cosx—sinx=_dt = (cos x - sin x) dx = dt
X
dt
I1=I_ =log\t\-log\sinx+cosx\.

= -sinxdx =dt
dt 2 -1
F ), 1=- =- | t° dt= +c
rom (i), j 2 j 1
1 1
=" +c= —  +c
t 1+cosx
1
32 1+ cotx
1 1 -1
- — dx = —— dx_ dx
Sol. Let I = .[1+cotx I1+m _I (sin x + cos x)
sin x U sin x |)
i 1 2 si d lj sin x + sin x
sin he = sin x + sin x
=J~ in x dx = _J- sin x dx
sin X+ cos x 2 sinx+cosx 2 sinx+cosx
Adding and subtracting cos x in the numerator of integrand,
1 Sin X+ cos Xx—cos x+sinx
I="7 I : dx
2 sin X+ cos x
1 (sin x + cos x) — (cos x—sin x)
= I 4 dx
2 sin X + cos x
1 (sinx+cosx (cosx-sinx)) [ a-b g bl
T2 |Ksinx+cosx sin X+ cos x |) ||_ c c c|
1 J- (1 (cos x —sin x))
2 |K sin x+ cos x |)
_ 1l 1dx-  cosx—sinx Slnxdx] 1 k-1 (1)
2 |_[ sin x + cos x 2 1
L ]
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cos x —sin x 4x = log | sin x + cos x |

sin x + cos x

- [ ax= loglfx !
L 'l

Putting this value of I1 in (i), required integral

=" [x-log!|sinx+cosx| +ec.

2

Call Now For Live Training 93100-87900




Class 12 Chapter 7 - Integrals

1
33 | _tanx
1 1
Sol. Let I = 1-tan x dx = J‘l_SinX dx = j(cosx—sinx\dx
cos x \' CoSs X |)
= Jicosx dx = 1 J'wdx 1 I COS X+ COS X
dx
cos x —sin x 2 cosx-sinx 2 cosx-—sinx
Subtracting and adding sin x in the Numerator,
1 ,[ cos x—sinx+sin x+ cosx dx
Ccos x—sin x
(cosx—sinx sin x+ cos x) 1 ( sin x + cos x)
I ar dx = I 1+ dx
#\cosx—smx COS X — sme 2 l\ cosx—sinx;l
= ldx— =sinx—cosx
dx
2 | .[ cos x—sin x
1L 17 F
= [x - log | cos x - sinx[] + ¢ _[ dx = log|f[x)|—|
2 o ]
Note. Alternative solution for evaluating J sin x — cos x dx, put
denominator cos x - sin x = t. cos x—sinx
Jtan x
34 sin xcos x
Jtan x tan x
Sol. Let1= [ dx= [ dx
sin x cos x sin x
cos X cos X

= J' tan x cos2x dx = .[ m dx () \‘ . ﬁJ

Put tan x = t.

dt

sec? x = = sec’? xdx = dt
dx

From (i),

dt
I:J-‘/Ezjt’l/z dt=T+C =24t +c=2 Janx +c




Class 12

(1 + log x)2
35. 8
X

2
Sol. Letl= [ % dx

Put1+logx=t

1 gt dx
o= = = dt
x dx X

3
t
. From (), 1= [t dt=§ +c

Chapter 7 - Integrals

1
= 3 (1 +log x)® + c.

()
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36 (x+ 1)(x + log x)2

X

Sol. Letl= | (X”)(XX* log )2~ v ()

Putx + logx=t¢

1+ 5 =dt _ ox+l _de (x+1\ dx = dt

x dx x dx Ux‘

3

t
From (i), I = szdt: 3 +C

Putting t = x + log x, 1 (x + log x)° + c.
3

x3 sin(tan™ ' x4)

1+ x8
x3 sin (tan” ' x4) 1 . 1 4x3
= = sin (tan™" x%). —
Sol. Letl= | - | sin ( X 7o dx )
4
Put (tan™ 'x4) =t
[Rule for J sin (f(x)) f'(x) dx; put f(x) =t]
1 a, al Lan g 0]
1+(2 dx™ T dx ' dx 1+ (f(x)? dx |
L ]
4x3
= oo dxsde
From (i),
1 . 1 -1
= Ismt dt = - 4Cost+c =4 cos (tan’! x4) + c.

Choose the correct answer in Exercises 38 and 39:
10x° +10*log. 10 dx

38. .[ X% +10° equals
(A) 10— x° + C (B) 10+ x1° + C
C) (10" — x10 + C D) log (10* + x1©) + C.
©( 10x 2+10X10ge10 (D) log ( )

Sol. Let] =
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(10x9 + 10" log. 10) dx = dt Lo 4 g alog a
dt | dx ¢

From (i), I = jj =log | t]+¢c
Putting t = x10 + 10% I = log [ xt0 + 10°| + ¢
or I =log (10 + x10) + c.

Option (D) is the correct answer.

OR

_[ 10x° + 10" loge 10 J "(x | |
x10 4+ 10% dx = f(X) dx = log f(X) + C
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= log [xt0+ 10 | + ¢
Optioc?X(D) is the correct answer.

39. .[ sin? x cos® x €duals
(A) tan x + cot x + C (B) tan x — cot x + C
(CO)tanxcotx + C (D) tan x — cot 2x + C.
dx sin?x + cos®x
. i 2 2
Sol. '[ sinfxcoszx = J. sin? x cos? x dx [ 1 =sin?x + cos? x]
( sinzx cos2x dx [.. at+b a
= + . =" 4
'[ |Ksinzxcoszx sin2 x cos2 x} L' c c cJ

(1 + 1 ) gx= J (sec? x + cosecx) dx

kcos2 x sinZx

_[ sec2x dx + J cosec?x dx = tan X — cot x + ¢
Option (B) is the correct answer.
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Exercise 7.3

Find the_integrals of the following functions in Exercises 1 to 9:
1. sin (2x + 5)

1
Sol. [ sinx(2x+5) dx= [ ) (1-cos 2(2x +5)) dx

sinQO:l(1—c0526);put9:2x+5—|

|L 5 |J
1 1
= J' (1-cos(4x+10)) dx  _ U 1dx—j cos (4x +10) dx]
2 2
1 [ _sin(4x+10) | 1 1.
= |X— |+C= X — sin (4x + 10) + c.
2 4 — Coeff. of x
L ] 2 8

2. sin 3x cos 4x
. 1 o
Sol. J' sin 3x cos 4x dx = ~ [ 2sin3x cos 4x dx
2

I=

= L [ (sin (3x + 4%) + sin (3x - 4%) dx
[ 2 sin A cos B = sin (A + B) + sin (A — B)]

1
= % [(sin7x+sin(-x) 9% =" [ (sinyx-sinx) dx
2

I=

l - . l
= r_[ sm7xdx—f sin x dx| = FM_(_ cosx)w +c

-1

1
COS7X +  cos x + c.
14 2

3. cos 2x cos 4x cos 6x

1
Sol. cos 2x cos 4x cos 6x = (2 cos 6x coS 4x) €OS 2x
2

-1 [cos (6x + 4x) + cos (6x — 4x)] cos 2x
2

[ 2cosx.cosy=cos (x+y) +cos (x—y)l




Sol.
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1 1
=7 (cos 10x + cos 2x) cos 2x = ~ (2 cos 10x COS 2x + 2 €0S? 2X)
4

[cos (10x + 2x) + cos (10x — 2x) + 1 + cOS 4x]

(cos 12x + cos 8x + cos 4x + 1)

1
4 1
J' COS 2x €OS 4x cos 6x dX =~ J' (cos 12x + cos 8x + cos 4x + 1) dx

U 00512xdx+f c0s8xdx+_[ cos4xdx+j 1dx—|J

1
% (sin12x sin8x singx ) +¢
= + + +x :

4 |K 12 8 4 |)
Note. We know that sin 30 = 3 sin 0 — 4 sin30
. 4 sin® 0 = 3 sin O — sin 30

L . 3 g i
Dividing by 4, sin3 6 = p sin 6 — A sin 30 (D
Similarly, cos® 6 = 3 coso+t cos 30 ..(i)
4

[ cos 30 =4 cos® 0 — 3 cos 0]

.sin® (2x + 1)

To evaluate _[ sin3 (2x +1) dx

We know by Eqn. (i) of above note that sin30 = 3sin@ yl sin 30

Putting 6 = 2x + 1, we have 4 4

sind (2x + 1) = 3 sin (2x + 1) — : sin 3 (2x + 1)
4

_ 3 . 1 .
=% sin (2x + 1) 4 Sin (6x + 3)

3 3 1

J sin (2x+1) dx = J sin (2x+1) dx — J. sin (6x + 3) dx
3 (=cos(ax+1)) 1 (_—cos(6x+3))
4k 2 J 4 6—>Ooeﬂofo

N 1
==3 cos(2x +1) + = cos (6x + 3) + c.
8 24

OR
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-1 I [1-cos? (2x+1)] (= 2 sin (2x + 1)) dx (D
2

Put cos (2x + 1) =t

d
— sin (2x + 1) d_ (2x+1) =" . —2sin(2x+ 1) dx=dt
X

dx
From (i), the given integral = =1 I (1-t2) dt
2
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—_l(t_t3\ +c= —1 1 8+c

2 |k 3|} 2 6

-1 1
= —cos (2x +1) + _6 cos® (2x + 1) + c.
2

5. sin® x cos® x

Sol. I sin3 x cos3 x dx = J (sinx cos x)3 dx

3 3
= (1 2sin x cos x\ dx = (1 sin 2x\ dx
I, Ny dle
= sind3 2x dx = ~ sin 2x — ~ sin 6x  dx

8 I B J|.k4 4. % . 1.
Putting 6 = 2xin sin36 = * sin 6 — ~ sin 36

I P 4 )
. 1 .
3 Is1n2x dx - — Ism6x dx
32 32

-3 _1
—3 cos2x 1 (—cos 6x) CcoS 2X + cos 6x + c.
= - +

32 o 32|k 6 U 64 192
OR

To evaluate _[ sin3 x cos3 x dx, Put either sin x =t or cosx = t.
(The form of answer given in N.C.E.R.T. book II can be obtained
by putting cos x = ¢t)
6. sin x sin 2x sin 3x
Sol. sin x sin 2x sin 3x = ~ (2 sin 3x sin 2x) sin x
2

1
;[cos (3 x—2x) — cos (3x + 2x)] sin x
[ 2sin x sin y = cos (x — y) — cos (x + y)]

1 . 1 . .
2(cos X — coS 5x) sin x = 4(2 €os x sin x — 2 cos 5x sin x)

_ ! [sin 2x - {sin (5x + x) — sin (5x — X)}]
4

[ 2cos xsiny =sin (x + y) — sin (x — y)]

1 (sin 2x — sin 6x + sin 4x)
4

1 . . .
J sin x sin 2x sin 3x 49X = J' (sin 2x + sin 4x — sin 6x) dx

@{TE‘TSin 6X dX—U
Agademy
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4 |K 2 4 6 U
7. sin 4x sin 8x

Sol. J sin 4xsin 8x dx = 1 _[ 2 sin 4x sin 8x dx

=1 I [cos (4x - 8X) —200s (4x +8x)] dx
2

[ 2 sin Asin B =cos (A - B) — cos (A + B)]
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1 I (cos (- 4x) — cos12x) dx = 1 j (cos 4x — cos 12x) dx
2 2
[ cos (= 0) = cos 0]

=1 r_[ COS 4X dx—f cos 12x dx | _ 1 [singax sini2x] +

5 L ] 2 ‘L 4 12 |J
1-cosx
8.
1+ cosx
2 X
1-CoSXx 2sin X
Sol. '[ dx = 2 dx = tan? — gx
1+ Cos x 2 cos? X -[ 2
(.. .8 B 0)
. 1-—cosO=2sin2 "~ and 1+ cos 0 = 2 cos2
.y . )
= sec2 ~ —1 dx (. tan®> 0 =sec® 0 — 1)
o o
B tan * .
— = -0 & —
—J.sec22 dx j1dx= —x+c=2tan_-x+c
‘2—>C0eff.ofx
COS X
9.
1+ cos x
Sol. | —O%% ay
1+ COS X
Adding and subtracting 1 in the numerator of integrand,
1+cosx—1 —-b b
=I_XdX=f(1+COSX— 1 ), [(.a=b_a_b)
| ) b
1+ COS X \1+cosx 1+ cosx c c ¢
1
:‘.‘(1_71\ dX:Il dx — = sec ¥ dx
2 cos2 ¥ | 2 '[ 2
5/
tan ¥ X
+c
=x- 2
+ ¢ =Xx— tan
2 3

Find the integrals of the functions in Exercises 10 to 18:

10. sin*x
. . CUET
sin4 x (mn@Acadﬁmgrw\ 2
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Sol. j dx = J dx = J‘|\ 2 |) dx

_ 2 1
=I% dx - 4 j(1+cos22x—2coszx) dx

1 .[ (1+(1+cos4x\

—2c0s2x\ dx 1+ cos20]

cos®0 =

4 ot 5 ) )1 |L 5 |J




11.

Sol.

12.

Sol.
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(2 41+ cos 4x — 4 cos 2x)
J| |7x=lj(3+cos4x—4coszx)dx
2 8

§|_|£;I 1dx+f cos4xdx 4f cos2xdx—|J

sin 4% 4 sin 2x 3 1 1.
= | +c= x +  sin 4x — “sin 2x + ¢
|_ 4 > | 8 32 4
cos* 2x

jcos4 2x dx = J (cos2 2x)2 dx

1
(1+ cos 4x)2 (1 + cos 4x)?
=J|\ 5 ) dx= I 4 dx

_ 1 J‘ (1 + cos2 4x + 2 cos 4x) dx

_ % (1+1+c0s8x+20054x\ " |—._. C0S2621+00529—|
¥ 2 )| | o
_ 1 (2+1+cos8+4cos4x) 4, 1 I(3+cos8x+4cos4x)dx
2t . ) s
ir
= 1dx+£c058xdx+4fcos4xdx—|J
§E sin 4 sin 4x | 1 . .
= |3 +c= Xx+ — sin8x+ ~sin4x + ¢
8'| 8 4 |J 8 64 8
sin2x
1+cosx
sin2 x 1—cos2x (1—cos x)(1 + cos x)
J1+cosx = I 1+ COS X X:_[ 1+cosx dx
= J (1-cosx) dx = Il dx — J. COSX dx =x-—sinx +c.

Note. It may be noted that letters a, b, c, d, ..., ¢ of English Alphabet
and letters o, B, v, & of Greek Alphabet are generally treated as
constants.

€cos 2x-cos 2a
COS X - COS o

J COS 2X — COS 20
COS X—CoSa
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2 —_ 2
J. 2C0s2X—1—2¢c0S20 +1 dx :f 2 COs®x — 2 Cos™ a

dx
COS X — COS cos x —cosa
COS? X — COS? QL _
. J‘ iy =o J- (cos x—cosa)(cosx+cosa)
Cos x —cos a (cos x—cos a)
=2I(cosx+cos@ dx =2 H cosxdx+_|.cosadx:‘

2 [sinx +cos o |1 dx] =2 [sinx+ (cos ) x] + ¢
2 sin x + 2x €OS o + C.
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Remark. J sina dx = sin a j 1 dx = x sin a.

Please note that j sin a dx # — cos a.
€Oos x - sin x
14. 1+ sin 2x

Sol. Let [= , SOSX—SIX, _ J‘ cos x —sin x "

1+ sin 2x €0S2 X + sin2 x + 2 sin x cos X

coS X —sin x )
= (D)

(cos x + sin x)2
Put cos x + sinx = t.

. dt .
o — sin x + coS x =7 . Therefore (cos x — sin x) dx = dt.
X
—1

dt
From(i),I:_[ 2 =‘[t'2 dt = L+C
1

-1 -1
t ~ cosx+sinx

15. tan® 2x sec 2x

Sol. Let T = _[ tan3 2x sec 2x dx = _[ tan2 2x tan 2x sec 2x dx

J (sec22x —1) sec 2x tan 2x dx [ tan® O = sec® O — 1]

i J (sec?2 2x—1)(2 sec 2x tan 2x) dx (D)

d dt
Put sec 2x = t. Therefore sec 2x tan 2x —— (2x) = ——
dx dx

2 sec 2x tan 2x dx = dt
From (i),I:i j(t2—1) dt _ i (f t2 dt—'fldt)

1

l(tg_t\ 13

= +c= t — t+c
2la hresety,
Putting t = sec 2x, = sec® 2x — ~ sec 2x + c.
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Sol. I tan4 x dx = j tanz x tanz2x dx = I tan2x (sec2x —1) dx
= J (tan? x sec® x —tan?x) dx =f tan2x sec2x dx — I tan?2x dx
= J tan2xsec2x dx — j (sec2x —1) dx
= J tan2 x sec? x (iX— j sec2x dx + f 1 dx

For this integral, put tan x = t.

dt

sec? x =;{ or sec’x dx =dt
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=It2 dt—tanx+x+c=3* —tanx+x+c

1
Put t = tan x, = 3 tand x — tan x + x + c.

sin®x + cos®x
17.  sin%x cos’x
sin3 x + cos3 x [ sin3x N cossx )

Sol. -[ sinxcosx 94X = J.|Ksin2xcos2x - . J dx
sin? x cos? x

(. a+b_a b)
) ) . c c c
(smer cosx) gy - j( sinx _ __cosx )

dx

J kcos2 X sin2 xJ \\cos Xcosx sin xsin xJ

I (tan x sec x + cot x cosec x) dx

jsecxtanx dx + _[cosecxcotx dx = secx — cosecXx + c.

cos 2x + 2 sin2x

18. cos2x
coSs 2x + 2 sin2 x 1-2sin2x) + 2 sin2 x
sol, [ S8EFEIWX 4 | L ) dx
C0S2 x C0S2 x
1
= — 2 _—
J' OS2 X dx—J‘ sec2x dx =tan x + c.

Integrate the functions in Exercises 19 to 22:

1

Note. Method to evaluate I dx if (p + q) is a

sinr x cosd x

negative even integer (= — n (say)); then multiply Numerator and
Denominator of integrand by sec” x.

1

19. sin x cos3x
1

dx ..(D

Sol. LetI = ,[

sin x cos3 x
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So multiplying both Numerator and Denominator of integrand of
(i) by sec*x,

4
sec*x sec4 x
1=~ - g
sin x cos3 x sec* x tan x
( . 3 4 . 3, 1 sin x
sin x cos® x sec* x = sin x cos® x. = =tan
. 4 X
cos*x cosx
Sec? x sec2 x (1+ tan2 x) sec2 x .
or I= I —— dx = J' dx ... (i)
tan x tan x

Puttanx=t¢
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dt
sec2x=7 = sec® x dx = dt
X

(1 )
I(1+tt2) i< -[‘\t+?) dr

1 e
;) dt = | de+ [t de =loglel+ " +c

From (i), I =

1
= .[| + | L
e Y t L 2
Putting ¢ = tan x, = log |tan x | + ~ tan® x + c.
2
Ccos 2x
20. (cos x + sin x)2 .
_ cos2x cos® x —sin® x
Sol. Let T = '[ (cos x +sin x)2 X = j (cos x + sin x)? -
(cos x + sin x)(cos x — sin x) COS X —sin x
- | : L dx = odx ()
(cos x + sin x)(cos x + sin x) .[ €oS x + sin x
Put DENOMINATOR cos x + sin x = t
dt
—sinx+cosx=7 = (cos x — sin x) dx = dt
X
dt
From (i), I = _[ " = log lt]+c = log | cos x + sin x | + ¢

Note. Another method to evaluate integral (i) is, apply
f'(x)
I o) x= log | fx) .
21, sin” ' (cos x)
. PRI
Sol. J sin”! (cos x) dx = f sin“!sin’ — — X dx

| |
:J'(E_X\ dx = de— XK%IX /

e T,

]
>

:E_[ldx—jxldxz x_ - +c.
2 1

22. cos(x-a)cos(x-b)

1
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By looking at Eqn. (ii), dividing and multiplying the integrand in
@i by sin (b — a),
1 ,[ sin (b - a)
I=sin(b-a) I cos (x — a) cos (x— b) &

1 J‘ sin [(x—a) — (x = b)] B
= sin(b-a) ? cos(x-a)cos(x—b) % [By (if)]

1 ,[ sin (x — a) cos (x—b) — cos (x— a) sin (x — b)

"~ sin(b-a) cos (x—a) cos (x—b)
[ sin (A — B) = sin A cos B — cos A sin B]




23.

Sol.

24.

Sol.
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_ 1 [sin (x—a) cos (x=b) cos (x—a)sin (X_bﬂdx
sin(b—a)-[ ||_cos (x—a)cos(x—b) cos(x— a)cos (x—b)J
- H_A_B\
\ ¢ ¢ d
1
= m J[tan(x—a)—tan(x—b)] dx
=,71 [—10g|cos(x—a)|+log|cos(x—b)|]+c
sin (b - a)

jtanx dx = - log | cos x )

—L— 1 cos Lo b) (.. log m —log n=1o m\
sin (b - a) cos(x—a) T g gn=T0g
\ n/

Choose the correct answer in Exercises 23 and 24:
sin“x - cos“ x

.[ -2 2 dx is equal to

sin® x cos” x
(A) tan x + cot x + C (B) tan x + cosec x + C
(C)—tanx+c0tx+C (D) tan x + sec x + C

sin®x — cos® x

]

sin?xcos?x X
P ARe _ cos?x ) [.. a=b_a bl
J‘|Ksm2xcos2 sin2xcos2xJ €3 |_| c c ClJ

_ (1 1 - I (sec? x — cosec2x) dx
jkcos2x sin2xJ

= I sec2x dx — I cosec2x dx = tan x — (— cot x) + C

=tan x + cot x + C . Option (A) is the correct answer.
J~ e (1+x)
cos’ (e*x)

dx equals

(A) - cot (exx) + C (B) tan (xex) + C
(C) tan (ex) + C (D) cot (ex) + C

Leer= 09 g (D)
J cos” (exx)
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fQ) =1t
Applying Product Rule, ex . 1 + xex =i;
X
or ex (1 +x)dx=dt
From (i), 1= J de = jsecQt dt
’ cos2 ¢

=tan t + C = tan (x &) + C ..Option (B) is the correct answer.
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Exercise 7.4

Sol.

Sol.

Sol.

Integrate the following functions in Exercises 1 to 9:
3x=

X0 +1 3x2 3x2
LetT= | yooq de=1 (o) 412 X ()
Put x3 =t
2 ﬂ 2
3x= = dx = 3x2dx = dt
. IJ 1 ot
From (i), I = 2412 = 1tan 1+C
|_ 1 1 1 X—|
.o 2+a2dx —
I .[X = tan J
a a

Putting ¢t = x3; = tan™ ' (x3) + C.
Note. ax + b (a # 0) is called a pure quadratic.
1

\J1 + 4x2

LetI = 1

|1 1
J V1 + 4x2 ) j J(2%)2 + 12 o
Using J.il dx =log x+ ,
Jera | e

log] (2x) +./ (2x)® +1*
= +C =§10g‘2x+\/4x2+1‘ +C.

I=

2 — Coeff. of x
1

JE2-x2+1

1
—1 / 2
Letl = Im dx = J. (2-x)2+1 dx

’

VX2 + a2

Using _[71 dx = log ‘ X+

VX2 + a?
log‘ (2-0)+(2-x241°

B
Ac
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=_10g:1—>C0e’ff.ofx +C

‘2—x+\/4+x2—4x+1‘+ C
1

+ C.

= log

2 - X+4Xx2—4Xx+5

. —logm:—(logm—logn):logn—logm:log_n—|

i n ml)
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1
' Jo - 2
Sol. Let I = Ifli =1 1 dx
9 — 25x*
V32 — (5%)2
., BX ’— —‘
sin
= 3 +C |- J' ﬁdx =sint %
5— Coeff. of x L GU
1 [ 5x)
_ = ogin— 1
= sin |k 3) + C.
3Xx
5 1+ 2x4
3
Sol. Let1= [—3X dx= J__ = & ()
1+ 2x4 2 1+ 2(x2)2
_dt
Putx2 =1t .. 2x-= = 2xdx = dt
dx
. dt 3 J' 1
From (I), I = 2 1+2t2 = 2 (\/Et)Z +12 dt
31 ! an™ l%t 2735
= 11 4+ C = tan™ ! t) + C
2 /o — Coeff. of t (29
3
2
Putting t = x2, = 22 tan " *( x2) + C.
x2
6. 1= %6
2 X2 1 3X2
Sol. Let I=] X¢ ax=] dx =1 | dx
1-x 1—(x92 3 1-(x)?
_dt
Put x3 = t. Therefore 3x2 = d = 3x2dx = dt.
X
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Integra[s

. 1 =" log | atx
[- J.aQ—x2dX 2a

1
J

a-—-X

1
Putting t = x3, = _ log + C.
6 1— x3
x—1
7.
VX2 —1
x—1 ( X 1 )

Sol. LetI:J‘\/Z dX:J“k\/Z \/;de
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e
= X — X
X2_1 ;Xz_lz
=i'|‘ 2X dx—log‘x+\lx2—12
X2 -1
)
dx =log|x + \x2 — a2 |)|

..(D)

k- [x2 — g2

2X
LetT,= [~ —dx

X2 -1

_dt
Put x2 — 1 = t. Therefore 2x = dx = 2xdx = dt
dt
r t1/2 x2—1
I1=J‘ﬁ=J‘t_1/2 dt=T=2JZ =2 +C
2

Putting this value of I, = ‘[i dx in (1),
Jx2—1
1
I= (2«/)(2—1 +C) —log | x+ Jx2—1 |

2

C
= ye—1+ , —loglx+ xe—1 |
= x2-1 —10g|x+ Jyx2 -1 | + C: where C, = ’@

x2
8. \/ X6 + ab
x? 1
Sol. Let1 = [ —— dx= d (i
'[ X6 + asd 3 'f 3x * ®
(x3)*+ ad
_dt
Put x3 = t. Therefore 3x2 = i = 3x2 dx = dt.
1 1 1
From (i), I = _.f# = __[ dt
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L s
Ty e | eral
X2 + g
+
I
1

Putting t = x3, = ; log | x3 +\/m L C.

_sec’x

9 framtxra

sec®x

Sol. LetI =

T 9 ()
Jtan®x+ 4
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dt
Puttanx=1¢t .. sec®’x = 7 = sec® x dx = dt
X

P | _ 1
From (i), I = J \/m J mdt
[ 1
(2 + 22 | j ‘ \X2 + a2
=log‘t+ +C|L- \/mdx:log X+ |
Jtan®x+ 4 ‘
+ C.

.

Putting ¢t = tan x, I = log ‘ tan x +

Integrate the following functions in Exercises 10 to 18:
Note. Rule to evaluate

N 1 .
] QuadraticX or | /Quadratic dx or [ JQuadratic gy

Write Quadratic. Take coefficient of x> common to make it unity.
hen complete \2 squares by adding and subtracting

= coefficient of x

IV J
o, —1
' X2 +2x+ 2
Sol. | dx= | dx= | dx

-1 -1 -1
Jx2+2x+2 VX2 +2x+1+1 Jx+1)2 +12
. 1
Using I dx=1log | x+ Jx2 1+ @ |
VX2 + a2

=log | x+1+ J(x+1)2+12 | +c=logl x+1+ Jx2+ox+2l+c
1

11. 9x2 + 6x+ 5

Sol. LetI = j OX® + 6X + 5 dx ..(D)

1
.[ Quadratic
Here Quadratic expresg

dx
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L9 o

o (X2+2_x+5\

L5 )

To complete squares, adding and subtracting(l Coefficient of x

e
(1 22 (e 10 (o 20 (D2_1 5
=||ka:M=|=9l 5 g 9 o

L2 3 3 9/ \ )

2

)
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0 ) . e (2l
_9||kx+3J +9| = Ox2 + 6x + 5 = 9 X+3J +l\3/1 |

\ ) I ]
Putting this value in (i), I = I F( 1\1 (2) N dx

W T

1
S [ ¥
9 " (,, 112 (2)
g Ly
1
X+ .. 1 1 X
= 1 2—1 tan"! _ 93 +¢ ( = 2dx:7tan‘17
9 (3] N X +a a a)'
3
(3x+1)
1 3 —1| 3 | 1 -1 (:3X+1\
_ | | -
=g, tan k2}+c o tan U2 |)+c.
3
1
12. /7_ 6x — x2
I Type) ——
Sol. LetT = 1 dx 0 | TP dratic™
A7 — 6x — x2
Here Quadratic expreszsion is 7 - 6x2— X2=-Xx2-6x+ 7.
Making coefficient of x “unity, = — (x "+ 6x — 7). \2

To complete squares, adding and subtracting ' = coefficient of x

2 )

(1 )2
= | \2X 6 U =9
=—[x+6x+9-—9—7]=—[(x+3)>-16] ..(if)
=-—(x+3)P+16=4"-x+23) (i)
(Note. Must adjust negative sign outside Eqn. (ii) in the bracket
as shown above because otherwise we shall get J—1 =1ion

taking square roots.]
Putting the value of quadratic expression from (iii) in (i),

. e _ein-1 [(x+3)
I | 2 (x+3)2 dx = sin ‘e




Class 12 Chapter 7 - Integrals

(i )
I—.. 1 - -1 X—|
|_. ‘[ — dx= az — x2 a“
sin
1
Sol. Let I = .[ dx = j dx
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1
] Ny ()

Here quadratic expression is x2 — 3x + 2. Coefficient of x2 is
already( unity. To complﬁie squares, adding and subtracting

1 coefficient of x [ 3)2 (3)2

2 U »te k_ 2J B l\2J

x2—3x+2=x2—3x+(‘32—j+2

(3" 1 [ =9, ,_=9+8 =il
=10 o) T4 L 4 4l
(_ 3 (1

2 k 2J _ \\2J .(ii)

Putting this value in (i), I = I 1 dx
3)2 [1)2
[ o) ‘k;]
e RS
|r-- I +dx=log }x+ Jx2 — a2 ~‘
L e I
=log X—i+\/x2—3x+2 +c. [By (if)]
1
14. 8+ 3x— x2
Sol. LetI= [ 1 dx (D)

A8 +3x — x2
Here quadratic expression is 8 + 3x — x2 = — x2 + 3x + 8.
Making coefficient of x *unity, = — (x >~ 3x — 8).
'F(i complete squares, adding and subtracting
= coefficient of x (3)2

- 8 + 3 _JXQ:@;EE&EF{Q\Q_(SV_ )
Call Now For Live Trainina 93100
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WY
|—(X_3\2_9 1 |—(

-8 N ml o (37
L G e B A U
! b 24l
(See Note given in the solution of Q.N. 12)
= %@tr\ ! 3)2 ()

P Gy !
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Putting this value in (i), I = I 1 dx
(Ja1)° 3)2
2 WK
x= \F J‘ L —dx—sin ! )_(—’
=sin™* 2 +¢ =
Jax ] al
2 az — x2
=sin! (2x-3) +c.
Nrrl)
1
15 Jx - a)(x-b)
Sol. Let T = dx= | .

j—— tx
(x—a)(x—->b)
VX2 —bx—ax+ ab
1

) '[ \/x2—x(a+b)+ab

Here Quadratic expressio(nl= x2 — x(a + b)\t ab
Adding and subtracting ' = coefficient of x' _ (a+b)2

|K2 U kl 2 |
2 (a+b\2 (a+b):

=x —x(a +b) + 2J _|\ o |) + ab

(o (axbVe (@b )
=l x4 >
2 |)|} |} 4 abJ
( (axb\12 [(a+bp-4ab) [ (a+b)\2 (a-b)*

SOl Wl e, g -,
[ (aebVe  (a=h):

=l U gy -1, ) i)

(. (a + b)*> — 4ab = a2 + b2 + 2ab — 4ab
= a2 + b2 — 2ab = (a — b)?

Putting this value in (i),
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/

_faxby g e (a-b)e

X |\2J+\/K|X_|\2)\) _(\2 || +c
[
|
L

. 1 =1 Jx2 — ]
_J‘mdx og|x + x2 az|J

Call Now For Live Training 93100-87900
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= log X_(a-kb\+ + ¢ [By (iD]
U ) |} \/x2—x(a+b)+ab
Note. Method to evaluate J.M o j Linear dx
’ Quadratic JQuadratic

or J' Linear /Quadratic dx.
d

Write linear = A ix (Quadratic) + B.

Find values of A and B by comparing coefficients of x and
constant terms on both sides.

16. 4x +1

J2x2+x—3

4x +1
Sol. LetT =) s x_g & ()

d
Here dx (Quadratic 2x2 + x — 3) is (4x + 1), the numerator.

Soput 2x2 + x — 3 = t.

dt
(4x+1)=a = (4x + 1) dx = dt
dt t1/2
i - [ 2= = -1/ -
From(z),I—J.\/z—J't12 dt = 1 +c

2

2Nt + c=242x2+x—-3 +c.

X+2

x2_1
o , )
+

X+2

Sol. Letl= | de = || | dx

2 2
[v2 1 \IJx -1 x-1Y
X 1
- ‘[—\/Z dx + 2f mdx
X ;
J\/de+2log|x+ +c (D)
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2 2x

X2 —1 dx \/Xz—l

dt
Put x2 — 1 = t. Therefore 2x = d or 2x dx = dt
X

/2
1 dt 1 ~1/2 dt 1

° = = t = = = 2 _
.. I 5 J‘\/Z' 2 J. 2 '\/E X 1

N I=




Class 12 Chapter 7 - Integrals

X
Putting this value of (I, =) _[ dx = \/x2—1 in (i)
Vx2 -1
I=4x2-1 +2log | x+ x2-1 | +c

53X — 2

18.
1+ 2x + 3x2
5x — 2 ) Linear
. = . d
Sol. LetI '[ 1+ 2x + 3x2 dx ® I Quadratic X
d

Let Linear = A dx (Quadratic) + B

d
ie, 5x—2=A"" (1+2x+3x2)+B

dx
or 5x—2=A(2 + 6x) + B (i)
ie, 5x—2=2A+ 6Ax + B
Comparing coefficients of x, 6A =5 = A = a
6
Comparing constants, 2A + B = — 2
Putting A = 5, 10.,5-_>
6 6
10 _ _
= B=_2__=—22 or B=—311
6 6 5 11

Putting values of A and B in (i), 5x — 2 = 6 (2 + 6x) —

Putting this value of 5x — 2 in (i),
2+ 6x)- 22

5 2 + 6x jz | J. 1 1+
J.1+2x+3x2 dx — 2x+3x2dx

5 1
3

= L, L ...(iii)
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"2+6XZE = (2 + 6x) dx = dt
dt 1
IIZJ- . :I_dt=log|t|=log|1+2x+3x2| ..(iv)

t

Again L= ) 00y axe d¥= 7 3x oy 1 9%|) Quadratic %X

Now Quadratic Expression = 3x2 ¥ 2x +51. )
Making coefficient of x> unity = 3 x>+ “x+ "~

3 SJ
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F AT j
Completing squares = 3 k 3)

= L= "1 1% 2! dx=_fﬁvdx
'[3 (x+l\ + 2 3 (x+1\ :
IR b
L 3) 9 3 3
IL I L)
1
1 1 1 X+ |_ 1 1 tan!
- A O |
2 (_vg\ _2 L X +a a a|
|
\3) 3
103,331 g (3xs1)
_ 2 _ 2 Va2
= L= 3 - V2 tan R /- V2 tan |K |) (V)
Puttlslg values of I, and I. frplm (iv) and (v) in (iii), we have
log | 1+2x+3x2| - 1 tan! (3x+1) +¢
2
6 3 |K\/§ )
Integrate the functions in Exercises 19 to 23:
6x+7
19 Jx-5)G-4)
J 6x+7 j- 6x + 7
Sol. LetI = (x = 5)(x — 4) dx = \/m dx
_ bx+7 i
e, 1= | ——F— ) IMd

X
\ x2 9x + 20 y/Quadratic

Let Linear = A dx (Quadratic) + B
ie, 6x+7=A(2x-9)+ B ...(i)
= 2Ax— 9A + B
Comparing coefficients of x, 2A =6 => A =3
Comparing constants, — 9A + B = 7.
Putting A =3, - 27+ B=7=B = 34
Putting values of A an GET
6x + 7 = 3(2x —

Call Now For Live Trainina 93100-87900
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'[ 2X — + dx

- 9x+ 20

2x - Q
3 dx + 34 |
1/)(2 —Oox + 20
3L +34 L ...(ii0)
__2x-9
11 = j

A X2 —9x + 20

Putx? —ox+20=¢t .. 2x—9 =

dx

dx
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= (2x — 9) dx = dt
dt £/2
_ — _ ~1/2 _ o _
II—J.\/E_jt dt_1/2_2\/2
= 2 \x2—9gx+ 20 (V)

1

1
L= | dx= | dx
[x2 —ox + 20 \/ 9\* 81
4

x2—9x+{\£/] +20——

| : dx
JE N ]

| T

[ L |
{ J' dx=log|x+ x2—a2]||
— i

XZ_a2
I. = log X‘i+\/x2—9x+20 ..(v)
( (X_9\2_(1\2:X2+&_9X_1:X2_9X+ )
| |k 2J 2 4 4 20 |
\ )

Putting values of I and I. from (iv) and (v) in (iii),

9
I=6 /X2_9X+20 + 34 log X_2+\/x2—9x+2o

+ C.
xX+2
20. /4X_X2
Sol. Let1= [ =2 ¢ (i) fiunear d
ol. LetI = | —/—— dx i — dx
\Jax — x2 /Quadratic
d

Let Linear = A dx (Quadratic) + B

ie, x+2=A(4 —-2x)+B ...(ii)

=4A - 2 S UET
Academy
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Comparing constants: 4A + B = 2

PuttingA= =~ , —-2+B=2 = B=4

-1
Putting values of A and B in (i), x + 2 = 4 —2X) + 4
2

Putting this value of x + 2 in (i),




Class 12
L (4-20+4
- -1 -2
- dro AR G
[ 2
4x — x2
\4x — x2
-1 _
=T L+4L i) L= [P
\4x — x2
t
Put g4x — x2 =t 4—2x=;{ = (4 — 2x) dx = dt
dt
ikt 2
L = .[ \/Z =J. t_l/th= T =2'\/Z' =2\)4X—X2
1/2

1
12 = J\/ﬂdx

Quadratic Expression is 4x — x2

_X2+4X

-4 =@ -xt4-4=~A(x-20-29) =2"~(x-2)

L = I% dx =sin-? X=2
V22 — (x — 2)2 2
N 1
(. I a2_x2
\

Putting values of I and I. from (iv) and (v) in (iii),

I=- \4x—x2 +4sin"! X +c
X+ 2
21.
X2 +2x+3
Sol. LetI= | xiz dx

X2+ 2x+3

d
Let Linear = A ~~ (Quadratic) + B

dx

x+2=A(2x+2)+B
=2Ax + 2A + B

1
Comparing coefficients/P2CBFT1 = A=~
Ac

e,

Chapter 7 - Integrals

1
dx

\J4x — x2

..(iv)

..(v)

...(i)

Putting A
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1 2
= ,1+B=2=B=1

1
Putting values of A and B in (i), x + 2 =

(2x +2) +1

Putting this value of (x + 2) in (i),

1
(2x+2)+1 1 ox + 2 —dx

> _ _2X+2
I=J ,X2+2X+3 dx = J~\IX2+2X+3 dX+J‘1[x2+2X+3
2
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1
= 1= _2 L+ 12 ...(lll) L = J‘ ox + 2 dx
X2+ 2x+ 3
Put x>+ 2x+3 =1t .. (2x+2)=f = (2x + 2) dx = dt
X
dt
“° Jo
t - t' ——— -
Ilz.[\/_ =It1/2 dt=T=2\/E =2 X2+ 2x+3 ,,,(IV)
2

1
dx= [ V¥ +2x+1+2 gy

I

1
'[ \/x2+2x+3

J‘—dx log | x + 1+ /(X+1)2+(\f)2|
V@ + 12 + (V2)?

[ J'\/mdx—loglx+ «lx2+a2|—’

=log|x+1+./x2+2x+3 | ..(v)

Putting values from (iv) and (v) in (iii),

I=x2+2x+3 +log [x+1+ fyeioxi3 |+c
X+3

22 x5

Sol. LetI= | —X+3 ()
—2x—5

Let x + 3

d
A7 (x2—-2x-5)+B
dx

or x+3=A(2x—-2)+B .G
= 2Ax— 2A + B L
Comparing coefficients of x on both sides, 2A =1 = A = ~

2
Comparing constants, — 2A + B = 3

1
PuttingA:;,—1+B:3 = B=4
1

Putting values of A and B in (i), x + 3 = (2x —2) + 4

Putting this value in @gg‘.ﬁ{my
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2 . 2x—2 1 o
I:,[ X2 —-2X-5 X 2j.X2_2X_5dX+4I X2 —-2xX—-5
- i L+4lL .. (iid)
2X — 2
Il=,[ X2—2X—5 dx

Put x2 — 2x — 5 = t. Therefore (2x — 2) = =(2x — 2) dx = dt

dx
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dt
IIZJ‘ ; =log|t|=log|x2—2x—5| ...(iv)
1
Again 1. = I —_— dx
X2 —-2x-5
_r
= .[ = dx = _[ dx
x> —2x+1-1—5 x-1)2-6
=.[ 1 dx= 1 Jog Xx=1- 6 )
276 Vo
(x-1)2-6 x—1++/6
[ J_ TSP | xX-a
= o
L 2 — a2 a %' x+ a .
Putting values of I and I. from (iv) and (v) in (iii),
1=1 . L2 x=1-+6
= 2 __ — —_—
2log X2 —-—2x—5 +\/glog x—14+6| T ¢
5X+ 3
23.
VX2 + 4X + 10
Sol. LetT= [  gyiq  dx (i)
VX2 + 4x + 10
d
Let Linear = A E{ (Quadratic) + B
ie, 5x+3=A(2x+4) +B WD
=2Ax + 4A + B
Comparing coefficients of x on both sides, 2A = 5 = A = =
2
Comparing constants, 4A + B = 3
PuttingA:52,10+B:3 =>B=-7

Putting values of A and B in (ii), 5x+ 3 = 52 (2x+4) -7

S (ax+4)-7
2

Putting this value in (), I = _[ VX2 +4x+10 dx
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1
dx VX2 + 4x + 10
or I= 3 L-710 (lll)
2
j _2x+4

\/x2+4x+10

Put x2 + 4x + 10 = t. Therefore 2x + 4 =f = (2x + 4) dx = dt
X
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dt /2
= | = =(¢" qe= __ =
L fﬁ [ dt= - =24t
2

=2.x2+4x+10 (V)

1

L = dx = d.
: '[\lx2+4x+10 J—l X
NX2+4X+4+6

=J‘+dx=log|x+2+

V& +2)2 + (/6)2 I(x + 2)2 + (V6)

[ Imdx—log|x+ \/x2+a2|]

=log | x+2+ VX2 + 4x + 10 | ..(v)
Putting values of I and I. from (iv) and (v) in (ii),

I=5\x+4ax+10 —7log | x+2+ (x2+4x+10 | +c

Choos& )}he correct answer in Exercises 24 and 25.

J. equals
(A X tan' ‘%x +11) + C B)tan" *(x + 1) + C
O x+1)tan x+ C (D) tan 'x + C.
X2 1 1
Sol. dx = d
© J.+2x+2 J.x2+2x+1+1 X I(x+1)2+12 e
1 -1 (x+1) |— 1 _1 -1 )—(—|
= d. t
tan +C | IX2+02 x  tan al
1 1 ]
=tn~' )+ C
Option (B) is the correct answer.
2 1
5. _[ \/7 equals
1 1
(A) ., [9x=8) +C B)~ . _, (8x-9)
sin sin + C

9 |\8|J 2 |\9|)
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dx dx (D
Sol. LetI = I = J'
\Jox — 4x2 \J— 4x2 + ox ( 9 3
Here Quadratic expression is — 4x2 + 9x = — 4 |X2 - X|
UogqY

— ] 2_51)”(9\2_(9\2T -4 r(x_sz\2_(sz\21

X

| ls) Lgf | YRRy
FL( ;\ Do Fggv (L AL :

=4 L"Kx_s *g) J| =4 |LK8J X J\
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Putting this value in (i),
1 1

- i o= T R
HO -t e
o 9
=lsin1 8+C
2 9
’ |— 1 —1"—(—|

1 -1 (SX_Q_ \

=2sin U 9 }|+C k— Imdx:sin a“

. Option (B) is the correct answer.
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Exercise 7.5

Integrate the (rational) functions in Exercises 1 to 6:
X
L G+okx+2)
X
1. Toi h ional i .
So o integrate the (rational) function (x+D(x+2)
X A B

Let integrand 7 . . = —  + (0
& x+1)x+2) X+1 X+2 @

(Partial Fractions)
Multiplying by L.C.M. = (x + 1)(x + 2),
x=Ax+2)+Bx+1) =Ax+2A+Bx+B
Comparing coefficients of x on both sides, A + B = 1 ...(ih)
Comparing constants, 2A + B = 0 ...(iiD)
Let us solve Eqns. (i) and (iii) for A and B.
Eqn. (iii) — Eqn. (ii) gives, A = — 1
Putting A= —-1in(ii)), —1+B=1 = B =2

Putting values of A and B in (i),ix -1 2

E +
(x+1)x+2) X+1 xX+2

1

J‘# 1 1
- (x+1)(x+2) 9x=- -[ x4+1 dx+2 Ix+2dx
=—log lx+1]l+2loglx+2|+¢

=log | x+2p-log|x+1|+c=1log ®+2? ;¢

| x+1]
‘t‘2=t2)

X -9
1
Sol. To integrate the (rational) function x2—9
[ ax=] .0,
dx = dx

X -9 X -3
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1 X—-da —|
— 3 | == 1
2X310gx+3 ve J.XQ az 2a gx+a|
i
1 X-3
= 6 log X+3 +c
pR
Integrand 21 - ( - - _A + B
+
X -9 x 3)x 3 x-3 x+3
Now proceed as in the solution of Q.No.1.
3x—1
3 x-D&x-2)x-3)°
3x-1
Sol. To integrate the (rational) function ( - B 2l
3x —1 _A _B _C

Let integrand -1x-2)(x-3) - x-1 * x—2 * x—3 ..(D)

Multiplying by L.CM. = (x — 1)(x — 2)(x — 3), we have
x-—1=Alx-2)x—-3) + Bx-1Dx—-3) + Clx — D) — 2)
=A(x -5x+6) + B(x> —4x +3) + C(x2 — 3x + 2)
= Ax2 — 5Ax+ 6A + Bx2 — 4Bx + 3B + Cx2 — 3Cx + 2C
Comparing coefficients of x2, x and constant terms on both sides, we

have

Coefficients of x2: A+ B+ C=0 (i)
Coefficient of x: — 5A — 4B — 3C =3 or 5A + 4B + 3C = — 3 ...(iii)
Constants: 6A + 3B + 2C = — 1 (V)

Let us solve (i), (iif) and (iv) for A, B, C.
Let us first form two Eqns. in two unknowns say A and B. Eqn.
(iif) — 3 Eqn. (i) gives (to eliminate C),
5A+4B +3C-3A-3B-3C=-3
or 2A + B=-3 ..(v)
Eqn. (iv) — 2 Eqn. (i) gives (to eliminate C),
6A +3B+2C-2A-2B-2C=-1

or 4A + B =-1 ...(vi)
Eqn. (vi) — Eqn. (v) gives (to elimina&e B),
2A=-1+3=2 = A=" =1.

Putting A = 1 in (v),2+B:—3:>2 B=-5
Putting A = 1 and B 'ﬁya%’gmly_ 5+C=0




Class 12

Putting values of A, B, C in (i),

3x-1

1
x-Dx-2)(x-3) x-1

Chapter 7 - Integrals

_5_+_4_
x—-2 x-3
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3x-1

] (x-1)x-2)x-3)

- x—i1 dX_5J 1;—2 dx+4j x—3dx

|D—‘

=loglx—1]l-5loglx-2|+4loglx-3]+c
X

Y a-DE-2G-3) .
Sol. To integrate the (rational) function x-1)&x-2)(x-3)

Let integrand X A B __C ®

x-Dx-2)x-3) x-1 x-2 Xx-3

(Partial fractions)
Multiplying by L.C.M. = (x — D)(x — 2)(x — 3),

x=Ax-2)x-3)+Bx-1Dkx-3) +Clx — 1)kx - 2)
=A(x2—5x+6) + Bx2 —4x +3) + C(x2 — 3x + 2)
= Ax2 — 5Ax+ 6A + Bx2 — 4Bx + 3B + Cx2 — 3Cx + 2C
Comparing coefficients of x2, x and constant terms on both sides,

we have

p'cH A+B+C=o0 .. (i)
X: -5A-4B-3C=1 or 5A +4B +3C=-1 ...(iii)
Constants: 6A + 3B + 2C =0 .W(iv)

Let us solve Eqns. (ii), (iif) and (iv) for A, B, C.
Let us first form two Eqns. in two unknowns say A and B.

Eqn. (iii) — 3 x Eqn. (ii) gives | To eliminate C
5A +4B +3C-3A-3B—-3C=-1 or 2A+B=-1 ..(v)
Eqn. (iv) — 2 x Eqn. (ii) gives | To eliminate C
4A + B=0 ...(vi)
Eqn. (vi) — Eqn. (v) gives (To eliminate B)
1
2A =1 A=
2
1
PuttingA:_2 in(v),)1+B=-1 = B=-2
1
Putting A = _2 and B = — 2 in (il),
1 -1 —1+
~ —-2+C=0 = C= 4o= —H4 3
2 2 2

Putting these values of A, B, C in (i), we have
1 3
X _2

_2
(x-D(x-2)(x~3) @ﬁyﬁz@f BE
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o x-Dx-2)x-3) &
_ 1J‘_1 dx—zj L

dx+3J‘_1 dx

2 x-1 x—2 2 x-3

1
:_log|x—1|—210g|x—2|+31Og|x_3|+c.
2 2
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2x
5 ey 3x+2
2x
Sol. To integrate the (rational) function , ax+2°

Now x2+3x+2=x2+2x+x+2=x(x+2) +1x + 2)
=x+1Dkx+2)

2X 2X

Xet3x+2 | (x+1)x+2)

Integrand

= + (D)

(Partial Fractions)
Multiplying both sides by L.C.M. = (x + 1)(x + 2),

2x = A(x + 2) + B(x + 1) =Ax+ 2A + Bx + B
Comparing coefficients of x and constant terms on both sides, we
have
Coefficients of x: A + B = 2 ... (i)
Constant terms: 2A + B =0 ...(iii)

Let us solve (if) and (iii) for A and B.
(iii) — (ii) gives A = — 2.

Putting A = — 2 in (i), — 2 + B = 2. .. B=13g
. . = 2
Putting values of A and B in (i), 2X = s
X2+3x+2 X+1 X+2
2X 1
— - _ 1 dx T dx
J.x2+3x+2 dx = 21— +4] .y
X+1

—2log |x+1l+4loglx+2]+c¢
alog lx+2|-2log | x+1]+c¢

2X

Remark: Alternative method to evaluate 'f >t gt 2dx
X X

. Linear
IS‘[

. dx as explained in solutions in Exercise 7.
Quadratic P 74

(Exercise 18 and Exercise 22.
1—x2
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[Here Degree of numerator = Degree of Denominator = 2

.. We must divide numerator by denominator to make the degree
of numerator smaller than degree of denominator so that we can
form partial fractions.]
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1
—ox 4+ x) —x+1( ;
X
—_ X2 +
2
+ p—
X
- — +1
1— x2 Remainder (_x 4 1\
_ = Quotient + _1 |\ 2 |)
x(1 - 2x) Divisor 2 x(1 - 2x)
) [ (_x, )
J. 1— X d | l | k 2 |) |
x(1—2x) X7 I|K2+ x(1— 2%) |) dx
X
1 - +1
= [rdx+ [ _2 g (i
2 j -[ x(1 - 2x) X @
X
Let i;tégrarjlxd §_ = + 1-—92x .0
Multiplying by ’fl.;c.M.X; x1 % 2x),
- ¥ 41=A0-2¢x)+Bx =A - 2Ax + Bx
2
Comparing coefficients of x, — 2A + B = = .. (iii)
2
Comparing constants, A =1 (V)
Putting A = 1 from (iv) in (iii),
-1 =1 -1+ 3
-2+ B = = B = + 2 = or B =
2 2 2
Putting values of A and B in (i),
X 3
- T +1 1
2 - 4 2
x(1-2x) X 1-—2x
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=1o |x|—3log |1 2x] +c
3 — 2 - Coefficient of x

log l1-2x|+¢

Putting this value in (i),

1—x2 1
dx _ 3 3
IX(1_2X) —2x+log|x| 4log|1 ox | +c.
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Integrate the following functions in Exercises 7 to 12:
X
7 (e +1)(x - 1)
X
Sol. To integrate the (rational) function e+ )x-1)°

X Ax+B +_C
(x> +1)(x—-1) X2 +1 x—1

Let integrand (D)

. (Partial Fractions)
Multiplying by L.C.M. = (x2 + 1)(x - 1) on both sides,

x=(Ax + B)(x — 1) + C(x2 + 1)

= x=Ax2 — Ax + Bx — B + Cx2 + C,
Comparing coefficients of x2, x and constant terms on both sides,
w e have

x2 A+C=o0 .. (i)
X -A+B=1 ...(iii)
Constants — B+ C=0 (V)
Let us solve Eqns. (ii), (iii) and (iv) for A, B, C

Adding (ii) and (iii) to eliminate A, B + C = 1 ..(v)
Adding (iv) and (v), 2C=1 = C = 12

From (iv), —B=-C = B=C-= 12

-1
From (i), A=-C= ~—_

%
Putting these values of A, B, C in (i),

-1 1 1
X+
——x 22 2
(x2 = X2 +1 x—1
+1)Kx—-1)
=1 X 1 1 1i_1
T 5 x2+1 o " x2+1 T 2 x-1
_=1 2x 1 1 1_1
4 x241 2 x2+1 2 x—-1
X
] e+ Dx—1) & )
-1 2x 1 1 dx+‘j 1 dx
= dx + = [— —

4 x2+1 2 x2+1 2 x-1
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2 k f(x) J
:__llog(x2+1)+ ltan—lx+ll(g|x—1|+c
1 12 [© ve+3”0 = |x+1]=x+1]
_10g|X—1|—_log(x2+1)+l

=2 4 2 tan~'x + c.
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. S
8. x—1x+2)
X

Sol. To integrate the (rational) function —————.
(x —1)2(x + 2)

Letintegrand —x A B C (1)

x-1)2kx+2) x-1 x-1)2 x+2
(Partial fractions)

ultiplying both sides of (i) by L.C.M. = (x— 1)* (x + 2)
x=Akx - 1)kx+2) + Blx + 2) + Clx — 1)?
orx=A(x>+2x—x-2)+ Bx+2) + C(x2 + 1 — 2x)
orx= Ax2 + Ax— 2A + Bx+ 2B + Cx2 + C — 2Cx
Comparing coefficients of x2, x and constant terms on both sides

X2 A+C=o0 ...(ii)
X A+B-2C=1 ...(iih)
Constants — 2A + 2B+ C =0 ..(iv)

Let us solve (i), (iii) and (iv) for A, B, C

From (i), A =—-C

Putting A = — Cin (iv), 2C+ 2B + C =0
-3C

= 2B=-3C = B=

Putting values of A and B in (iii),

—3C
= (€ o o -2C=1 = —-2C-3C-4C=2
-2

= —-9C=2 = C=

-2 9 2
PuttingC= ~ ,B=-3C -3 (=2) 1 ~A=-C=°%

9 2 2 \|9|) 3 9
Putting these values of A, B, C in (i),

X 2 1 2

(x-1x+2) T T ’ (x—1)* T xt2

X
J (x—1)2(x + 2) 9X
1
Y Hone ax- 27— ax
xX—-1 3 9 X+2

1 =D _ 20 x40t

(- 9

N
53
\F]

>
|
[y
>0
-
ﬂ"—]
=
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xX—1 1 + C.
- glog x+2 | 3kx-1)
9
3X+5

9 w_x2—x+1

3x+5
xX3—x2—-Xx+1

Sol. To integrate the (rational) function
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Now denominator = x3 — x2 — x + 1
=x2kx-1D)-1x-1)=x-1DXx-1)
=x-Dx-1DDx+1D)=Kx-1Kx+1

X +5 3X+5
Integrand =
X3 —x2—x+1 x-1)2(x+1)
A B C . . .
T x—-1 T (x-12 T x+1 ...() (Partial fractions)

Multiplying by L.CM. = (x— 1)*> (x + 1),

3x+5=Alx —1)x+ 1) + Blx + 1) + Clx — 1)*
=A(x>*—-1)+Bkx+1) +Cx2+1- 2x)
=Ax2-A+Bx+B+Cx2+C - 2Cx

Comparing coefficients of x2, x and constant terms on both sides,

X2 A+C=o0 .0
X B-2C=3 (i)
Constants -A+B+C=5 (V)

Let us solve Eqns. (ii), (iii) and (iv) for A, B, C.
From (ii), A = — C and from (iii), B = 2C + 3
Putting these values of A and B in (iv),

2 1
C+2C+3+C=5 :>4C=2:C=Z='
1
A=-C=-
2
(1
and B=2C+3=2|K +3=1+3 =4
2/
Putting these values of A, B, C in (i)
-1 1
3X+ 5 2 4 2
= — + + —
X3—x2—x+1 x—1 (x—1)2 X+1
3x+5
I dx

X3 —x2—-x+1
_—lf—l dx+4J.(x—1)’2 dx+—f_1 dx
-1 -1t 1

=, IOT|X_I|+4 (_1)%) +  log lx+1l+e

Coeff. of x

_l(log\x+1\—log\x—1‘)—_4_+C
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2x-3
10. (x2 —1)(2x + 3)

2X— 3

Sol. To integrate the rational function G2 —1)(2x + 3) °
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. 2x -3 2x -3
Let integrand @-1)2x+3)  (x-1)(x+1)(2x+3)

B N C
x+1 2X+3

_A
- ox-1
Multiplying both sides by L.C.M. = (x - 1) (x+ 1) (2x + 3),
2x -3 =Alx+1)(@2x +3) +Bx - )(@2x +3) +Clx-1)(x+1)

or 2x - 3=A(X +3x+2x+3) +B2¥ +3x-2x - 3) +C(xX' - 1)
Comparing coefficients of x°, x and constant terms on both sides,

X2 2A+2B+C =0 (i)
X 5A + B =2 . i)
Constants 34 -3 -C=-3 (!

Let us solve Eqgns. (ii), (iii) and (iv) for A, B, C.
Eqn. (i) + Eqn. (iv) gives (to eliminate C)

5A - B= - 3 W)
Adding Eqns. (iii) and (v), 10A= -1 = A= L
10
= =2 gy p-g+l-5
. B — a—— =2 =>B= =
Putting A 10 1 @i, g 2 2
Putting values of A and B in (ii),
=1 .- o1 s 1=2 -2
s *5+C=0 -~ C=. 55 5
Putting values of A, B, C in (i),
(*-1)(2x+3) —x_1 " x+1 2X + 3
J. 2x -3
S e s)x+3) &
-1 1 S5 1 24 1 2x
- — | — dx+ — .=
10 J.x—1 zjx+1 dx 5 '[+3dx

=1_loglx—1I ~ 5 logIx+1I 24 |ogI2x+3I e

10 1- Coeff.of x 2 1 5 2 Coeff. of x

-1 5 12
“ 1o log | x -1+ log lx+1 -7 logl2x+3]+¢
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5
12

:510g lx+1 | Lo la-a] - R e laes e

2 10 5
5x

L (x+1)(x - 4)

5x
Sol. To integrate the rational function (X+1)(X2 _4)-
5x 5x

Let integrand (x+1)(2 - 4) ) (x+1)(x+2)(x - 2)

__A + B + C ...(7) (Partial fractions)
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Multiplying both sides of (i) by L.C.M.
=x+1Dx+2)(x-2),
S5x =Ax +2)x - 2) +Bx+ N(x-2) + Clx + N(x + 2)
=AX2-4) + B(x2 -x-2) + C(x2 + 3x + 2)
= Ax2 - 4A + Bx2 - Bx - 2B + Cx%2 + 3Cx + 2C.
Comparing coefficients of x2, x and constant terms on both sides,

X2 A+B+C=0 ...(i)
X -B+3C=5 ...(1i0)
Constants -4A-2B+2C=0

Dividing by - 2, 2A+ B-C =0 (V)

Let us solve (ii), (iif) and (iv) for A, B, C
Eqn. (ii) x 2 - Eqn. (iv) gives (To eliminate A) because Eqn. (iii)
does not involve A.

2A +2B+2C-(2A+B-C) =0,
ie, 2A+2B+2C-2A-B+C=0
= B+3C=0 (V)
Adding Eqns. (iii) and (v),

5

6C =5 = C=_6
S 15 15
PuttingC:sin(iii),—B+ =5 = -B=5-
6 6
o _B=30—15=§=§ :B:i
6 6 2 2
=5
Putting B = and C = — in (i), A - + = =0
2
5 5
. A= = _15=5 10 5
6~ 6 T~ 6 3
Putting values of A, B, C in (i),
S
(x+ 1 —4) = 577 7 Xi2 ' Xx—-2
5x 5 1 5 5
J' dx=__[ dx—_j 1 dx+__[ T dx
_ - -
(x+1)(x -4 3 x+1 2 x+2 6 x-2

5 5 s}
=310g|x+1|—_210g|x+2|+ log|x—2|+c.

x3+x+1

x2 -1 ®CUET

12.
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Therefore, dividing the numerator by the denominator,

x2-1)x3+x+1|( x
x3 - x
-+
2x +1

3
X+7X+1 =X+ x4l (D)

x? -1 X2 -1
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|—Rational function = Quotient + Remainder |
|_| Divisor |J
ox+1 _—2x+1  _A B
Let w1 - x+Dx-1 T x+1 T x-1 ---(iD)

Multiplying by L.C.M. = (x + 1)(x — 1), we have
2x+1=Ax - 1) + Bx + 1)

or 2x+1=Ax—-A+Bx+B
By equating the coefficients of x and constant terms, we get
A+B=2

and - A+B-=1
Sy 3
(iif) + (iv) gives 2B =3 = B =

Putting B = 3 in (iii), we get A + .
2

=2 or A="
2
Putting values of A and B in eqn. (ii), we have
1 3
2x+1 _ _2 2
) } 2x+1
Putting this value of 2 _q1 0 ),
X3+ Xx+1 1 3
=x+ —=2—- + 2
x2 —1 x+1 x—1
X3+x+1 1 1 3 1
X
'.. x2 -1 dx=J. dx+2I x+1 9+ 2.[X_1 dx
¥ 1 3
=" +7loglx+1l+7 log|x-1l+c
2 2 2
Integrate the following functions in Exercises 13 to 17:

2
13. a1-xa+ x2)

2

Sol. To find integral of the Rational function (1- 0+ %)

2 A
Let integrand =" 4+ Bx+C

1— x)(1 fx2 1-X 1 2
( X)(?)CUIE]T + X

.. (iii)

...(iv)

)
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(Partial Fractions)
Multiplying by L.CM. = (1 — x)(1 + x?)

2 =A1+x2)+ (Bx+ O —x)

or 2 =A+Ax2+ Bx — Bx2+ C - Cx
Comparing coefficients of x2, x and constant terms, we have

X2 A-B=o .. (i)
X B-C=o0 ...(iii)
Constant terms A + C = 2 ..(iv)

Let us solve (ii), (iii), (iv) for A, B, C
From (i), A = B and from (iii), B = C
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A=B=C
PuttlngA Cin(@iv),) C+C=2or 2C=2 or C=1
L A=C=1 L B=A=1
Putting these values of A, B, C in (i),
2 _1 X+1 _1 X 1
= + = + +

(1-x)(1+ x2) 1-Xx 1+ x2 1-Xx 1+ x2 1+ x2

1 1_2x 1
+ +

1-Xx 2 1+ x2 1+ x2
1
2
_[ dx = J‘ 1 dx+l_[ 2Xx dx+I dx
1-x)(1+x2) 1-Xx 2 1+ x2 1+Xx
2
= logll—.xl +llog|1+x2|+tan’1x+c
—-1— Coefficientof x  ,
1
||_J‘ = dx= J‘f_(_)dx— fx
1+x2 f&) log| ()]
) L i
—log l1—x|+ " log(1+x2)+tan" ' x + ¢
2
(+ 1+ x> 0, therefore [1+x2 | =1+ x2)
Note.log | 1-x | =log | - (x-1) |
=log | x—1 | because | —¢ | = | ¢].
xX—1
14. (x+ 2)2
Sol. To find integral of rational function Sx-1
(x+2)2
3x—1
LetI = d .
¢ x+22 & @
Pol ial functi
Form onomial unclon dx where k is a positive integer,
(Linear)*

put Linear = ¢.
Here put x+2 =1¢ = x=t-2

dx ®CUET

Academy — dx=dt
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Putting these values in (i),
3(t-2)-1 3t—6-1 3t—-7
1= 2 dt= | o dt= | o dt

(3t 7V de= (3 _7) 4

1

1 t
=3It dt -7 Jt’z dt=3log |l t|-7 Z_ 4+ ¢

=3log|t|+zt+c




Class 12 Chapter 7 - Integrals

_7

Putting t =x + 2, =3log | x+ 2 | + ‘e
X+2
Remark. Alternative solution is Let 3x=1 _ _A . B '
x+2)2 x+2 (x+2)
1
15 x4 —q

Sol. To find integral of —; .
Xt —

1

Let integrand > .
-1 x -2 +1)

Put x2 = y only to form partial fractions.
1 A B

- _ o + (1
-+ y-1  y+1 @
Multiplying by L.C.M. = (y— 1)(y + 1)
1=A(y+1)+B(y—1) or 1=Ay+A+By-B
Comparing coeffs. of y and constant terms, we have
Coefficients of y: A+B=o0 .. (i)
Constant terms A-B=1 ...(iii)

Adding (ii) and (iii), 2A =1 = A =

1 -1
+B =0 = B= "

2 2

Putting values of A, B and y in (i),

1 1

1

x4 —1 x2—1 x> +1

I 4 dx=l,‘- 212dx—l_[ 21 dx

1
Putting A = ; in (i),




Class 12 Chapter 7 - Integrals

Note. Must put y = x2 in (i) along with values of A and B before
writing values of integrals.
Remark. Alternative solution is:

1 1 1

x4 -1 (@ -1 +1) - x-Dx+1Dx +1)

A B Cx+D

+
X—-1 X+1 X2 +1

But the above given solution is better.
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16.

Sol.

17.

Sol.

1
x(xn + 1)

LetI = ,[ X(X" +1) dx

Multiplying both numerator and denominat[or of (ilntegrand by nxn 3
T (xn+1)=nxn1

L I
nx"1 1 nx" ! ]
1=[ aexersy =7 fmdx ()
¢ n—-1+1=n)
dt
Put x» = t. Therefore n xn -1 = d_ . s.onxn—1ldx =dt.
X
1 dt

. = l 1
From (i), I = n J tt+1) ~ n I t(t+1)dt

Adgding and subtracting ¢ in the numerator of Fntegrand,
=) t+1-t Ll t+1 ¢t Vde ' a=b_a bl
dt = ~ -

N tEtr) n s wern) | ¢ ¢ <

[log|t|—log|t+1|+c]

n t t+1
1 _t
T n log t+1 rc
1 x"
Putting t = xn, = ;log X1i1] T€
1
Remark: Alternative solution for I m dt is:

1 A B

Let t(¢41) = ¢ * t+1-
But the above given solution is better.

COoS x
(1-sin x)(2 - sin x)
CoS X
_ dx ;
ert= | (1 - sin x)(2 - sin x) - (D)

dt

Putsin x = t. Theref@ﬁwl‘%{r = cos x dx = dt,

cadendyx
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1 (2-t)-(1-1¢)
CFom (), (-0G-9 d=1 (-o@-9

[. Difference of two factors in the denominator namely
1—tand2-tis(2-t)-(@-t)=2-t—-1+t=1]
(__2-t -0 ) [.. a=b a b

3 _a_b]
a-oe-0 a-oe-0) C1 ¢ ¢ ¢l




Class 12 Chapter 7 - Integrals

I(_I_L\ dt = .[_1 dt — .[_1 dt

kl—t 2—tJ 1-t 2-t

log|1 — ¢ - logla— ]
= —1-5 Coefficient of t

+C

—logli1-¢tl+logla-tl+c

2-t
=loglo—-tl-logl1-t|+c =log1_t +c
) ) 2 —sin x
Putting t = sinx, =log | ; _n x| *¢€
_ &
Remark: Alternative solution for I dt is
(-0 =
t)
2-t
Let —~ — -—4& ,-B
a-o(-
t) 1-t
Integrate the following functions for Exercises 18 to 21:
(xz+1)(x2 + 2)
(x +3)(x2 + 4)
(x2+1)(x2+2)
Sol. To integrate the rational function (X2 4 3)(X2 + 4) voorerereerrreeerons (D
Put x2 = y in the integrand to get
y+1)y+2) y2 +3y+2 -
T+ +4) T yrey+12 (i)

Here degree of numerator = degree of denominator (= 2)
So have to perform long division to make the degree of numerator
smaller than degree of denominator so that the concept of forming
partial fractions becomes valid.
y2+ 7y +12 !z2+3z+2( 1
Y2+ 77y + 12
- 10
From (i) and (i),

(+1)x2+2) (y+Dy+2)  (-4y-10)

i) G0+ e+ (i)

3 Hura
O _pDJdri CTEEN ) S (O
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—4y-10 _A _B
Lot U+3)0+4) ~ y+3 T y+4 )

Multiplying by L.CM. = (y + 3)(y + 4)

—4-10=A(y+4) +B(y+3) =Ay + 4A + By + 3B
Comparing coefficients of y, A+ B = -4 ..(v)
Comparing constants, 4A + 3B = — 10 (Vi)
Let us solve Eqns. (v) and (vi) for A and B.

Eqn. (v) x 4 gives, 4A + 4B = — 16 ...(vii)
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Eqn. (vi) — Eqn. (vii) gives, — B =6 or B = — 6.
PuttingB=-6in(v),A-6=-4=>A=-4+6=2
Putting these values of A and B in (iv),

-4y-10 2 _6

+3)y+4) y+3  y+4

Putting this value in (iif),
+1D(x2+2) 2 _6

=1+
(x> +3)(x>+4) y+3 y+4

In R.H.S., Putting y = x2 (before integration)
2 6
=1+ X2+3 - X2+4
J. x2 +1)(x2 +2)

e +3)e+q) &
1

=_[1 dx + 2 .[x2+(~./§)2 dx—6.[41_z dx

=
!

1

1 X X
=x+2.T3tan’ T3—6. tan™ 2+c

2 X X
=x+ &= tan! ——= —3tan ' +c
V3 V3 2

2X
19 e+ 1)@ +3)

2x
dx
x +1)x2 + 3)
Put x2 = t. Differentiating both sides 2x dx = dt

Sol. LetI = j

dt
I — —_
-[ (t+1)(t+3)
Dividing and multiplying by 2,
(7 t+3)-(t+1)=t+3—-t—1=2)

l-[ 2 dt:lj'jt+3)—1t+11 dt

2 (t+1)(t+3) ) 2 (t+1)(t+3)
;J-(_l _1 ) dt=" [loglt+1l-logle+3l+c

2 kt+1 t+3J 2

1 ( X2 + 1\
= paem log | +c.

. Call Now For Live Training 93100-87900 .
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1
x(x4 — 1)

20.
1

Sol. LetI = ,[ x(x4 —1) dx

Multiplying both numerator and denominatO(r of iptegrand by 4x3%
T (x4 —1)=4x3

\| dx U
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3
4x dx 1 4x3

- B dx ..(0)
ryeEs R EAGED

=]

_dt
Put x4 = t. Therefore 4x3 = i = 4x3 dx = dt.

dt
From (), 1= | I

4 tit-1) 4 tt-1)
1 [ t-(t-1D=t—t+1=1]
=lJ-(_t_(t—11\ dt=> (_1 1) st

4 |Kt(t—1) t(t—l)J 4J‘|Kt—1 t‘)

bl tar o2 pog oo 1) -tog) e+ e

4 L t-1 t J 4

1 t—1
= y log " +c

4 1 x4 —1
g - - + c.
Putting t = x, = A log x4
Remark: Alternative solution is:
1 1 1

x(x4 —1) ~ x(x2-1)x2+1) ~ x(x-1D)x+1D)E2+1)

A B C Dx+E
X x—1 x+1 ka1

But the solution given above is much better.

1
21. (e —1)
1

Sol. LetI = I ox—1 dx ...(D

dt dt
Put ex = t. Therefore ex = = exdx =dt = dx =
dx er
M\f\luate _[ f(ex) dx, put ex = t)

 Cs

Academy dt
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t(t-1)

=loglt—1l-loglt|+c=1log

Putting ¢ = ex, = log

It—(t—l) dt = j( t (t=1)) ge= ,[_1 art—fl dt

Chapter 7 - Integrals

\t(t—1) t(t—1)J t-1 t

t—1

ar €
¢ @

ex —1

+C,

e
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Choose the correct answer in each of the Exercises 22
and 2;;{: dx
22, _[ G-Dkx-2) equals

(A) log (’;%1) +C (B) log % +C
(x—1)2
©log | | | +cC o log /Il @-nex-2) Il +c.

. —_x& A B
Sol. Let integrand G-Dx-2) ~ x t

1 ..(D)

. 1 (Partial fractions)
Multiplying by L.CM. = (x— 1)(x — 2),
x=Alx-2)+Blx—-1)
=Ax — 2A + Bx — B

Comparing coefficients of x and constant terms on both sides,
Coefficients of x: A+B=1 .(i)
Constant terms: — 2A — B =0 ...(iii)
Let us solve (if) and (iii) for A and B

Adding (ii) and (iii)), —A =10r A= -1
Putting A = —1in (ii) — 1+ B=10r B =2
Putting values of A and B in (i),

X -1 2

x-1)x-2) T x-1 ' ]

. x _1 _1
I (x-1)(x-2) &=~ Ix—l dx + 2 Ix—zdx

=-log|x-1l+2loglx-2|+c
:log%(x—z)z\—logﬁx—l +c

(. nlogm=1logmh
(x—2)
x—1

= log +c

", Op}iion (B) is the correct answer.
X

23. _[ m equals

1

(A)log|||||x|HQ— log(x2+1) +C
(B)log|||||x|+l@
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(C)—log|||||xH\H+2log(x2+1)+C

1
(D)_£0g|||||xH\H+log(x2+1)+C.

Sol. LetI = .[ dx

x(x2 +1)

Multiplying both numerator and denominator( of ipfegrand by 2x,
U (x24+1)=2x

\| dx U
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J. 2X .
= I= ox2(x2 + 1) dx (D)
_at
Put x2 = t. So2x = = 2xdx =dt
dx
1
From (i), I = '[i = ,[ 1 at

2t(t+1) o tlt+1)
Adding and silthracting tin the nlum?rlator {)f\%ntegrand,

(t+1)-t dt = dt
> Ht+1) o e 41l
1
= (log | t!-loglt+1)+c

1
Putting t=x2,I=;(log\x2\—log\x2+1\)+c

1
(2log|x|—log(x2+1)+c
2
(.- x2+1>1>0andhence | x2+ 1| =x2+ 1)

1
1og|x|—;log(x2+1)+c

Option (A) is the correct answer.
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Exercise 7.6

Integrate the functions in Exercises 1 to 8:
1. xsin x

Sol. Ixsinx dx
I II

(_d )
Applying Product Rule I J. Ildx - I (M I ITdx " dx
ak
d |
= xj sin x dx - _[ (d ) J‘/smxdx\ dx
[ )
=Xx (- cos x) - J 1(-cosx) dx =-Xxcosx - .f —cos X dx
=—-XCOS X+ _[cosx dx =-Xxcos x +sinx+c
Note. I sin x dx = - cos x.
2. xsin 3x
Sol. _[ xsin 3x dx
I 1I / \
d
Applying Product Rule I I dx - j M I Idx" dx

=X _[ sin 3x dx - f g (X)I sin 3x dlxodxdx J

Iy )
(= 3x) F(dl 3x) |

x| s T Sk e
L J

1
x cos 3x + 3 J-COS3X dx + ¢

=1
3
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-1 ,cos3x, 1 sin3x = =L ycos 3x+ .
= 3 v 3 3 s 3 9sm3x+c.
3 x*e¥
Sol. [ X2 e dx
I II

(d )
Applying Product Rule I _[ IIdx - I D I IIdx dx

|\ )
=X2jexdx— IF(_d XZ\‘J.eXdX—| dx = x2 ex — I2xexdx

Lax ) |

]
=x2ex -2 Ixex dx
I1I
Again Applyfing Product Ru
Aeain APPING oo T () eraxlax)

[ Pia I

=x2eX -2 (xeX—j 1.ex dx)=x2 e — 2 (xeX—_f ex dx)

=x2eX—2xeX+2J.ede +Cc =Xx2ex-2xe+2e*+c

=ex (x2-2x+2) +c
4. xlog x

Sol. Jxlogx dx = j(logx) x dx

11
[d |
Applying Product Rule I I I dx- I 0] _[ IMdx dx

e ]

[d
= (log x) J x dx- Ide(logX)l[ dej dx

1 1
= (log x) i _J‘lxz dx =" x2logx- " J.de
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log2  dx= j (log 2x).x dx

Sol. leog 2x I 1II
(d )
Applying Product Rule I _[ IIdx - I D I IMdx dx
i J
L _d )
= (log 2x) I x dx - I |~ (log ZX)I xdx} dx
\dx
XZ L X2
=(log2x)7—J' 2. _ dx
2 2x 2
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1, 1 [ e xx |
_= =X
=2xlog2x—zjxdx | . . |
2 2 2 |— J
1 1 x X
= x2log2x-"—" " +c=" log2x- " 4+
2 2 2 2 4
6. x* log x
Sol. JXZ log x dx= j(log X) x2 dx
I II
: (d )
Applying Product Rule: I J.II dx - I (I)I Mdx gx
I\ J
)
=log x _[XZ dx - '[I-|—d (logx)j x2 dx) dx
dx
x 1 ox X3 1, | ]
= - - log x - x dxl :XJ
—(10gX)33 J’X 3 dx = 3 g X 3 _“ |_ X
=" logx-" X 4= X logx- X 4c
3 3 3 3 9
7. xsin™ ! x

Sol. Let I = I xsin"1 x dx.
Put x = sin 0. Differentiating both sides dx = cos 6 dO

1
Izjsine .e.cosed6=_2_[6 . 2 sin 6 cos 6 dO

1
=~ [ o sin 260 do
2
I 1
Integrating by parts
1 Pcosfe cos 20
=5 loli==5 }—Il-(b > bde-‘
1 11 i
. fL—ecoszeJr c0s20d6] = 1 10 cos 26 4 50201 ie
4l [ 14 2 )

1
- ;[—9(1—251n26)+sin9c056]+c
(- sin 20 = 2 sin O cos 0)

= " [-sin"lx.(1-2x2)+x J1-x*]+c

s, -

NN




8.
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1
=" (2x2-1)sin'x+ xy1-x2 4

4 4
x tan ! x

Sol. Let I = I xtan"lx dx = j(tan’lx) . x dx

2 2

1 x

=(tan‘1x).xi —J‘ . dx
2 1+x* 2




Sol.
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2
x? 1 1 X
=2tan X—%.[ + X (iX\
2 tan 'x - J 1- dx
2 2 |k 1+ x2 |}
[ X2 1+x2-1 11
L| = =1-
1+ x2 1+ x2 1+ x2
x° . 1
= - tan” © x - ) (x-tan" 'x) +c
1 -1 =il 1 -1
=, [x2tan™ x - x + tan™ X] + ¢ = 2[(xz+1) tan” " x - x] + ¢
Integrate the functions in Exercises 9 to 15:
XCcos X
Let 1= _[ xcos lx dx (D)
Put cos‘d1 x = 0. Therefore x = cos 0.
Ix
0 =-sin® = dx=-sin6 db

-1
- From(i), I = _[ (cos 6) 6 (— sin 6 d6) = 7 _[ 6 (2 sin 6 cos 6) do

=1
B [ osin 20 do

I [d 1
Applying Product Rule: I II g6 - I - (I)I do" ge

|
=1 I—G(—COSZO\_ 1;—cosze\ deﬂae i
2 [V 2 )i, ]
= __1[___19C0529+l c0526d9-| = lG cos 20 - l(M\+c

2 I 2 2I [ JU 2

1
=;6C0529—l8 (2 sin O cos 0) + ¢

1 1
= 49(2 cos* 0 - 1) - 4 y1-cos20 . cos O +c

Putting cos 6 =x and 6 = cos Xx;

= i (cos™ ! x) (2x2 - lﬁsgﬁt )




Class 12 Chapter 7 - Integrals

cos! x + C.

X
=2x2-1) 4 4 J1-x

10. (sin" ! x)?

Sol. Put x = sin 0. Differentiating both sides, dx = cos 6 do

J (sin"1x)2 dx = j 0% cos® dO =02 sin 6 - .f 20sin ® do
I 1I

=02sin0-2 jesine do
I I
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=02sin0 -2 10 (—cose)—j 1.(-cos®) do]
L ]

=02sin 0+ 20 cos O -2 jcosede =02sin0 +20cosO-2sinb +c

= x(sin"'x)?+2,/1—x2 sin"lx-2x+c

(‘.'cos = \/1—sin2 0 - \/l—xz)
x cos 1x

e

xcos ' x

Sol. Letl= | “—— dx (@)
\J1—x2
Put cos ! x = 0. = x=cos 0

Therefore dx =-sin® = dx=-sin 0 do
d

(cos0) 0
From (i), I = _[ 1-cos2® (- sin 6 d)

6 cos 6 sin O
= inp 900 1-cos20 = \sinzo =sin )

=—J9cose do
I II ]

[d
Applying Product Rule: I 11 d6 - .[ (I)I I1dd" do
I IE ]
= - [0.5in0-[1.5n0d0] = -0 sin0+[sin6 do
yJ1-cos20
=-0sin®-cosO+c=-06 -cos 0 +c
Putting 0 = cos™ ! x and cos 0 = x,

= - (cos™ 'x) J1-x2 —x+c=-[1-x2 cos"lx +x] +c

12. x sec’*x

Sol. J xsec2x dx
I 1I

d
Applying Product Rule: i l II dx- I [d (I)I II dx—| dx

CUET
Acad
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=xjsec2x dx - Jri (X)J. sec2xdx—| dx

|| ax |
=xtanx-| 1l.tanx dx =xtan x - | tanx dx
=xtanx—(—log\cosx\)+c=xtanx+log\cosx\+c.
13. tan 'x
Sol. Let 1= Jtan*lx dx = j (tan"1x) . 1 dx
1

. [ '
=tan” " x.Xx - 1+ x2

- 4 0 _2x
.xdx =xtan x—2I1+X2dx

=xtan ' x - 1 log | (1+x2) | + c.r ﬂ(lldx=log|f(x)|—|
2 | I f(x)

L
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1
=xtan'x -
2

log (1 +x?) +¢
[ 1+x2>1> 0 and hence | 1+x2|=1+x2]
14. x (log x)*

Sol. J' X (log x)2 dx = j (log x)2.x dx
I II

d
Applying Product Rule: 1 j II dx - I 4 (I)J II dX—| dx
: L ]
d ]
_ 2 | T (logx)? || xdx dx
= (log x)? [ x dx Ide [ ]
2 2
X
=(logx)2__I210X i
2 X 2
|— - (log x)2 = 2(log x)? 4 (log x) = 2 log x.l = 2log «]
L' ax dx X X U
2
_ X - X% x.x_ 1
"5 (980 [ togax ERit
I 11 |_ ]
d
Again applying Product Rule: I I dx—,[ - (I)I Mdx " dx
L ax )
X2 r x? (1x) 1
= — (log x)? - — =Lz .d
Zz(g) L(Zlogx)z J.k)(2|)XJ|+C
_ X X 1
_7(logx)2_710gx+_.|'xdx+c
2
X X X +c
=" (logx)*- " logx+ __ '
2 2 4

15. (x2 + 1) log x

Sol. | (x2+1) logxdx= [ (logx) (x2+1) dx

|
1

d
Applying Product Rule: I II dx - I (M J. [Tdx dx
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=|K? Ulogx— J'K? 1) dx
=|(é;+x)| logx—l3 .[Xz dx - Il dx

(¥ ) 1 x3 ( %3 )
+x

x3

- X + C.

=|K3 Ulogx—3 3 _X+C=|\3 +x|)logx—

9
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Integrate the functions in Exercises 16 to 22:
16. ex (sin x + cos x)

Sol. Herel = J e’ (sin x + cos x) dx

It is of the form [ e [f (x) + f'(x)] dx
Let us take f (x) = sin x so that f'(x) = cos x
I=exf(x)+1;= x sin x + c.
2T e (60 + F100) dv= e £ + cTJ

X ex
(1+ x)?

17.

xex x+1) -1

Sol. Herel = ,[(X+1)2 dxzj x+1)2 ¢ dx

X +1 1 —| 2 1 -1 —|
) J ¢ [(;(Jrl)z _(x+1)2| dx=J. € [x+1+(x+1)z| dx

L ] L ]
It is of the form [ € [f(x) + f'(x)] dx

1
Let us take f(x) = :1 so that f'(x) = 4 [(x + 1)1

dx
-1
(x+1)2

:—(X+1)_2:

A l=e f(x) +c= e+ -+ L] e (F) + () dx=ex £(x) + ]
X

(1+sin x)

18. € | 14 cos x/

<

1 + sin x 1+ 2sin “ cos
_ x T _ X 2 2
Sol. Here I = _[e "1+ cos x dx = Ie . ~ dx
2cos“
2
[ 2 sin X cos X-’ (1 X x)
=_[e". 1 L2 2" gy= ex Tsecz” +tan " dx

| . [ 1 2 2)

_ (| 2cos2% 2Zg\psz |
= e [can +2 sec %Ul*jT

[ Academy
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It is of the form J

Let us take f(x) = tan X

2

 I=exf(x) +c=extan

Chapter 7 - Integrals

€ [f )+ f(x)] dx

so that f'(x) = 1 e %

2 2

X
+ C.

[ [ e (F)+ £(x)) dx=e f(x)+ c]
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|, 1 1)
19. & |7 -

Lx x?%
1 1) J
x x2) X

It is of the form J- e (f(x)+ f'(x)) dx

Sol. Letl = Ie(

Here f() = * =x ' and s0f'()=(-1)x2= 7
X .

[=exf(x) +c [. JTex(fx) +f' ()] dx=exf(x)+c

X

= ex +Cc= — +C.
X
X
(x-3)ex
20. " Thys
(x—3)ex x-1)-2

Sol. Herel = j (x-1)} dx=j (x— 1)’ ex dx

=IeX||— X_13_ ; 3—|| dx:-[eXII— ] 2+ - 3—|dx
L(?(—1) -1 (x-1)2 (x-1)
It is of the form _[ e [f(x) + f'(x)] dx
L ki . —1— ' 4 1) 2
et us take f(x) = x 1) so that f'(x) = . [x-1)1]
e
S A
X e*
I=e f(x) +c= (X—l)z + .

[ [ e (F0) + f1(x)) dx=ex f(xﬂJ

Note. Rule to evaluate J. eax sin bx dx or I eax cos bx dx

Let] = J- e sin bx dx or _[ e cos bx dx
I 11

I I1
Integrate twice by pr@%ﬂ:ﬁgﬂﬁ transpose term containing I

Call Now For Live Training 93100-87900
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21. e2x sin x

Sol. Letl = j e2x sin x dx ..(1)
I 1II
[d |
Applying Product Rule: I II dx - I (M I Idx  dx
[ ||_a§< |J
= I =ex (- cos x) - j e2 .2 .(-cos x) dx
[ d d ]

T e =e2x T (2X) = 2ex
Ll dx dx |J
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= I =-eXxcosx+ 2 J e cos x dx
I I1
Again Applying Product Rule:
[=-e2xcosx+ 2 [eZX sinx—j 2 ex sinxdx]
= I =-excosx+ 2exsinx -4 j e2x sin x dx
= [ =ex (- cos x + 2 sin x) - 4I [By (1]

Transposing - 41 to L.H.S,; 51 = e2x (2 sin x - cos x)
2x

5

(2 sin x - cos x) + ¢

I (:_[ e“sinxdx) = ¢

Remark: The above question can also be done as:
Applying Product Rule: taking sin x as first function and e2x as
second function.

L _2x \
PR
22. sin h*_ kf
Sol. Put x = tan 0. Differentiating both sides dx = sec?0 do.

(_2tan0 )
'fsin’1 |k1+sz dx = _[sm 1 \\1+tan26J . sec? 6 do

_[ sin-1 (sin 20) . sec? 0 dO = _[ 20sec20 do

=2 _[ 0 sec? 0 do
I II
Applying product rule

=2[0.tan 0~ [1.tan 0 d6] =2 [0 tan 6 - [ tan O do]

= 2 [0 tan 6 - log sec 0] + ¢

2tan"'x.x-log J1+x*] +c

[ secH = \/1+tan26 = \/1+x2]

1
2 rx tan"lx— " log (1+ xz)—| +c
! 2 |
= 2x tan” 'x - log (1 + x2) + c.
Choose the correct answer in Exercises 23 and 24.

23. I X2 ex dx equals
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1 ex2 + C
(B) 3
ex3 + ex2 + C
c 2

1
(D)

3 l 3
Sol. Letl= [ x2e’ dx= [ et (3x2) dx |—'.' 4 3 =3x2—| (D)
3 |L dx |J

Put x3 = t. Therefore 3x2 =;(. Therefore 3x2 dx = dt




Class 12 Chapter 7 - Integrals

1
From (i), 1=, Jet dt=§ et + C

1
Putting ¢ = x3, = 3 ex3 + C

Option (B) is the correct answer.

24. I ex sec x (1 + tan x) dx equals

(A) excos x + C (B) exsecx + C
(C) exsinx + C (D) extan x + C

Sol. Letl = _[ex sec x (1 + tan x) dx = jex (sec x + sec x tan x) dx

It is of the form [ e (f(x) + f'(x)) dx

Here f(x) = sec x and so f'(x) = sec x tan x

[=ef(x) +C I e (f(x) + f'(x)) dx =¥ f(x) + C|
L i

=exsecx +C
Option (B) is the correct answer.
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Exercise 7.7

I. Rule to evaluate j JPure Quadratic dx, i.e.,
_[ Jax? +b dx.

Apply directly one of these formulae according to form of

integrand:
X 2 X
L[ Ja—x> dx=" [ o+ % sint?
_[ , Vai-x 5

a
2

Z,J‘lxz_,_az dxzj\/m+a?logjx+lxz+az

s fa =¥ e - g [

I Rule to evaluate j vQuadratic gy, ie., j yax? + bx + ¢ dx

Step I. Make coefficient of x2 unity by taking | a | common.
I?l?w complete t\he squares by adding and subtracting
= Coefficient of x

I} -

Now applying one of the above three formulae (according to the
form of the integrand) will give value of required integral.
Integrate the functions in Exercises 1 to 9:

1. \4-x2
Sol. _[\/4—)(2 dx = J-\/22—x2 dx

22

= + 1

X
2 _ 2 — sin~ +
2 X 2 2 c
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X a? . xl
dx = + sin~!

r
L J-\/m R az - x? - 04

>4 ]
:2 4—x2 +2sin"t X

+c
2
2. \J1-4x2
J1-—4x? V12 = (2x)?
sol. | dx= | dx
2
(2x) - - +isin‘1 (2x)
2 Vi -2 |\1|)+C
- 2[— Coefficient of x ip 2x e X
dx=" +  sint1 T

) ;{X /—1_4X2+1Sm_12_><1|+c: X\1-ax+ 1 >
2
3. yx2+4x+6 2 1] 2 4

Sol. j\/x2+4x+6 dx

Coefficient of x? ﬁ's unity. So let u\szcomplete squares by adding

1
= Coefficient of x 2
and subtracting |K2 |) =2

= I\/x2+4x+4+6—4 dx = I\/(X+2)2+2 dx

=I dx = [ x+2)

2)2 \52
2" U 2 |) \/(x+2)2+(\/§)2
2
LJZ) Iog‘ X+2+(x+2)% + (2)?

2
[ X a*
L I 2+ 2 dx=" Jx2 4+ g2 + —log|x+ /X2+azl—l
2 2 I
(x +2)
= 2 VX2 +4+4x+2

+C

NX2+4+4x+2

2
+2|og|x+2+ | +¢c

®CUET

Academy
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2
)

+ lo |x \+c. 2
2 _ 8 Fx22+¥4x+6 VX2 +4x+6

| | \/m J2+ax+22+1-4

dx

dx =
\2

We have added and subtracted (1 coefficient of x ' = 22
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= [Jx+22-3 ax= [ Jx+22 - W37 ax

[ x+2)
Jx+2)2 - (f3)2

o)
(B /
. log | X+2+(x+2)? - (J3)2
2
] J' X2 - a2 f X2 — g2 i X a—|
. =2 - -
L_ 5 logl + IJ
~ (x+2) -3 o0 | X+2+ te
= = log f
I J \/x2+4x+1 X2+ 4x+1
[ @2 - (B3)2=xX+4x+4 - 3=x +4x+ 1]

5. _[ J1-4x - x?

Sol. dx = d

Making coefficient of x* unity

J' — (X2 +4x-1)

(Note. You can’ t take this (=) signout of this bracket because square
root of - 1is imaginary)

=[N0t ax+22-4-1) dx= [ -[(x+272-5] dx
= [VB-(x+22 dx = [ JWB)* - (x+ 2 dx

X+2 o (x+2)
R L A A,
= 5 5 sin WA
{ j\/aﬂ—iﬂax=;\/az‘xz+a -1X}
a
X+2 +§sin" (x+2) 4,

2 V1 —4x — x2 2 ‘\f |)

[ (fB)? - x+2)?=5- (" +4+4x)
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_[ dx = _[ dx

Sol.

,J‘,/x+2 -9 dX7J.1/X+2)2 32 dx

( x+2)

log

J'\/xz a2 XZ ,/ *Iogl +/ aZIJ
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9
_(x+2) - " log x+2+ +
- | | x2+4x -5
U2 Y

7. 1+ 3x- x2
A1+ 3x—Xx?

sol. | dx= | dx

V= x2+3x+1
= J‘\/—(xz—Bx—l) dx

2 32 9 T 37 131
= j\/ﬂx *3“(5) _Z_l]_d“j\/ L( Eb 4

[ (x+22=32=x2+4x+4 -9 =x2+ 4x — 5]

\ L2
(-3} [ () =) | 21
2, V&2 2) 2 ) gt Y13 ae
2] ) D |
C )
' / [ X a’

(2x - 3) 13 (2)(2_—3\+C 2 al
- 4 y \/1+3x—x2 * g lk\/ﬁ ')

SR DTS

- | | —\\X— = _|\X + = 3x|

| L2 2 4 s )

:E—xz——+3x:1+3x—x2

W

8. s ax
«@gyagg ny

Call Now For Live Training 93100-87900




Class 12
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\ Jx +ax—5 ‘

R R
]
dx
-2 D e (|
T k. o _—

L J X —a dx=, x —a =, loglx+ x —alJ
2 2
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2x+3 2 1 x+§+ +
= og c
4 AX + 3x- - VX' + 3x
I G S ]
X+~ — - =X +3x+ " -"=Xx+3
|L|'|K o) o) 4 4 I
9 1+£
9
1
sol. | ax= | dx = | | dx
X 9+x X+ 3 A
1+3 5 X + 3%
1|—)_( - + log, x+ 3W
_I_ X +3 — \/x2+32_|+
- 3 | 2 |— 2 % Caz
| dx=" + log|x+
e T )
_x 3
T 6 yX+9 + o loglx+ Jx'+9 l+e
Choose the correct answer in Exercises 10 to 11:
10. I \J1+ X2 dx is equal to
X 1
(A) 2 1+ x2 log ‘(’“‘ 1+x2) +C
+
2 2
+ x2 + X + X2 +
® ;@ 32 4+ C Q) 5 1 32y C
2 + 1 ‘ \'1+X2
X
(D) > 1+ x2 x2 log X+ + C.
J1+ %
sol. | dx= | dx
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2 o log | x+ f@—khc.
11. J \JX2 -8x+7 dxis equal to
1
(A) ; (x-4) x2 -8x+7 +9log ‘ X-4++X2-8x+7 ‘ +C
1
(B) , (x+4) Jxz-8x+7 +9log ‘ X+4+X? - 8x+7 ‘ +C

1 \ m\
(© 5 (x-4) Jx2 -8x+7 -3y2 log X-4+ e

1 “9 J \X2 -8x+7
(D)_Z(X'4) VX2 -8x+7 log X-4+ ‘ +C.
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sol. | dx= | dx
JX —8x+17 JX —8x+4% —16+7
:I\/(X—4)2—9 dx:I\/(X—4)2—32 dx
7(X—4\ 32 log|x-4+ |+C
- 0y ) Jx-a7 -3 - o (x-4)7° -3

[ 2 ]
L J.\/XZ - a dx= - 20 loglx+JX - aZ\J
X 2 2
—Jx' - d —

2
9
R 1L R R TP

U ol 2
[ (x-4" -3 =X -8+16-9=X - 8x+7]
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Exercise 7.8

Definition of definite integral as the limit of a sum:

b

[, ) dx= Lt hif(a) + f(a+h) +f(a+ 2h)

noo

S + f(a + (n-1) h)]

where nh=b-a
Note. The series within brackets represents the sum of n
terms.
Evaluate the following definite integrals as limit of sums:

1. I:x dx

b b
Sol. Step I. Comparing L X dx with ja f(x) dx we have

a=a b=>band f(x) =x (D
S nh=b-a=>b-a
Step II. Putting x = a, a + h, a + 2h,........ ,a+ (n-1) hin (i), we

have f(a) = a, f(a + h) = a + h,
f(a + 2h) = a + 2h,....., f(a+(n-1)h)=a + (n - 1)h
Step III. Putting these values in

b
[ F@) dx= Lt h[f(a) +f(a+h)+f(a+2h)
L + f(a + (n - 1)h)]

where nh = b - a, we have

b

I xdx = Lt hla+ (a+h)+(a+2h) +... +(a+ (n-1)h)]
a h—0

where nh = b - a

= Lt -
W h[na + h(1 + 2 + 3 +....... + (n-1)]

n—o

@gya%’gmy
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nn-1)]
= Lt ranh+hhn|n_1|—||—'.' 1+2+3+...... +(n-1)=

05 | 2 I 2
= Lt Fanmm[wﬂ
h—0 ||_ 2 |J

Step IV. Putting nh =b —aq,

= Lt T g, b=alb-a=n]

h—0 |L 2 |J

Step V. Taking Limits as h — 0 (ie, putting h = 0 here)
(b=—a)(b-a)
=a(b - a) + =4

= (b - a) |—a+b—a—| =(-a) [2a+b-ad]

|L 2 |J L| 2 |J
_ (b=a)(b+a) =b2—az_
2 2

5
2. [, (x+1)dx
Sol. Step I. Comparing IS (x+1) dx with J': f(x) dx, we have
0
a=0,b=5and f(x) =x+1 (D
nh=b-a=5-0-=5.
Step II. Puttingx =a, a + h, a + 2h, .....,a + (n - 1)h in (i), we have
fl@=f0)=0+1=1f(a+h)=f(h)=h+1,
f(a + 2h) = f(2h) = 2h + 1, ... ,
fla+n-1h)=f((n-1h)=n-1)h + 1.

Step III. Putting these values in
b

[ fx)ax = Lt h[f(a) + f(a+ ) + f(a + 2h)

o L + f(a + (n - 1)h)], we have
jj (+1) dx= Lt h[1+(h+ 1)+ (2h+1)+

n—»ow

......... +[(n-1)h +1)]

nln + n + + i |—
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h—0
n—ow

h—0
n—ow

-

I

nh +

Chapter 7 - Integrals

h=0 ||_ 2 U

n—o

|— 1+2+3+..... Jr(n—l):ﬂ(n—_ll—|

IL 2 ]
(nh)(nh —h) |
2
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Step IV. Putting nh =5, = Lt |—5 + 5(5 - h]—|.
h—0 ||_ 2 U
Step V. Taking limits as h — 0 (i.e, putting h = 0 here)
5(5-0) 25 10 + 25 35

:5 = = = .
T >t 2 2

3. [ x d

2
Sol. Step L. Comparing j% X" dx with Lh f(x), we have

a=2b=3and f(x) = x2 (1)
~ nh=b-a=3-2-=1.
Step II. Putting x = a, a + h, a + 2h,........ ,a+ (n-1)hin (i), we
have

fla)=f(2)=2*=4
fla+h)=f(2+h)=(2+h)?>=4+4h + h?
f(a +2h) = f(2 + 2h) = (2 + 2h)® = 4 + 8h + 2%h2
fla+@-1h)=f(2+@-1h)=(2+(n- 1)h)?
=4+ 4(n - 1)h + (n - 1)%h2.
Steg III. Putting these values in
[ f@)dx = Lt hif(a)+f(a+ h)+f(a+2h)

h—0
n— «

L - + f (a + (n - 1)h)]
where nh = 1, we have

3
[, ¥ dx= Lt R[4+ (4+4h+h2) + (4 + 8h + 22?)
h—>0

n—oo

S + (4 + 4 - Dh + (n - 1)%h2)]

= hl;to h[4n + 4h(1 + 2 +........ +(n-1)) + h2 (1% + 29)]

n—ow
L + (n - 1)9]
- _ _ _
Lt Tynp 4 gpp 20=1)  ppy 2 =DC2n=1)
B0 \
e | 2 6

nn-1)

.. 1+2+..+(n-1) =

and 12 + 22 + ...
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h>0 [ 2 6 ‘J

n—ow

Step IV. Putting nh = 1;
= Lt [y, p0-py, A=N2=NT

noo I 6 |




Sol.

Class 12 Chapter 7 - Integrals

Step V. Taking limits as h — 0 (i.e, putting h = 0 here)

—av20-0)+ 2B 264 _ 19
6 3 3

. J: (x2 - x) dx

4 b
Step 1. Comparing Jl (x2 — x) dx with Ia f(x) dx,

we have

a=1,b=4, f(x) =x2-x ()
nh=b-a=4-1=3.
Step II. Putting x =a, a + h, a + 2h,...... a+(n-1)hin (i),
fl@=f1)=1*-1=1-1=0
fla+h) =f( +h)=(1+h)*-(1+h)
1+h2+2h-1-h=h+ h2
f(1 +2h) = (1 + 2h)* - (1 + 2h)
=1+ 4h2+ 4h -1 - 2h

fla + 2h)

= 2h + 4h2

fla+(n-1h)=(1+[n-1h)’- (1 + (n-1h)

1+Mm-1)°h+2(n-1Dh-1-(1n-1)h
=(n - 1h + (n - 1)*h2

Step Ibll. Putting these values in

ja f)dx = Lt hif(a) + f(a+ h) + f(a+ 2h)

n— o
L — + f(a + (n - 1)h)]
we have
4
Jie2-0 dx= %% h{o+h o+ h2+2h + 4n2
n—soo
S + (n-1)h + (n - 1)%h?)
= h[;to h[h(1 + 2 + ...... +(n-1)) +h2(1%+ 2% 4.t (n- 1)?)]
n—»wx

_ (n—-1) (n-1)2n-1)

ho Ty =1y n=1)2n=1]
Lt0| |
n

e | 2 6 ]

= s Fnh (nh=h) , (nh)(nh = h)(2nh - n1

Lt ] |
nod 2 6 |
Step IV. Putting nh ﬁ gyaET
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noo 1|2 6 ]
Step V. Taking limits as h — 0 (Putting 2 = 0 here)

9
_3B=0 , 3B3-0(6-0 2, 9. 27

2 6 2 2
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5. [ e dx

1 b
Sol. Step I. Comparing _[71 € dx with I f(x) dx, we have

a
a=-1b=1and f(x) = e (1)
nh=b-a=1-(-1)=2.
Step II. Putting x = a, a + h, a + 2h,........ ,a+(n-1)hin (i), we
have
fl@=f-1)=e?
fla+h)=f(-1+h)=e 1+th=e1 ¢h
fla+2h)=f(-1+2h)=e 1+2h =e-1_ g2h

fla+(m-Dh)=f(-1+n-1)h)=e1+0-Dh=e-lew-Dh
Step III. Putting these values in
b
fa fx) dx = WLt hif(a) + f(a + h) + f(a + 2h)

n— «

FR— + f(a + (n - 1)h)],

we have

1
J.-1 € dx= Lt hlel+elel+elet+ .  +eleln-1]

h—0

n—»owo

} o Lemn-1] >

= Lt he ['" The series within brackets
h—0 eh —1

n—sowo

is a G.P. series with First term A = e-1 and common ratio R = eh,

Rr —1) 1
Number of terms is n and S, of G.P. = A 7( )
R-1 |-
1 -1 (enh-1) |
=I,1e dx= Lt he
h— 0
n—o eh —1 '
ez -1
Step IV. Putting nh =2,= Lt he!
h—>0 eh_l
h [ x 1

2671(32—1) h];to eh —1 =e’1(€2—1)><1|"' XEt() ex_lzlj

®CUET
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L

z—el+2_el=zel-el=zeg-eL

4 2
6. Io (x + ezx) dx

4 b
Sol. Step I. Comparing Jo (x + e2) dx with faf(x) dx, we have

a=0,b=4and f(x) = x + ex (1)
nh=b-a=4-0-=4.

Step II. Putting x =a, a + h, a + 2h,......., a+ (n-1)hin (i), we have
f@=f(0)=0+e0 =1
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fla+h)=f(h)=h + e?
f(a + 2h) = f(2h) = 2h + e*h

f(la+ (n-1h) =f((n-1)h) = (- 1)h + e2lr - DA,
Step III. Putting these values in
b
[ofeadx = pe hIf@ +fa+h) +f(a+2h)

n— «

R + f(a + (n - 1)h)],
we have

4
J‘O X+ ez") dx - nkb h[1 + (h + e?h) + (2h + e%) + ...
n—ow

((n = 1)h + e2tn - 0n)]
(G.P. series: A=1, R =e?h, n =n)

- hEt 2h  4h 2(n - 1)h
0 h[(h+2h+.+(n-1)h)+(1+e +e +..+e )]
n—o
[ (R =1
= Lt hlh(@+2+.... +mm-1))+A R_-1
h— & =
I ]
e | nn=1) 10" -1)]
= h>0 h|h +
n—ow ||_ 2 e2h — 1 J
_ Lt [ nh(nh—h) , e — 1l
- Ed
" 0 ‘L 2 ezh —1 |
Step IV. Putting nh = 4, = Lt [4(4—h) , hees - 1
h—0 L 2 e?h —1 |
Step V. Taking limits as h — 0 |

4(4-0) 4+ (es8-1) Lt =8+ (e8-1) 1 Lt 2

2 h—>0 g2n —1 2 h=>0 oon _1
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Exercise 7.9
Evaluate the definite integrals in Exercises 1 to 11:

Result. If | f(x) dx=¢(x), then [ f(x) dx=0(b) - d(@) -.()

a
(This is known as Second Fundamental Theorem).

1], (x+1) ax

-1
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1
Sol. ! (x+1) dx = &i+g = 6(b) - 6(a)
-1

I

(By Second Fundamental Theorem given in Eqn. (i) page 496)
(12 ) (12 ) 1 (1 )

2 Yol Y=, 1o,y

1 1
= +1 - +1=2.
2 2

Remark. [Constant ¢ will never occur in the value of a definite
integral because c in the value of ¢(b) gets cancelled with c in
¢(a)1 when we subtract them to get ¢(b) - d(a)]-
3
2. _[ T odx
2Xx

Sol. J3l dx = (log |1 x1)> = ¢(b) - ¢(a) = log | 3 | ~log | 2 |

2 x 2
3
=log 3 - log 2 = log "~ . [ |x | =xif x> 0]
2
3. If(4x3—5x2+6x+9) dx
2l 3 2 [ xt 3 ¥ \ 2
Sol. L (4x -5x +6x+9) dx= |4 -5 _ 46 +9XJ
( 5 ye o U4 3 2 1
x* — 7 x3 +3x2 + 9x
:|k |
3 ),
= |—24—5(2)3+3(2)2+9(2)—| = r1—5+3+91
' Pdrs
=\(16—®+12+18\—(13—5\
\ 3 Jlc 5
=46—ﬂ—(13—5\=46—ﬂ—13+5
LY, 3 3
=33 - 40 | 5 - 99-40+5 104-40 o6
3 3 3 3 '

T
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Sol. jg sin 2x dx = |k 2 J4 ]
0

=0

2

ol

2_

2

(=1 =0+t =

|K2

Chapter 7 - Integrals
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5. JZ cos 2x dx
0

Sol. % cos2x dx= (sim2x)2 _ s _ sin.0
o vz b, 2 2
= - =
[~ sin © = sin 180° = sin (180° - 0°) = sin 0 = 0]
5
6. [, e dx
5 4 5
Sol. Le dx:(ex)4 =e5-et=¢et(e-1)

il

7. J4 tan x dx

Sol.

®
—
- RN

Sol.

=]

il

£}

& tan xdx = (log| sec x [)4

= log

n
SeCZ‘ -log Iseco | =log | 2 [-logl1]|

1
= log /2 —log1=log21/2—0=510g2.

cosecx dx

A

T

J: cosecx dx = (log | cosec x - cot x ) %
6 6
I tﬂ cosecE cotE
_ cosec — —co _ -
= log 4‘ log 6 6
(2 -1)
=log| y2 -11-logl2-y3 |
=log (V2 - 1) - log (2 - +/3) [ | x| =xifx>0]
=log |\ 1
2 (ARCUET dx
de

1 dx
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3l v
1 - [
«/1—){2§T Jaz — x2
N o |
Sol. .[0 _ (sin’lx) I_ J‘ dx =sin 2l
T [ n .
=sin'1-sin"!0= -0=". "0 sinT=1landsin0=0
2 2 |L 2 U
1 dx

0. Jo 752
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Jl dx 11 [ 1 ,.-1 x|
Sol. "01+x2 = (tan X) | I X2 + a? tan |
0 a a
L i
i i
=tan"'1-tan 10 = -0=
4 4
|— tanEzlandtanO:O—|
LI )
3 dx
1. |, 1
3 1 3 1
Sol. _[2 w21 dx= ,[2 212 dx
3
_|(_1 Ic X—_1\||—|-.-J s dx:llog &
=2 x+1 5[ x2 - a2 2a x+a
1 2—-u4) 1 Z—1 1 1
_ " log - log =" log [1| T log |1
2 3+1 2 2+1 2 2 2 3
1 1
= 1 (log_—log_\ [ |x|=xifx20]
2|K 2 3)
[ (1]
| |
1 |log||—2||| 1 3
= l = log

|
2 | L3 I 2
Evaluate the definite integrals in Exercises 12 to 20:
2 rpc?
12. _[0 cos“x dx

Sol. Jé cos’x dx = J.%I 1+ cos 2x dx = J'

5 (1 + cos 2x) dx

N =

1 = 1 ( sin2x\?%
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i
= . [ sin = = sin 180° = sin (180° - 0°) = sin 0 = 0]
3" x dx

13. JZ

Xz +1

3_X dx= 1 _2x
Sol. J‘ j dx

2 x2+1 2 2 x24+1 '
=" log|x2+1|3. |—,_ Ide=10g|f(X)|—|
2 ). T |

L ]

(Here f(x) = x2+ 1 and f'(x) = 2x)




Class 12
1 1
=5 (log 10| -log |50 = 5 (log 10 - log 5)
1 10 1
=5 log 5 log 2.
-2
14. j1w dx
0 5x2 +1
1.2x+3 1f_2X 3
— - —+ -
Sol. '[0 5x2 +1 dx = j°k5x2+1 5x2+1j dx
IO 5x2+1 depg '[0 5x2+1
.k 10X gy s 3J1—dx
5 05x2+1 0(\/;)2+12 1
( (_5x))
ktan‘ll J_ ||
1 1
- (logI5x + 11 +3. \ " s
/5 - Coefficient of x
5 1
B jimdx:bglf(x)land s
f(x) X% + a2
L
_ 1 i = il =l
=5 (log 6 - log 1) + NG (tan - tan” * 0)
5
1
= . log6+ tan-! 5.
5 3 a
J5
1 2
15. Io X ex  dx
2
Sol. To evaluate J; xer dx

2
Let us first evaluate _[ xeX dx

Chapter 7 - Integrals

~Lan 5]

X1

a




Class 12 Chapter 7 - Integrals

2x dx = dt
Put x2 = t. Therefore 2x =

dt
dx

1 1
= t =
From (i), _[Xe"2 dx - ) J'e dt _ 5 et

. 1 2
Putting ¢t = x2, = 5 &

1 X2 dx l X2 1
The given integral jo Xe =5 (e )0

(e-1).

N =

l1 0
=2(e—e)—

(i)
[By (i)]
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Note. Please note that limits 0 and 1 specified in the given
integral are limits for x.

Therefore after substituting x2 = t and evaluating the integral, we

b
must put back ¢ = x2 and only then use Ia f(x) dx = ¢(b) - ¢(a).

Remark. In the next Exercise 7.10 we shall also learn to change the
limits of integration from values of x to values of ¢ and thenwe
may use our discretion even here also.

2
16. Jz L dx
T x2+4x+3
2
sol. [ 2 52 ax= | 5x ()
1y2414x+3 1 (x+1)(x+3)

[ x2+4x +3 =x2+3x+x+3
=x(x+3) + 1(x +3) = (x + 1 )(x + 3)]

5x?
The integrand X+ 1)x+3) is a rational function and degree of

numerator = degree of denominator.
So let us apply long division.
(x + 1)(x +3) = x2 + 4x + 3 ) 5x2 (5
5x2 + 20x + 15

-20x - 15

5x2 (=20x — 15)
(x+1)(x+3) . (x+1)(x+3)

Putting this value in (i),

2 5x? 2(5+(—20x—15)\

Jl X+ ax+3 X7 Il |\ (x+1)(x+3))| dx

2 2 —20x-15 )
=[5 ax+], e 1)xr3) =500 +1

=52-1)+I=5+1I ..(i)
2 _—20x-15
1 (x+1)(x+3)

where I = _[




Class 12 Chapter 7 - Integrals

(Partial Fractions)
Multiplying both sides by L.C.M. = (x + 1)(x + 3),
-20x-15=A(x +3) + B(x + 1)
=Ax+3A+Bx+B
Comparing coefficients of x and constant terms on both
sides, we have
Coefficients of x: A+ B = - 20 -(iv)
Constant terms: 3A + B =- 15 (V)

Call Now For Live Training 93100-87900




Class 12 Chapter 7 - Integrals

Subtracting (iv) and (v), - 2A = - 5. Therefore A =
5 5 5
Putting A = in (iv), +B=-20 = B=-20-
2 2 2

o Ut

or B = 2 =

N

Putting these values of A and B in (iii),

4
—20x-15 2 42
=_2 __2
(x+1)x+3) x+1 x+3
45 ;2_1
]:J‘Zde =§J‘2_1 dX—_I dx
I x+1)(x+3) 2 1x+1 2 1 x+3
5 2 45 2
=3 (loglx+1])] - > (log|x+31);
5 ,og|3]-log|2]) - =
= 5 (log|5]-1log|4])
“lc 3 45 5 _
=, 2 5 Ty [ x| =xifx>0]
= 5 (log3—910g5\
2 |\ 2 4|}
Putting this value of Lin (ii
, kf‘logh_gloga\ 5 (g 10g % _ 1og 3
J1X2+4X+3 dx=5+2 , 4J=5—2|k . 2|}

n

17. _[3 (2sec’x +x3 +2) dx

, L
Sol. Jg (2sec’ x+x3 + 2) dx=2f‘5 Sec X dx + .[;X3 dX+2.[31 dx

n

2 (tanx)* + (ﬁ\r} + 2(x)%

0 4 0
k JO(E\‘*

(= 3
=2 tan~ —tan 0 + #_0+2 (E—O\
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4

T
_ -( } =2+
_2;1-0)+ ) \+4 T0oE g
18. " sinZX—cosZK dx
Ll 2 4)
n(. 2 X ZX\\ |' "|
Sol. sin2 © - cos | dx= *l(l=cosx) (1+cosx)

dx

Y T A N S U |
L

J
1+ cos 20)
- sin20= 1-cos20 and cos20=

\ 2 2 )
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n(l-cosx—1-cosx) gy = J-n—2cosx dx

Jok 2 |j 0 2

—J'ncosx dx = - (sin x)" = - (sin n - sin 0) = - (0 - 0) = 0.

0 0
[" sinm = sin 180° = sin (180° - 0) = sin 0 = 0]
10. J‘26x+3 dx
0 x2+4
2 6x+3 - (2 _6 P |
Sol. J‘ dx J _6x dx+3 J‘ ——ix
0 x2+4 0 x2 +4 0 x2+4
2 _2x 1 (tan-l x)\2
=3fy paa @300

2 3 . _
3 (log|x2+4|)0 + % (tan"'1 - tan" ! 0)

[ f'(x) 1
| [7A() @ =logl fi9]and dx L tan 1 1|
f J, X2 + a2 a
L |
a
=3 (log 8 - log 4) + = (T [ fan 1]
R B S
8 3m 3n
=3 log ~ + =3log2 +
4 8 8
20. 1! (x ex + sin X ) dx
Jol 4
J xex + sin nx) leex Il sin ™% dx
Sol dx = dx +
y 4 0111 o 4
Applying Product R (°F firs defil}ite integral,
?1 11 dle - lﬁﬁfx dx
g7 Academy

0

Call Now For Live Trainina 93100-87900
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( .mx)1
1 1 |cos |
= (xex) -J 1.eX dx-— \ 4 Y,
0 0 E — Coefficient of xin X
4 4
=el-0-1e dx- il—cosE—coso—|=e_ (eX)l_ 4 ( 1 _1\
N
IO TE||_ 4 |J 0 x L J
:e—(e_eo)_ + i
2 T
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21.

Sol.

22.

Sol.

Choose the correct answer in Exercises 21 and 22:

¥3 _dx
J equals
1 1+ x2

(A - (B) 22 © = M) Z
3 3 6 12
V3 _dx, - tan’lxﬁzt -1 —tan" '1
J‘ _SL s ( ) an 5 an
1 1+x 1
- _E |— tanE: andtanﬂzl—|
J3
3 4 |L 3 4 U
B 4n— 3% I
- 12 T 12
Option (D) is the correct answer.
§ dx
1
0 44 9x2 AU
s n i n
@) B 4, © ,, ® ,
2__dx 2 r tan-1 3X 1
J, 2 ] _dx - IL%_a_—Lch.fﬁae.n,tZoLx_m_z,xJ'
0 449x = ¢ (3x)2 + 22
17 xlz 1T 4320 1
= | tan~1 |3 _ [tan” | x |-tan O]
6 | 2]o 6L \2 3) ]
1 1
= (tan!1-tan"10)=" (E—O\ .z
6 6 lla ')r 24 :
"~ tanE=1andtan 0=0
‘L 4

Option (C) is the correct answer.

)
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Exercise 7.10
Evaluate the integrals in Exercises 1 to 8 using substitution:
1 x

1. Jo xZ+1 dx

X l_[l 2X

1
Sol. Let1= |[ de=" [
X= +

0 x2+1
2

Put x2 + 1 = t. Therefore 2x =f = 2x dx = dt.
X

To change the limits of integration from values of x to
values of t.

..(0)

Whenx=0,t=0+1=1
Whenx=1,t=1+1c=12
12 dt 1 1
From (i), I = _J = " (log|t])® = “(ogl2l-logl1)
2 1t 2 1 2

@gya%’gmy
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-*a log )=~ q -1
=, (log 2 - ogl)—2 (log 2 — 0) = R og 2.

2. J‘%; Jsin ¢ cos®$ do
.[7 \/sin ¢
Sol. LetI = "2 cos® ¢ dd (D)
V]
Put sin ¢ = t.
("." one factor of integrand is cos® ¢§ where n = 5 is odd.)
dt
. cos ¢ = % ie, cos ¢ do = dt.
To change the limits of integration from ¢ to t
When ¢ = 0, t = sin ¢ = sin 0 = 0
T i

When¢=2—,t=sin¢=sin =1

Now Integrand +/SIN¢ cos5 ¢ = /SIN¢ cos* ¢ cos ¢

= /sin¢ (cos® §)® cos ¢ = sin¢ (1 — sin® ¢) cos ¢

From (i), I = 2 Jsin ¢ (1-sin® ¢)* cos ¢ do

= Jl Jt( -2 de= jl t/2 (1+ ¢+ — 2t2) dt
o]

J.l(ﬁ é+4 2é+2)0

= t +t —t dt = J'l (/2 + 972 _ of5/2) dt
)

0

= [/ de+ [ 0% de—2f w2 ar

0
(@2)  (er2) (o)
[9)

o [
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231 _ 106 —132 B 64
231 T 231°
1, _1( 2X )
3. | sin | dx
0 k1+ xzj
Sol. LetI = Il Sinfl( 2x ) dx (D
0 (1+x* )
dx
Put x = tan 0. =sec’0 = dx =sec® 0 db

do




Sol.
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To change the limits of integration
Whenx=o0,tan 0 =0 =tano = 0 =0

n n
When x = 1, tan 6 = 1 = tan :6:4
zf —1(Lne \
From (), T = IS‘Lsm |1+ tan?p )| Sec® 0 dO

0
Jé} (sin”* (sin 20)) sec® 90 = .[4 20 sec®6 do

2 _[g 0sec’0 do

I II

lying P t Rule of ti
ovlyigg profye el of nkegistion )
| -[a a a kdx )| |
o o )
=2 |(6.tan0)4~ [4 1.tan6d6—’

o]
T T (’)—‘ ] FE x

=2| tan —o—j4tan6d6| =0l —(logsece)4\

4 4 e T °l
=0 |—E—(log secE—log sec 0\—| =2 FE—(log -log 1)—|

2

4l I |

Y

= —2log2Y? (. log1=0)
? 1 T

= —-2. log2-= — log 2.
2 2 2

J.; X X+2 dx

LetI = Jo2x X+2 dx

Put vLinear =t¢,ie, x+2 =t Thereforex + 2 = t2.
dx

a =2t = dx =2tdt

To change the limits of Integratioi{Z

. 2
Whenx =0, t= ’/\)ﬁ ookt O 1),1:_[

(D
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2 [cx+2= = x=t-2]

=2 [p (e -2) de=2 [z (¢-209) dt
V2
(812 ()2 ] 1 2 ]
2 1T T ca) @ om)- @2,
(5)5 (8)4] s 3
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[1 2 1
o gea o262 @l (o o
T A A RN AN AN
and (V2 )’= V2 .\2 .v2 .2 .2 =442]
r 1 Tee-12 Yol
32_442 16 42 96 —12 = -80+20 2

=2 | =2 | |
5 5 3 3
] 172 . ]
2 16 _ 16
= 6+8Y2)= " 2+ 2)5 (Y2 42 t2)
15 15 15
16.£
= ( + 1).
15 \/5
5 Iz_sm_)(z dx
01+ cos x
T _ sinx T _sinx
2 2 J.2 2 n
Sol. LetI = [ 1+ e dx=—- L+ ol x dx ...(D
dt

Put cos x = t. Therefore — sin x = e sin x dx = dt.

To change the limits of Integration.
i T
When x = 0, t = cos 0 = 1,Whenx=2, t = cos 5 =0

01

From (i), I = — Joi =—I dt
1142, 1¢2 41 (1)
= - tan‘lt) =-(tan*o-tan"*1)=- 0— "
1 |k 4|)
T
|_ tano=0 = tan"'o=oandtan *=1 = tan*11:ﬂ =" .
] 4 4y
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(Making coeff. of x2 numerically unity)
Completlng iguares by adding and subtracting

= coeff of x (1)2 1 2 dx
2 b=l =, =] T2 11 1
T
o GO O\ VR aey ol Iy rra s ey
_||k o) 4| 4_X_) i -l x- |
2 | |

I | L2) U 2)
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|
’ 17 (1) | L —x 2a a-x )
Loe k)

a+Xx

- 1l
1 2 " o)l ] 1 1 lo
= 2 \/7 I " de: 4

2><@ 2
1 {log &M—‘Q
TV L [V —ax sl
_1
1 {1 1 ~log V17 =1
- 17|Log \/E—S V17 +1 d
1 (ﬁﬂxﬁﬂ\ 1 20+4 f7-
Wiz V17 ) iy 17
= F]og | s _1| = log oy
V17

¢ ( +3) (V17 + 1D =17+ Y17 +3V17 +3=20+4v .
Similarly (V17 - 3) (V17 -~ 1) =20 - 4 17)

1 V17
S 45+417) 17 log 717
J g
17 4(-17) 5-
1 (Si\/fzxsﬂ\ 1 5+ f17)2
A (517 54 1y 1= 7005 55
\ .
_ 1 log 2+10\/__Z — L log 21—+5\EZ
V17 8 V17 4
1 dx
7 J'l X2 +2X+5
- dx _ 1 dx
Sol. Let I _[ = .[ (To complete squares)
"1 x2+2x+5 “l1x2+2x+1+4
. ()
“1(x+1)2+ 22
dx

Putx+1==¢ N =1 = dx =dt

CaII Now For L|ve Trammq 93100-87900
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Whenx=-1,t=-1+1=0
Whenx=1,t=1+1=2
21 1 (g 1t)?
From (i), I = _[O 2y o2 dt = 2|K 2|0
[ 1 1 x|
dx tan
’_ Ix2+a2 a aJ
1
= |—tanfl— tan*lg—| (tan " *1 —tan™ ' 0)
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_1 (E_O\ _ I F'.' tanﬂzlandtan0=o—|
2ly ) s LR |
f 2(1__1 |\32x p
i \x 2x )
21 1)
Sol. LetI = .[ - e2x dx (D
1|kX 2X2|)

[Type J' Fx) + g(x) e~ dx. Put ax = t and it will become

[ @ +r£®) e de=e (o]
dt dt

Put2x=¢t .. 2=—"7F7 = 2dx=dt = dx= —_
dx 2

To change the limits of Integration
When x =1, t =2x = 2, When x = 2, t = 2x = 4

L1 1 \| de [ ]
.. From (i),I=_[ | t (t)2! € | 2x=t = x= |
2&2 2k |U| 2 | 2 |

4(2 2) td_t 4; (1_ 1)\ gt

Lol o) Lol o)

) - [ro0ro) e
(Here fO= 1 _ t1 and therefore ffO=Cntz2= -1
\ t e )
(et e e? o4 — og2 e (e2 —2)
oo, (S) L g e e

Choose the correct answer in Exercises 9 and 10.

1(x - )13
9. The value of the integral 13 — dx is
(A) 6 (B) 0 © 3 (D) 4
Sol. LetI = ‘[1 (x — x3)1/3
- Yaq CUET
4 Academ V3

Call Now For Live Trainina 93100-87900
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(x3)1/3 (1 _ 1\1/3 | |
e g e )
- f; xt B x

1 x(x"2—1)1/3

Il
—

T
L X4
-1

I =
2 3

1=t

Put x 2 -

dx =

[z —1s Caxs) g

Chapter 7 - Integrals

1 (x2-1)'/3 3

Jx x

3

dx

..(0)
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Therefore — 2 x-3 = =, = —2x3dx=dt
dx

To change the limits of Integration
(1Y) =

1
Whenx= _,t=x2-1= 1
3 3

381 *-1=3"-1=9-1=8
17?-1=1-1=0

When x = 1, t
¢4/3)°
From (), 1= — [$8/3 gr= > | 2
’ 2 JS t=, 3
I . k—_a Js
=7 .7 [0o-8%]= [- (23)*3] = -29=" x16=6
2 4 8 8 8

. Option (A) is the correct answer.

10. If f(x) = [, tsint dt, then f'(x) is

(B) x sin x

(A) cos x + x sin x
(D) sin x + x cos x

(C) x cos x

X
Sol. f(x) = _[Otsint dt

I II
Applyi?ghProduct Rule of Int%gratbiog .
["1.0ax=(1] mwax) - [" @ [ 11 dx dx
K o adx I

= flx) = (t(—cos t))); - J-Xl(—COSt)dt

(0]
X

=—xcosx—o+[, cost dt = — x cos x + (sint)s
= —XCOS X +sinx — sin 0 = — x cos x + sin x
f'(x) = = (x (- sin x) + (cos x)1) + cos x

= x sin X — COS X + €OS X = X sin x

. Option (B) is the correct answer.
OR
x
fx) = J sin t dt f'(x) = (tsint)
o

[. Derivative operator and integral operator cancel with each
other]

= x sin x — P CURT
Academy
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Exercise 7.11

By using the properties of definite integrals, evaluate the
integrals in Exercises 1 to 6:

s

1. J% cos®x dx
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Sol. LetI = J‘(; cos®x dx (D)
= 2 (E \ .. a a
I= JZCOS | —-Xx| dx [ -[o f(x)dx=jo f(a—x)dx—||
0 l2 ) L J
or I= _[;2 sin®x dx . (i)

Adding Eqns. (i) and (if),

T

2] = . 2 2 dx = . -
'[02 (COS X+ SIn X) -[021 dx = (X)g
I N I z
= 2] = > = = 4.

o JJ/sin x
2, Iz - dx
° /sin x +./cOS X

Sol. LetI = J;‘ sin x dx ()

0 sinx+ CcoOSx

Sin - X

! I
T T R e
sin|k2—x|}+ COS|\2_XD

[ jaf(x) dx=ja fla-x) dx~|
I % 0 ]

I = J A/COS X ()
or = \/R( +\/Slm N

Adding Eqns. (i) and (ii), we have
o] = If( Jsinx  __ Jeosx \| e
J N J J

o| sinx+ cosx cosx+ sinx)

- ) x
= e X ey | dxs 21 dx
o sinx+ cgsx} _[0 1

T T
- CUET =
=2l = (x)3 ~ O@Aca ,eﬁy =




sin3/2 x dx
3/2 3/2
sin x+cos x
z sin3/2 x
3/2
0 sin

3 [*
o

Sol. LetI = _[ 3/2 dx

X + COS X

4

Chapter 7 - Integrals

(D)

Changing x to & x |— Ia f() dx = Ia fla-x) dx—|
2 ||_

(o]

(o]

I
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n sinS/Q(E—x\
ik E \‘|k2 |.}ﬂ Y dx
sind/2" = —x "+ cos3/2" T —x
Ikg IJ ‘kz Ij
z cos3/2 x
= ,[2 3/2 3/2 ..(iD)

0 cos x+sin  x
Adding Eqns. (i) and (i),

T sin3/2 x + cos3/2 x b4 m T T
21=.I.2 3/2 32 dx = 21dX=[X]2= LI =
0 sin  x+c0s X Io o 2 4
b cos5 x dx
4. J“’ sin5x + COS5 x
J‘g COoS5 X
Sol. LetI = 5 5 dx ..(D)
0 sin x+cos(x \
n cosS| E—x|
[¢ srsfa—h2 Pa ) dx
I =)o sin5 —X +cos5 T —Xx
e bl P
. a a —|
I f(x)dx:f f(a—x)dx
I "o 0 ]
Ig sins x 3
or I= 5 5 dx WD

0 cos x+sin x
Adding Eqns. (i) and (ii), we have

u: 5 in5
ol = Jz( COS5 X + S1ns x \dx

0(sin x+cos X €OS x i sin x)

. il g
— of = -[’2—‘ COSSX +SINSX gy = -[21 dx = (X)z

0 sin x+cos x o o
n i
= 2I=2 = 1=

5. fi |x+ 2| dx

5
Sol. LetT= [ Ix+2| dxag 1oy ..
We can evaluate this taghdinyf we can get rid of the

. Call Now For Live Trainina 93100-87900 .




Class 12 Chapter 7 - Integrals

Putting expression within modulus equal to 0, we have
x+2=0, ie, x=—2¢€(-5,5)

5
From (i), I =.[75 |x + 2] dx

= J‘:: |x+2| dx + .|.§2 |x+2]| dx
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|—| jbf(x) dx:jcf(x) dx+fbf(x) dxwherea<c<b—||
|_ a a c J

= I::—(x+2) dx + J‘EQ (x+2) dx

[ On(-5-2),x<—-2 = x+2<0
=>|x+2|=-Kx+2)andon (- 2,5); x> -2
= x+2>0=|x+ 2| =x+ 2,by definition of modulus function]

-2

=—(§+2X| +(T+2X|
\ J-s )2
F(A (4

- 2440 1 +1°)L

__|—_2_5—| |—45 —|=2+ +45+2

L' 2|j |L2 |j 2 2

4)}

50
=4+, =4+25=29

8
6. [, 1x-5| dx
Sol. We know by definition of modulus function, that

X—5 if X—SZO,i.e.,XZS ---(i)
|X—5|— —-(x-5)=5-x, if X<5 ...(i)

Iflx—5| dx = j5|x—5| dx + j8|x_5| dx

2 5

5 8 ( X2\5 ( x2 8
= [ G-%0 dc+ [ (x-5) dx= o o

s b 15 2 ), e Y,

[By (in] [By (D]

_ (25_25\ - (10 - 2) + (32 - 40) —(25—25\

k' 2') ‘kz U

25 25 50

=25- , -8-8- " +25 =34-", =34-25=9

CaII Now For L|ve Trammq 93100 87900
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integrals in Exercises 7 to 11:
. J:x(l —x)n dx

Sol. LetI = jl x(1-x)n dx

. I= JI(I—X) 1-(a-x) dxl—'.'Iaf(x)dx:.faf(al—x)dx—|
0 IL o o ]

or I= J:(l—x) (1 -1+ x)dx
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or I= Jl(l—x) xn dx = jl(x"—x"*l) dx

0 0
(Xn+1 Xn+2\\1 _1 1
= | - | =n+1_n+2_(0_0)
(n+1 n+2jO
_ n+2-n-1 _ 1
T (m+D(m+2) (+Dn+2)
8. [4log(1+tan x) dx
Sol. LetI = J‘é‘ log (1+ tan x) dx ..(D
Changing x to & x r jaf(x) dx=J.af(a—X) dX—'
4 Il o 0 ]
= 1-tan x |

i s
I= J4log||—1+tan| “X|| dx= _[4log|1+ | dx

o L 4 )l o | 1+tanx]

n |
—t
'V tan( —\ n4 R _l-tanx tanx|
M |\4 |) 1+tan * tan x 1+tanxj
4
_ " 1+tanx+1—tanx\| dx
J.éll‘)gk 1+ tan x )
,[410gf 2 ) dx ()
o (1+tan x )
Adding Eqns. (i) and (ii), we have :
x 2 )
2] = I4|10g(1+tanx)+10g| [l dx
ol \1+tan x|
2 T x

x [
_ J'(;t log[(1+tanx) dx = f4 log 2 dx

(1+ tan x)J
T iy

1a

ey CUET
or 2I = (log 2) [x]+ =iy I82dENDividing by 2, I =

Call Now For Live Trainina 93100- 87900
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9. J-:xwlz-x dx

Sol. LetI= J-OZX 2-x dx

-

Iaf(x)dx=jaf(a—x)dx—|
I o o ]
I= I§(2—x) 2-(2-x) dx

Changing x to 2 — x

= Ij (2-x) Vx dx = JQ (2x2 — x3/2) gy
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[ w2 wel® (4 2 )
P N T (R
I s/2 s5/2f, \3 5 )
Vs -
T I L

( 23/2=(21/2)3=(\/_)3= \/5\/5\/5 =2J£
and 252 = (2/2)5 = (V2 )5= 2 V2 V2 Jo =20.4/2

J2

160
=4v2) = e

n

10. Ig (2log sin x — log sin 2x) dx

Sol. Let I = j:/z (21log sin x - log sin 2x) dx

= J‘:/Q (log sin® x — log sin 2x) dx

) )
_ J-n/z log (s]n2 x\ dx - Jan/z log( sin2 x dx

\/\f‘?anxj\dx ° |k2$inxcosx|)

or I= (D)
I e a (M a|72 DT T
log| = tan| | | J. Fx) dx = J- fa- x)dx
[= -[0 \2 ) ||_ U
\ )
or I= * log 1 cot x dx ..(ih)
o e )
Adding Eqns. (p) an, (11),
o] = e Fog = tan x +log(l cot xﬂ dx
L ) )
— o = 2 Jog ' L tan x L cot x\ de- J10‘5 dx =log ~ (x) w2

J, I s ) f, 4 40
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2
s s 2n i
I=-"logg4=-"log2*> =- log2=- " log 2.
4 4 4 2
11. _[__;n sin2x dx
2
Sol. Let I= .[725 sin?x (x or I=2 I;sin2x dx ..(D

2
[ For f(x 2 x, f(— x) = sin® (- x) = (% sin x)? = sin® x = f(x)
) = sin
.. f(x) is an even function of x and hence
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[" feydx =2 f0 dx]

0

= Q(E \ .. a a —|

I=2 _[2sin | —-x| dx ( -[o f(x)dx=.|.0 f(a—x)dX|

o 2 ) L ]

or I =2 .[0; cos®x dx . (i)

Adding Eqns. (i) and (ii), we have
2l = 2 _|‘(2:(sin2 x+cos®x) dx
x z n T
or 2l = 2 j@l dx = 2 (X)i =2, o =n.. I= 5"
Using properties of definite integrals, evaluate the following

integrals in Exercises 12 to 18:
n xdx

12, ‘o 1+sin x
T X

Sol. Let 1= [ ——=— ()
n n—X
Ch i t -xI= . _dx
anging x to © — x _[O L+ sin(mx)
or T pemX g B [ @[ sl dx]
0 1+sin x ||_ 0 0 U
Adding Eqns (1) and (if), we have
21__[ | n—X e = In Xtm—x .o
1+smx 1+ sin x 0 1+sinx
\ )
n T b 1
:.[O 1+sin x dx=mn J-01+SinX dx
n/2 dx

or 2l = 2x _[ .
0 1+sinx

F| C P f de=2]" f0 dx,if f(2a - x) = f(xﬂ|
o 0 |
_ dx [« a 1

o hl | .[o f(x)dx:j f(a—x)dX|
&. CUET ©
& AcA in| _

Y1 +sin

]
N
a
—
2
N




(o]
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/2 dx |_
1+ COS X -[
i
r
t
a
n
X
]
/
2
n/2 dx i n/2 2 X . | 2|
= I=x| = [ s ax = | ;|
o 2 X 2 2 2 | |
2 COS |_| 2 |0




13.
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=71 (tanE—tanO\ :TE(l—O) = 1.

k' 4 |)
_[__;n sin7x dx
2

s

Sol. LetI = IQE sin’ x dx

14.

Sol.

15.

Sol.

Here Integ%and f(x) = sin’x
s f(-x) =sin’ (- x) = (- sin x)” = — sin” x = — f(x)
.. f(x) is an odd function of x.

s

I= I2n sin’x dx = o.

a

[ If £(x) is an 0dd function of x, then | f(x) dx = o]
2 T
J COS5Xx dx
0

27 1
J Cos5x dx =2 _[ cos5x dx

0

o P ) dx=[7 £ dif f2a -0 = £ (Xﬂl
' I

%
Here f(x) = cos® x .. f(2n — x) = cos® (2n — x) = cos® x
=f() =2(0) =0
[ J;a f(x) dx=0,iff(2a — x) = — f(x). Here f(x) = cos’ x
s f(n—x) =cos® (m — x) = (— cos x)°> = — cos® x = — f(x)]

2
Alternatively. To evaluate _[ " coss x dx, put sin x = ¢t.

(]

Remark. In fact an cos"x dx or J.Oﬂ cos" x dx for all positive
odd integers n is equal to zero.
This is a very important result for I.I.T. Entrance Examination.
" sin Xx-cos x
2 . dx
0 1+ sin x cos x

LetI = Z*_sinx—cosx gy .(0)

Jz
0 1+ sin x cos x
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[l o o ]
n sin(ﬂ—x\—cos(ﬂ—xR x
I=J2 |k2 |j |k2 ) dx = .[2 cos x — sin x dx
(7 (o .
O 1+sin' " —x cos  —Xx' 0 1+ COS X SIn x
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T 3 _
_ '[2 SN X— COS X dx (”)

0 1+ sin x cos x
Adding equations (i) and (ii), we have 2l =0 or I=o0.

16. j : log (1 + cos x) dx

Sol. LetI = In log (1+cosx) dx (D

I= Inlog(1+cos(n—x)) dx F'.' J.af(x)dx=jaf(a—x)dx—|
0 [l o o ]

or I= Jo log (1-cos x) dx .. (i)
Adding Eqns. (i) and (ii), we have

2l In [log (1 + cos x) + log (1 - cos x)] dx

0

J: log ((1+ cos x) (1- cos x)) dx = .f& log (1-cos?x) dx

— o = j: log sin2x dx =2 jz log sin xdx (."log m» = n log m)

T n

Dividing by 2, I = jo logsinx dx =2 Ig log sin x dx ...(iil)
[

L For f(x) = log sin x, f (x — x) = log sin (= — x) = log sin x =

f() and if f(2a — x) = f(x); then [~ f) dx=2[" f() dx

0 o ]

z (m ) [ a a 1

I=2 _[2 logsin| -x| dx | J.o f(x)dx=‘|.0 fla-x) dX|

0 l2 ) L ]

or I =2 ‘[é log cos x dx .(iv)

Adding Eqns. (iii) and (iv), we have

2] =2 J20 (log sin x + log cos x) dx

Dividing by 2, I =

Call Now For L|ve Trammq 93100-87900
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El (2sin x cos x) El (sin 2x)

_ [2log ax= [2log o |4

'[0 L 2 b X J‘o L |) ~
0

or I= _f2 (log sin 2x — log 2) dx

or T= [zlogsinax dx~ [zlog2 dx

or I= _[3 log sin2x dx — log 2 (x)°
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T

s
or I= ,[8 log sin 2x dx — R log 2

log 2 (V)

N oA

or I=1 -

A

where I, = I% log sin 2x dx ...(vi)

Put 2x = t to make I, look as I given by (iii)

dt dt

2=dx or 2dx =dt or dx=_2_

To change the limits: When x =0, t=2x=0

1Y

Whenx=2, t=2x=m

From (vi), I = "logsint dt _ 1 rlogsint dt
1 jo 2 2 J-0
1 J.E

0
or L=_ x2 z2logsintdt
(For reason see Expzlanation within brackets below Eqn. (iii))

or I = J.L; log sint dt =J'E2 log sin xdx[ _[Z f@) dt= J.Z f() dXJ—||

o o

I
or I, = _2 [By Eqn. (iii)]

I T
Putting this value of I in Eqn. (v), I = = — 5 log 2
2

Multiplying by L.CM. = 2, 21 = I — = log 2

or2l —-I=-nlog2orlI=-mnloga2.
e
172 do Jx+fa-x %
-

a X
J o Jnida—x dx ()

Sol. Let I




Class 12

(

2] = .[0
1=l et as
N

S

- d
ax+X|x

Chapter 7 - Integrals

( _x)
T
IO|J)—(+\/_LX

Y
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0 o 0

18. J4|x—1| dx o} 1 4
0

Sol. LetI = j4|x—1| dx (D)

V]
Putting the expression (x — 1) within modulus equal to zero, we have
x=1¢€ (0, 4)

From (i), I = I4|x—1| dx = I:|x—1| dx + .|.14|x—1| dx
0

= - J':(X_l) dx + I4 (x-1) dx

1
[ On (0, 1); x <1 = x-1<o0andhence | x -1 |
=—(x-1andon (1, 4),x >1 = x—1 > 0 and hence

lx-1] = (x — 1) by definition of modulus function]
(2 M (x M (1 Y ) (16 (1 )
==l 5 x| *la—x; ==l -11-0] +| _-4-| _-1]|
A A I F B N
N 1 4 2 _
ol +1+8—4—2+1 —6—2—6—1—5.

a a

19. Show that _[0 f(x) g(x) dx = 2 jo f(X) dx, if f and g are

defined as f(x) = f(a — x) and g(x) + g(a — x) = 4.

Sol. Given: f(x) = f(a — x) (D
and g(x) + gla — x) = 4 .G
Let T= [ f() g dx .. (iif)

I= Jaf(a—x) g(a —x) dx |— Ia F(x) dx=‘[a F(a- x) dx—|

0 ‘ L o 0 U
Putting f (a — x) = f (x) from (i),

I= JO f(x) gla—-x)dx ..(iv)
Adding Eqns. (iii) and (iv), we have
ol = [* (f(0) () + F¥) gla-x) dx = [ f(x) (g() + gla-x)) dx

: DSJ¥kH
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0
a dx = R.H.S.
Dividing by 2,1 = 2 | Jf®

Choose the correct answer in Exercises 20 and 21:

s

20. The value of _|.__2,[ (x3 + x cos x + tan5 x +1) dx is

(A) o ) (B) 2 ©)n (D) 1

s

Sol. LetI = -[ﬂ(x3+xcosx+tan5x+1) dx

2
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Chapter 7 - Integrals

L T T[
= J'En x3 dx + J'?n XCOSX dx + Ii tansx dx + j}n 1dx
2 2 o o

s

(X\Q T (=zm)
=O+O+O+|K|

)i=2_|k2|)= + =7

2 2
2
|_

T b1

3

L . Each of the three functions x , x cos x and tan x is an odd

function of x as f (— x) = — f (x) for each of
them and | *. £(x) dx=o for each 0dd function £(x)|

i
. Option (C) is the correct option.
4+ 3sin x
2 ]
21. The value of _[ og (4 +3 008 ) S
3
A) 2 (B) ©o (D) -2
T (4+3sinx)
Sol. Let 1= |2 log| | dx ()
o
4+3 COS/Xn
4 +3 sm
I= 2 log| E J \ dx
| 4 + 3 cos ( \ |
| 2 *b)
or I= .[ KM\‘ dx (D
2 log
o (4+3sinx)
Adding Eqns (i) and (i), we get N
sin + 3 cos
e 0 A (I

o] \4+3cosx) \4+3sinx)]
x (4+qsinx.4+qcosx1| dx = zlog1 dx

‘[2 log

[

|4+3cosx 4+3sinx | Io
. é‘CUET
&IA
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MISCELLANEOUS EXERCISE

Integrate the functions in Exercises 1 to 11:
1

X - Xx3

1.

Sol. The integrand

X — X3

Chapter 7 - Integrals

is a rational function of x and the
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denominator x — x3 = x(1 — x2) = x(1 —x)(1 + x) is the product of
more than one factor. So, will form partial fractions.

1 1 1
x—x3 x(1-x%) x(1-x)(1+x)
A B C
=+ + ..(1)
X 1-x 1+x
Multiplying every term of Eqn. (i) by L.C.M. =x(1 - x)1 + x),

1=A0 - x)a +x) + Bx(1 + x) + Cx(1 — x)
or 1=A1—-x2) + B(x + x2) + Clx — x?)
= 1=A - Ax2 + Bx + Bx2 + Cx — Cx2
Comparing coefficients of like powers on both sides,
x: —-A+B-C=o0 .0
Xx: 5 e O o YRR (iif)

Constants: A =1
Putting A=1in (i), -1+ B -C=0 or B-C=1...v)

Adding Eqns. (iii) and (iv), 2B =1 ERCERD.

-1
From (iii), C = — B =

Putting these values of A, B, C in (i),

1 1

1
e 2
x-x3 X 1-x  1+x

J ! dx=jldx+lj_1 dx—lj 1 dx

x—x3 —
b's 2 1-Xx 2 1+X
1
=log x|+~ logli=x| 1 1og|1+x]|
2 -1 2
1
= 5 [2log x| -logl1-x/-logl1+x+C
1
=5 [log| x/2-(og|1-x/+1logl1+x[]+C
1
=y log ! x2-logl1-x!l1+x]+C
:l[log xP2-logl1-x+C :llog - +C
2 2 1—x2 '
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2. JxX+a+t.x+b
1
Sol. I \/er <+b dx
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JX+a—+x+ b

Rationalising, = .[ (\/x+a+\/x+b)(\/x+a—\/x+b)

. I SR E N S

x+a—-(x+Db)

['.'x+a—(x+b)=x+a—x—b=a—b]
= a—ib J‘(«/x+a—\/x+b) dx

o b J(x+a)1/2dx J.(x+b)12dx—J|

[

_alp [(xﬁa)3/2 (xgb)3/2ﬂ+c
L,
[2

,® | :
o1 x+a)3/2_2(x+b)3/2 +C
a-b L3 3 ]
———2— [(x+ ) - (x + B)¥] + C.
3(a-b)

1

X /ax — x?
r dx
Sol. I = Form o
o Iﬁtx e, ) J Linear JQuadratic

Put Linear = ~, ie, x = ~ |
el
t t
Differentiating both sides dx = — L oa
t2
~Ladt

Nt e

CaII Now For Live Trainina 93100-87900
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dx X2 dx I dx T 3/4
Sol. I = (X4+1)3/4 = J.XZ’VX l+l\ 347 X2.X3(1+_ ]
(3 )
L i
[ x 31
||_'.'(x)4:x |J
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a1( 1 \*3/4

:J.x5k1+x4j dx

a1
Put 1 + =t or 1+x 4==¢t
x4

Differentiating both sides, — 4x~5 dx = dt

1 1
or—A‘5 dx=dt or ~ dx=-— dt
X
x5 4
1 1
I=- It_3/4 dt=—- = . t/4 +¢ =—(1+_1\1/4 +c.

4 4 1/4 k' x4|)

5 1
© X2 4413

1 1
Sol. Here the denominators of fractional powers =~ and = of x are 2

2 3
and 3. L.C.M. of 2 and 3 is 6.

Put x = t¢. Differentiating both sides, dx = 6¢t5 dt

dx 6t5 t5
I ‘[Xl/2+x1/3 = It3+t2 dt =6 J.tz(t+1)
t3 tB+1)-1 |—t3+1__1—|
=6 = dt = 6
J‘t+1 dt=6 [ t+1 IV+1 t+1] 9
( N
[+ -t+1) 1T| —t+1———
:6J| t+1 t+1 dt=6,f|
| £apldt
‘ 3+b3:(a+b)(a2_ab+b2)]
(e 2
_ —+t—log|t+1|]
6 LS b +C
=23 —-32+6t—6log|t+1]|+cC
Putting t = x/6 (5 x=t0 = t=x9)
= 24x — 3x/3 + 6x/6 — 6 log | x/6 + 1| + c.

5x

6 (x +1)(x +9)

X___MnCUET
Sol. LetT= | mf\cadsm




Class 12 Chapter 7 - Integrals

5X __A , Bx+C (i)

Let iDae+9)  x+1  xeag

LCM. = (x + 1)(x2 + 9)
Multiplying every term of (if) by L.C.M.,

5x =A(x2 +9) + (Bx + C)(x + 1)
or 5x =Ax2+ 9A + Bx2 + Bx + Cx + C
Comparing coefficients of x2, x and constant terms on both sides,
X2 A+B=o0 .. (0D
Xx: B+C=5 ..(iv)

Call Now For Live Training 93100-87900
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Constant terms : A + C = 0 ..(v)
Let us solve Eqns. (iii), (iv) and (v) for A, B, C.
(iii) — (iv) gives, (to eliminate B), A - C = -5 ...(vi)
Adding (v) and (vi), 10A = -5
_ =5 _ =1
- 10 2
-1 —1 1

Putting A = 2_ in (iif), 2_ +B=0 = B=

. i, 1 1
PuttlngB=21n(1v), 2+C_5:C_5—2_
Putting these values of A, B, C in (ii),

1 1
o

5X =1
2 2 2

x+D)x+9) T X+1 | x2+9

5X
I (10 +9) X

-1 1 1 X 9_ 1
= i dx
2 J.X+1 +2IX2+9 dx + J.X2+32 dx
.[ 2
= ! b
=_110g|x+1|+l 2X dx+9 = tan-t ‘e
2 4 x+9 3
2 3
= X
=_110g|x+1|+l1Og|x2+9|+3tan—1 .
2 4 2 3
[ f'(x) 1
o 2 dx=10glf (0 |
f&)
i
_ =lloglx+1]+ ! log (x> + 9) + 3 fant X +c
2 4 2 3
(- x+9>9>0and hence |2 +9 | =x +09)
sin x
7 sin(x- a)
: = . _
Sol. .[ sinx Ism!x ata) .

sin (x - a) sin (x - a)

_ ¢ sin(x—a)cosa+cos(x—a)sina dx
_[ sin (x—a

. i y:sinAcosB+cosAsinB
sin (x —a) cos g 39y — g)sSinra ag+b _a b

Call Now For Live Trainina 93100-87900
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J | sin (x - a) sin (x — a) | |_| c c c|j
L ]
= .[ [cos a + sin a cot (x — a)] dx :J' coSs a dx +I sin a cot (x — a) dx

= cos a jl dx + sin a jcot(x—a) dx

= (cos a)x+s1na10 SULX =G0, o[, Icotx dx = log | sin x ]

1
= x cos a + sin a log |sin (x — a) | + c.
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eSIogx _e410gx

e310gx _ezlogx

e5logx _ palogx ACE o log x*

8.

Sol. .[eslogx_eﬂogx dx = J. log 13 logx® dx [.© nlog m =log mn]
e —-e

X5 — x4
_ .. log f(x) _
= o [o €/ = ()]
J.x4 (x-1) X3
— R—— —_ 2 _ —
= X2 (X—l) dX—IX dx = 3 +C.

COS X

% \4— sin2x

COS X

Sol. LetI = dx (i
J V4 - sin2 x @
dt
Put sin x = t. Therefore cos x = dx = osx dx = dt

r dt I dt
From (i), I = J = dt
,,’4 - t2 22 — t2
[
(_t\ 1 L . -1 ?_(—‘
—sint | |+ e I dx =sin |
k2} a2 — x2 aJ
. 1. ]
=sin™! " SInX 4
2 J
sin® x — cos®x
10- 1 2 sin?x cos?x
. _[ sin®x — cos®x )
Sol. LetI = 1— 2sin® x OS2 X dx ..(D

Now numerator of integrand = sin® x — cos® x

= (sin* x)?> — (cos* x)?

= (sin* x — cos* x)(sin* x + cos* x) [." a2 — b2 = (a — b)(a + b)]
= [(sin®x)* — (cos? x)?] [(sin® x)* + (cos® x)?]

= (sin®x + cos® x)(sin? : E%E)r

Acaffein¥yx + cos® x)*> — 2 sin® x cos® x]
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=1 [ (cos®*x — sin®x)] (1 — 2 sin® x cos® x)
= sin®x —cos®x= — cos 2x (1 — 2 sin® x cos® x)
Putting this value of sin®x — cos® x in numerator of (i),

_ _ogin2 2 sin 2x
I=J- cos 2x (1 - 2sin® x cos X)dx=j—cos2x dx = —

1-2sin® x cos® x 2

+ C.
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1
1L os (x +a) cos(x+b)
Yeos ( .
Sol. LetI = ,[ cos (x + a X+b) dx ..(D
We know that x +a) — (x + b) =x+a—-x—-b=a-b .. (i)
Dividing and multiplying by sin (a - b) in (i),
I - 1 .[ sin (a - b)
sin (a - b) cos (x+ a) cos (x+b)
Replacing (@ — b) by (x + a) — (x + b) in sin (a — b)
[Using (if)],
1 sin [(x+a) — (x+ b)]
= sin(a-b) J cos (x+ a) cos (x+ b) &
~ 1 ,[ sin (x + a) cos (x + b) — cos (x+ a) sin (x + b)
“sin(a-b) cos (x+ a) cos (x+ b) 2
[ sin (A — B) = sin A cos B — cos A sin B]
_ 1 J- sin(x+ a) cos (x+b) cos(x+ a)sin (x+b)
sin (a — b) cos(x+a)cos(x+b) cos(x+a)cos(x+b)
(..a=b_a_b)
Kl c c c|)
- m [ [tan (x + @) — tan (x + B)] dx
= # [—log\cos(x+a)\+log\cos(x+b) N+c
sin (a —b)
[ _[ tan x dx=—1log|cos xl}
—1 1 cos (x+b) c .. logm—logn—logm]
sin (a—b) cos (x+a) n
Integrate the functions in Exercises 12 to 22:
x3
12.
1— x8
CUER3
; _ X3 ; I"'Q Academy
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Class 12

Put x* = t. Therefore 4x3 = E = 4x3 dx =dt

1 dt 1.
From (i), I = 4 _[ sin"'t+c

Ji—e2 4

sin™ *(x4) + c.

1
I:
4

or
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e

1B ren@+en)

X

Sol LetI= [ ——S — _ 4x (D)

14.

Sol.

(1+e)(2+e)

[Rule to evaluate j f(e¥) dx, put ex = t]

_dt
Put ex = t. Therefore ex = dx = exdx =dt
. '[L -1 .
From (I), I= (1+ f)(2+ t) = J' (t+l)(t+ 2) dt ...(ll)

Nowt+2—-(t+1)=t+2—-t—1=1
Replacing 1 in the numerator of integrand in (i) by (this)
(t+2)— (t+ 1),

(t+2)=(t+1) t+2 t+1 )
| e = | — | de
(t+1)(t+2) (t+1)(t+2) (t+1)(t+2))
1)
= J(t+1 t+2ut
)
=loglt+1]-loglt+2|+c=log £+1 +c
ex +1 (ex+1)
Putting t = e, =log |l ex+2 | + ¢ =log | gry0l +c

[ ex+1>o0ande +2 >0 and tk=tif)20]

(. ¢
-1
&* +1)(x2 +4)
LetT= | — % & (D)

2 +D(x2 +4)

Put x2 = y only in the integrand.
1

(y+) (y+4

L pe
L) V@ﬁ?{ﬁ

Now the integrand is

Call Now For Live Trainina 93100
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Multiplying by L.CM. = (y + 1) (y + 4),

1=Aly+4)+B({y+1)
ori=Ay+4A+ By +B

comparing coefficient of y, A + B = 0 ... (i)
comparing constants, 4A + B =1 ...(iv)
Let us solve (iii) and (iv) for A and B.

1
(iv) — (iii) gives 3A = 1 SOA :_3

1
From (iii) B = —-A = —5
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Putting values of A, B and y in (i),
1 1 141 1)
(xz + 1) (x2 + 4) =

Putting this value in (i),

=§ X2+l x2+4 |

w

3
xX+1 x2+4

(1 1) [ 1 1
1 lj dx—j dx|

I=3'[|X2+1 X2+22 (dx = X2 +1 X2 4 02
\ ) L ]
= 1 ||—tan‘1x—ltan‘1 x] + c.
3'L 2 o

15. cos® x elog sinx

Sol. LetI = I cos3x elossinx gy = j cos3x sin x dx
= — I cos3x (— sin x) dx (D
dt
Put cos x=¢t .. —sinx:CT = —sin xdx = dt
X
—t4 -1
From (), I=—- |8 dt= — +¢= cos* x + c.
J 4 "7 4
16. edlogx (x* + 1)~ !
elogx3 X3
Sol. LetI = Ie31°gx(x4 +1)7 dx = I xiqq X = Ix4+1 dx
[ e/ = £ (0]
1 4x3 .
= I= 4 Ix4+1 dx (D)

dt
Put x* + 1 = t. Therefore 4x3 =", = 4x3dx =dt

dx
Fom (), 1= | % tiege]
rom (i), = = o +c
gl et
Putting t =x4 +1,= " log|xt+1|+¢c = log (x* + 1) +c.
ey CUET
4 _Acadgmy 4
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17. | f'(ax +b)(f(ax + b)) dx
Sol. Let T = | f'(ax+b) (flax+ b)) dx

1
= . T Gtax+ by afax+b) dx (D)
d dt
Put f(ax + b) = t. Therefore f'(ax + b) I (ax + b) = In
= af’'(ax + b) dx = dt
1 l t.n+1
From (i), I = ; ft" dt _ a = +cifnz-1
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Putting t = f(ax + b), I =

1

18.
\/sin3 x sin (x +a)

dx

Sol. I= - -
\/ sin3 x sin (x + a)

dx

1
and if n = — 1, then I:;

and =

Chapter 7 - Integrals

[ de=+ T

ad

1
“log|t]+ec.
g ol tl

(flax+b))n*1

+cifnz-1
aln +1)

L llog flax + b)| + cifn = — 1.
a

dx

\/ sin3 x (sin x cos o + cos x sin o)

dx

J \/sin3 x.sin x (cos o + cot x sin o)

I sin®x \/cos o + cot x sin o

Put cos a + cot x sin a = t. Differentiating both sides
— cosec®x sin a dx = dt

7 .[ cosec?x dx
\/cos o + cot x sin o

or cosec® x dx = — i
sin a
dt
I= I— : = Y2 gt
sin o+t sina I
1 t/2 __—2 -
=— = . oo te=m Jeos a+ cot xsina *¢€

sina = 1/2 sina

sin o

COS X
___2 cos o+
sin x

sin a
+c

sin o

sin” \/_ — COSs 1 \/_

° \/sinxcosa+cosxsina

; +
sin x ¢

B 2 sin (x + o)
B sin o sin x te

CUET
Aoadg¢my
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Sol. We know that sin™*

2

T
. cos™t Ax = T

Chapter 7 - Integrals

Jx tceostt [fx = I
2
Jx

—sin™*!
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RN £ S
sin 1 +/x s s \/;)dx

= iJHGSiITI \/;_i\ dX=él ISiIYII dx—.[ldx

Jx " ’
X

= ': _[ sin~1 dx —x + ¢ ()

Now let us evaluate j sin"/x dx

Put +/x = sin 0. .. Xx = sin® 0.
Differentiating both sides, dx = 2 sin 6 cos 6 d6 = sin 20 do

& Jsimt VX dx = [sini(sin0) . sin 20 d0 = [0 sin 20 do

I 1II
Applying Product Rule

=9(—cos26\ _ 1 (=cos20)
k' 2 |) ] k' 2 |)

1 sin 20
-5 0cos20+ 2 [cos 20 d0 = 2 0cos 20+ 2

1 . 1
=—29(1—2SIH29)+ 2 sin 0 cos 0
4

1 1
= —; 0 (1 —2sin*0) + ~ sin 6 1-sin20

Putting sin 6 = Jx

o G YR G -29+ ) VX fiox

Putting this value of f sin™! dx in (i),
X

. 1
I= -~ (1-2x)sin™? += X 1—x1 - X+cC

’iL ) Vo N ]
1++/x 20. @C l:::l;;rmy Jx \/: = — 2
Call Now For Live Trainina 93100-87900
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(1 - - X+

N

1=

sin~

1-+/x

Sol. LetI = _[ 1+ Jx dx
Put x =t ie, JLinear =t .. x=¢2
Differentiating both sides, dx = 2t dt

t 1-t

I=J % 2tdt=2]lt7 dt

1+t

Chapter 7 - Integrals




Class 12

1-t_1-t
S I L
-2 1rt 1t

(Rationalising)
t(1—1t) t-¢
=2 dt =2 T dt (i
N I NI @
Q-t)+t-1
=2 | —F7——dt
'[ VJ1-1t?
[ . 1 1
Ve e |
=2 .[ dt+_[ 1-¢ dt—j\/ﬁ2 dt‘
L 1— ]
B |
B |—t 1—t:2+lSin_1t+I L gr—sin¢ .
=2 |L2 5 e U c
r A
J ’(12—)(2 — a2_X2 et
L dx = + 3 sin J|
a
I—l 1 -1 t —l
— 12 .
or I—2| ENE=  sin t+_[ dt| +c (i)
|2 12 ]
To evaluate _[ E—ar
NJ1-t2
Put1 -2 =2
1
Differentiating both sides — 2t dt =dz or tdt=- ",
2
1
-~ dz 1
t 1
dt = 2 __ zY2 4y
'[\/1—t2 J Jz 2 |
1 Zl/2
=-, 1 =- N .. (iid)
2

t S y1-—t2

Chapter 7 - Integrals

Putting the value of

We have [ =2 [1

from (iii) in (if),

VaqCUET
@A—Cﬁ’ﬁﬁ!ﬁt— 1—t27 + c

Call Now For Live Trainina 93100-87900
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o V178, Vool

=tA1—t2 —sin"'t—-241-¢t2 +¢
=(t—-2) J1—t2 —sin"'t+c

Putting t = fx =( -2) —sin™! +c

Jxoo iex Vx

Remark. Second method to integrate after arriving at equation
'[ t—-t?
(i) namely I = 2 ﬂ dt, is put t= sin 6.
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2+ sin 2x
21. 1+ cos 2x e

2+ sin 2x (2 +2sin x cos x)
Sol. LetI=J‘7exdx=J.ex dx
1+ cos 2x 2 c0S2 X
_ .[ex( 2 2s1nxcosx\|d
- 2cos2 2 C0s2x
.[ ( sm x\| dx = J. ex (sec2 x + tan x) dx
cos x T cosx

= _[ ex (tan X+sec2x) dx = j e (fx) + f'(x) dx
where f(x) = tan x and f'(x) = sec®*x

=e f(x) + c = ertan x + c. |—‘.' _[ex(f(x)+f(x))dx eXf(x)+c—|

L ]
xX2+x+1
2 x+1D? (x+2)
Sol. LetI = JLX“ (D)
(x+1)*(x+2)
X% + x+1
The integrand ( 2 ( ) is a rational function of x and

degree of numerator is less than degree of denominator. So we
can form partial fractions of integrand.

Letintegrand X*+Xx+1  _ A " B " C ... (i)
x+1)>(x+2) x+1 (x+1)2 x+2
Multiplying both sides of (if) L.C.M. = (x + 1)* (x + 2), we have
xX2+x+1=Akx + 1Dk +2) + B(x + 2) + C(x + 1)?
or x2+x+1=A(x2+3x+2)+Bx+2)+Cx+1+2x)
=Ax2 + 3Ax + 2A + Bx + 2B + Cx2 + C + 2Cx
Comparing coefficients of x2, x and constant terms on both sides,

we have

X2 A+C=1 (i)
Xx: 3A + B+2C=1 ...(iv)
Constant terms: 2A + 2B + C=1 ..(v)

Let us solve Eqns. (iii), (iv) and (v) for A, B, C.
Eqn. (iv) — 2 x Eqn. (iii) gives (to eliminate C)
3A + B + 2C — -2C=1-2

CaII Now For Live Trammq 93100-87900



Class 12 Chapter 7 - Integrals

A+2B=0 ...(vii)
Eqn. (vii) — Eqn. (vi) gives B=0 + 1 = 1.
Putting B = 1 in (vi), A+1=-1 =>A=-2
Putting A = — 2 in (iii)), -2+ C=1 = C=3

Putting values of A, B, C in (ii)




Class 12
X*+Xx+1 =2 1 , —3
(x+1)?(x+2) x+1 (x +1)2 X+2

X2+ Xx+1
x+1*(x+2)

o

Chapter 7 - Integrals

1

1
=-2 .[;1 dx + J.(X+1)72 dx +3 J‘x+2dx
(x+1) 2"t
=—2log|x+ 1]+ 041 +3log|x+2|+¢
=—2logx +1 - — +3log|x+2|+c(_,(x+1)‘1:—1\
x+1 =1 x+1
\ )
Evaluate the integrals in Exercises 23 and 24:
o, =X
23. tan T
J.tan—l 1_7)( .,
Sol. LetI = 1+ x dx ..(D)
dx |
Put x = cos 20 = do = — 2 sin 20
= dx = — 2 sin 26 dO
Ta2
d tan-! 1-Xx tan-! 1—cos 26 ~tan-! 2Lr19
O 1+x o 1+cos20 2% \2cos?0
=tan ' vtan20 =tan"'tan 6 =0
From (i), I = [ 0 (- 2sin 20 d6) =-2 [ 0sin20do
I 1II
Applying Product Rule of Integration, (d Y )
(]I.II dx=1 Il dx- '— (I) IIdx dx
] J Ma T
I=—o |re|(—cos 29\|_ Il|(—cos 26\| o
L2 L2 )
=— 9 ;1900829+lICOS29d9—|:6(;0526—M+C
||_2 2 |j 2

yJ1-co0s220 + (.

1
0 cos 20 —
2

1 1

sin? o + cos® o = 1)

,_
; (cos™ ' x) x — ; VI— X2 fc
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1
[ = 9=—cos*1x—|
" cos20=x = 20=cos 'x
|L 5 IJ
1
X — N1—X2 +¢
2

=" [xcos™'x MathonGo

Y

x cos™ !

L G

1+c 129
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24.

x2 +1[log (x2 +1) — 21og x]
x*

Sol I = .[ Jx2 +1[log (x2 + 1) — 2log x] d

x*
\/T

- | X4“ Mog (2 + 1) — log x7] dx
5 1 (x2+1\
= Xk1+;) 108|?|dx
B
x*
1+ [ 1) L (1) dx
yr 1+—2
= 2 1+ = 1+
.[ XSX logk ij dx J 1ng X2J X3
1
Put1+7, =t or 1+x2=¢
b's
} - . 2 dx 1
Differentiating both sides, — = gx = dt or =—"dt
x x3 2
1 Je 1
I=-7 J log t dt = — j(logt).tl/zdt
2
11
Integrating by Product Rule,
[ /2
1 (logt).£~3 = l‘ts/z dt—| < 32 1 1/ 2
=—2|L 32 Vot 3/2 |=—3t10gt+3.ft dt
]
— 1 3/2 ] 1 t3/2
——3t ogt+ 3/2+c
_ 2 32 _ 1 t32logt+c=" /2 Tg—logtw +c
9 3 L |

1+

/2
_1\?]) Fg:;_log(w_ﬂ}“ .

X2

Chapter 7 - Integrals

X2
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Evaluate the definite integrals in Exercises 25 to 33:
n x[1=sin x

2. ,[32 \1— cosx) dx

X X
n 1—2SsIn cos
X 2 2

Sol. LetI = ™ (1—sinx) dx = e dx
; - |
1-C0S X N L 2 sinz ¥ J
2
[ x x|
| L o1 > X X1
T oxl_ 1  2sin cos | e cosec — cot dx
> St 2 o 2J

=_[Ee | — |dX=J.TE
L2 X .2 X

2 2 sin 2 sin J 2
L 2 2
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n X 1 X
J ex I cot © + = cosec® ©

:gt o o 2de = Jz

2

where f(x) = — cot

2
( AL x\"
=|e"f(x)| =L—excot |
\ ) 2)7
( =z
n E\
= —e" cot —'—e2c0t ||
2\ 4)
r
|
m n/2 ‘
=—e ©@+e @@ I
L
=2,
z sigxcosg
26. |4 : dx
cos x+sin x
T _sinxcosx
Sol. LetT= )44 s &

0 cos x+sin x
Dividing every term by cos*x,

1= 4

sin x cos x
COS X . COS X.CO0S%2Xx

sin%x
1+
COs4x

Dividing and multiplying by 2,
I= 1 Jf 2tan xsec*x gx

2 0 1+4+tan x

Put tan®’ x=t.

d dt

2 tan x dx (tan x) = dx

Chapter 7 - Integrals

Ter () + f'(0)
f dx

L ]
cos & 1
|
cot & = 2—9:0(
2 sin® 1
2 J

T tan x sec?x

dx = |4 dx
4
0 1+tan x

(D)

= 2 tan x sec? x dx = dt.
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To change the limits of integration
When x = 0, t = tan>x = tan*0 = O

1
Whenx = ~, t = tan? =1

A A

1 t1_dt ;( )

From (i), I = 5 _[O 1ee T oo ktanjt}
o

=l(tan’11—tan*10)=l () _ T |—
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z cos2x dx
27. )2 2 2
0 cos x+4sin x
z cos2x
Sol. Let1=f2 2 , dx
0 cos x+4sin x
Dividing every term of integrand by cos®x,
i 1
I= J’ 2 dX
0 (1+4tan x)
Put tan x = ¢.

. -dt ) B
sec® x = = sec®’ x dx = dt

dx
p dt __dte  _dt
= X = = =
sec2 x 1+ tan2x 1+¢t2

To change the limits:
When x =0, t=tan 0 = 0

s E
Whenx=2,t=tan 5 =

From (i), I = J‘wl—dt
O 1+4t2 1+t2
- [ _a |
° (42 +1)(t2 +1)
Put t*>= y only in the integrand of (ii) to form partial
1

(4y+1)(y+1)
1 A B

Let — = = "2 &

¢ @y (v aysr Y

The new integrand is

Multiplying by L.C.M. = (4y + 1) (y + 1)
1=AQy+1)+By+1)
ori=Ay+A+ 4By + B

Comparing coefficient of y on both sides, A + 4B = 0
Comparing constants, A+B=1
1

(iv) — (v) gives 3B = -1 = B = "3

From (iv) A= — 4B = -4 (7£\ _ 4

- Integrals

..(D)

..(ih)

fractions.

(i)

..(iv)
..(v)
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Putting values of A, B and y in (iii), we have

1 4 L (a1 )
ZZZS 3:|2_2|

(@t +)t +1)  g241 241 3 \@t +1) (t +1))

Putting this value in (if)




Sol. LetI = |8 dx ..(D)

Class 12 Chapter 7 - Integrals

[ 1
4 dt— «_ 1 dt—|

=

I=34 [ J.O (4t +1) IO t2+1 J

w1 Yol
1 | 2 zdt—|tan’1t| |
- |4j |
o (2t) +1 N
3 t (1 ; 12t |)
1 |k_1 1|) ( \°°|
= |4 —| tan—1¢|
3 1" ocoeftott | )
. ]
= l[2 (tan™' o — tan™ ' 0) — (tan™ ! co — tan™ '0)]
3 |— (n N [ ] 1 © =z
= 1 I -0 - E_O — 1 |(%_E\‘ = X = .
3| |k2 }| |k2 |}| 3 K2 2 3 > 6
]

T sin X+ cOoS X

28. |3 dx
J.g Jsin 2x
T sin X+ coS X

6 sin2x
Put sin x — cos x = t. Differentiating both sides w.r.t.x,
(cos x + sin x) dx = dt
Also, squaring sin® x + cos® x — 2 sin x cos x = t2

= 1 - sin 2x = ¢2 = sin 2x = 1 — 2
To change the limits of Integration
s n n
When x = 6,t=sm 6 — 08 ¢
1§ _1-\3 —(\{ 1 _
= - = — o (say)
2 2 2
B-1
where a = ..(ii)
2
1 3-1
When x= X ¢t=sin & —cos &2 _ -3 - = =a
v v
3 3 3 2 2 2
o dt [ e
From (i), I = f = |sin'¢]

1t [ =sin"'a —
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sin” ! (- ) .,
=sin"'oa+sin"'a=2sin"" (
|

:/3_—1\. [By (i1)]
L2 )

J‘l dx
29. 0\/1+x_\/;
1
Sol. LetT = [o \/*T;—J} dx
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Rationalising = J' lﬂm Jx dx
o (J1+x+vx)H1+x —&)

J'l 1+ X +X gy =j1(\/m+ﬁ) dx (. 1+x-x=1)

O 1+x-—X

3\ ! 1
. . ((1+x)2) (XB)
— 1/2 1/2 — o + 2 o
IO (1+x) dx + on dx 3(1) 3
2 2
- L@V @Y+ [ -0l= " @2 -p+ " a-0)
3 3

_al2 2 2 _ap

- B A .
3 3

J-gsinx+cosx

30- 1, 9+ 16 sin 2x

dx

Sol. Let I = jl SINX+COSX gy
0 9+ 16 sin 2x

Put sin x— cos x= t. Differentiating both sides

(cos x + sin x) dx = dt
Also (sin x — cos x)*> = t2 .. sin® x + cos® x — 2 sin x cos x = t2
or 1-— t2 = sin 2x
Let us change the limits of Integration
Whenx=o0,t=0-1=-1

T . I 1
When x = —, t = sin — cos S —
4 4 4 2

1= [° dt ) IO dt
“19+16 (1-t2) -125 —16¢t2
‘[0 dt _ 1 J’O dt
=" (25 ) 10 (5
16 —t
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Chapter 7 - Integrals

|\16 |) |\4|} —t2
|— —‘0 a X
16« |2 51/4IOg g?ﬁttt | }f o wdx="5dog | X |
L 1L ]
- |—logl—loglgl—| _ L ro—logﬂ
40||- 9/4U 40 ||_ 9|J

1 a1
40 [_ (10g 1 - log 9)] = 40 log 9
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1
1 2
= log 2= IOg 3 log 3.
40 3 40 20

s

31. _[3 sin 2x tan™! (sin x) dx

Sol. Let I = I 2 sin 2xtan™! (sin x) dx = I 2 2sin x cos x tan™! (sin x) dx
o o]

Put sin x = t. Differentiating both sides cos x dx = dt
To change the limits of Integration
When x =0, t=0

T . I
When x = , t = sin =il o I1=2 J’lttan—l ¢ dt (D
2 2

0

Now j ttan™ ¢t dt = I (tan"!'t) t dt Integrating by parts

I 11
2 2
=tan™'¢ 7—"'_1 .Ldt
2 1+ t2 2
t2 1 (1+t2)-1
= — tan 't — -
2 2 j 1+ ¢t2
t 1 1
= tan~ 't — ( 1) 2 tan" 't — y -1
N J‘l_ de= b (t—tan ' ¢t)
1+t2J 21 2
= tan't- "t+ tan't+c = [(2+1Dtan" 't - t]
2 2 2 -
F; 2 -1 —l

From (i), I = 2 |L2{(t Jotan -t —(atan"'1-1) - (0 - 0)

n g 1
=2 X -1 = -
4 2
32. j"i"tanx dx
0 sec x+tan x
Xsinx
Sol. LetI = J”& dx= ™ cosx .

0 sec x+tan x jo 1 +sinx
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COSX COSX
_ '[n x sin x

N dx
0 1+sinx

a a

Using JO fx) dx= jo fla-x) dx

I= I“ (m=x)sin (n-x) gy = J‘n (m=x)sinx gy
°© 1+sin(n-x) 0 1+sinx
Adding Eqns. (i) and (ii), we have
ol = J‘n xsin x + (n = x)sin x

_J-n xsin x+ 7 sin x — xsin x

(D)

..(i)

dx

o 1+ sin x o 1+sin x

dx
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J.n nsin x J‘“M
= =r

3 o . dx
o 1+sin x 1+ sin x

- = (1+sinx)—1
or 2[=n .[ dx

0 1+sinx

= o2l=qn ", 1 |dx=n.|.ndx—ﬂ n__dx
,[0| 1+ sin x o 0 1+sin x
\ )
[ o dx
=n |X| _ 2
L 1o n -[0 1+ sin x
[ [ fe) dx=2[" f(x) dx, if f(2a - x) = 00!
|L 0 o U
z dx 2 T dx
— i
= n(n) - 2n JQ (g ) —on I 1+ COS X
. 0
°1+51n|
27 %)
I dx T X
=72 — 271 |2 =m2—mn .2sec® " dx
020052)‘( o 2
2
" X-|n/2
or 2l=n2 - |tAD 2] = n2 — 2x(1)
| 1
|_| 2 “0 >
Dividing both sides by 2,1 = © - = n(ﬂ—l\ B n(n— 2)
2 Ik2 D k|2|)
33. ['llx-11+Ix-21+1x-31] dx
Sol. LetT= [* (Ix—1|+|x - 2|+x - 3]) dx )

Putting each expression within modulus equal to 0, we have
X—1=0,x—2=0,Xx—3=0 Le., X=1,x=2,x=3
Here 2 and 3 € (1, 4)

From (i), I = I2 (Jx —1|+]x — 2]+|x = 3]) dx
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1

4
+ 7 Ux=1l+lx - 2|+[x - 3] dx + fg (Ix = 1l+]x — 2[+]x - 3]) dx

|—_. b c d (I'p
. f)dx=  f(x)dx+ f(x)dx+ b f(x)dx wherea<c<d<b

0w J, I J ]

LetLi= [7 (Ix-1]+lx—2[+]x-3]) dx

On this interval (1, 2) (for example taking x = 1.3; (x — 1) is
positive, (x — 2) is negative and (x — 3) is negative and hence
|x—1| =(x-1), [x -2 |=—(x—2)and|x—3 | =—-(x-13)).
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- [P - (x-2)- x-3) dx
Therefore I,

1

J'f(x—l—x+2—x+3) dx = IQ (4-x) dx

( X2\2 ( l\
= 4X—7 =(8—2)_|k4_2|)
72 ),
1 1
=6-4+ =2+ = ..(iif)
2 2 2

3
Let I = L (|x —1]+|x — 2]|+|x - 3]) dx
On this interval (2, 3) (for example taking x = 2.8; (x — 1) is

positive, (x — 2) is positive and (x — 3) is negative and hence
x—1|=x—1,|x—2|=x—2and£x—3|=—(x—3))
ThereforeI = 3 ((x-1+x-2-(x-3)dx = 3(2x-3-x+3)dx

2 2 2

3
3 () 9 4 A

=J‘2XdX=|k2|}2=2_2=2 (IV)
4
LetI; = L (Jx —1|+|x —2|+|x - 3]) dx

On this interval (3, 4), (for example taking x = 3.4; (x — 1) is
positive, (x— 2) is positive and (x— 3) is positive and hence
|[x—1]=x—-1,|x—-2|=x-2and|[x—-3|=x-3))
Therefore I3 = J4 (x—1+x-2+x-3) dx = I4 (3x—-6) dx

3 3
(3)(2 4 (27 h
= k?-@w =@4-20- 1, g
) )

(27-36) ((9) g
-0 - = - = ..(v)
\' 2 |) |

|
2 2
Putting values of I, 1., I3 from (iii), (iv)jand (v) in (i),

5 5 9 19
I= + + = .
2 2 2 2

Prove the following (Exercises 34 to 40):

3 dx
30, [T ="+log*
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1 x(x+1) 3 3
Sol. LetI = [3—dx 3 1 dx
1 x2(x+1)_ 1 x2(x+1)
1 A B
Let integrandﬂ =t e T

Multiplying by L.C.M. = x2 (x + 1)
1=Ax(x + 1) + B(x + 1) + Cx2

Chapter 7 - Integrals

(D)

C
X+1

..(if)

(Partial fractions)
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= 1=Ax2+Ax + Bx + B + Cx2
Comparing coefficients of x2, x and constant terms on both sides,

we have
X2 A+C=o0 ...(ii0)
X: A+B=o0 ..(iv)
Constants: B=1 ..(v)
Let us solve (iii), (iv), (v) for A, B, C.
Putting B = 1 from (v) in (iv), A+ 1=00rA=-1
Putting A = — 1in (iii)), -1+ C =0 =C=1
Putting values of A, B, C in (ii),

-t _=1.,1 ,_1

x2(x +1) b'¢ x2 X+1

. From (i), [ = [3—dx

1 x2(x +1)
Isl 31 3_1
= dx + J’ 1 dx+ J' —— dx
1 x 1 x2 1 x+1

~— (loglx |, + [7x% e+ (log xr1)

1
—1

(x1)3
=—(log |3] - log |1]) +|KT|) +(log|4]-log|2]

\3
J + log 4 — log 2

1

(1
=-log3+o0- kx

=—log3 - (l_l\ + log 2* — log 2

s )
:_10g3—(1_—3\+210g2—10g2
e
- _1 = 11 -2 1 1
_—og3+3+og2—3+og2—og3
2 2
= +log _.

3 3
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I1I

Applying Product Rule of defipite I ation
¥ I.Tdx=(I  Mdx) - A 0 1 dx! !
| J. .f a Ia |kdX ,[ ) | )|

o] e
L [
=e—O—JOeX dx=e—keXJ0

=e—(e—e’) =e—e+e°=1.
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36. le xV7 cos’x dx=0

Sol. LetI = ' x7cos*x gx ()

Here the integrand f (x) = x7 cos*x
f(=x) = (= x)7cos* (- x)
= — x7 cos*x = — f(x)
. f(x) is an odd function of x.

From (), I = [* x7cos*x dx = o

a

['. If f(x) is an odd function of x, then j_a f(x) dx = o]

37. I; sin3x dx = 2

0 3
Sol. J'E sin3x dx = J';l (3 sin x — sin 3x) dx
°r ™ ]
. sin 3A = 3sin A — 4 sin3A :>sin3A=l(3 sin A — sin 3A)
” 4 I
1 [ (" cosax)] 1f 1 NE
- RISLES |K Il | —3cosx+ cos3x|
i R
1 —3cosﬂ+lc053£\ (—3coso+lcoso\
4|U 2 3 2|} |K 3

]
|_| 2 |J
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T T

Sol. LetI = '[g 2tan®x dx = 2f§tan x.tan? x dx

Replacing tan®x by (sec®x — 1) in the[integrand,

I=2 ﬁtanx(sec2x—1)dx =2 |I4 (tan x sec?x —tan x) dx |

I K ]
[ tan xsec2xdx— * tanxdx—|

=2 ] [ \ ()
1 ° ]

s

Let I

= _[g tan xsec®x dx
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= t. Theref 2, =2
Put tan x = t. Therefore sec” x = a7 sec? x dx = dt
To change the limits of Integration

When x =0, t=tanx=tan 0 = 0

n T
Whenx-4,t—tan 4 =1
(¢
= Jgt de= _ l-0=%
2,
Putting this walue of I1 in ),4
ﬁ —(log sec 23 | (Iog secE—Iog sec 0\
[ =2 =1-2
O
||_2 0 |J d 4
=1 -2 (Jag log 1) = 1 - 2 (log 2% - 0)
Qq IogZ\
=1-2 =1 - log 2.
VI
39.] sin'x dx =T -1
0 2

Sol. Put x = sin 0. Differentiating both sides dx = cos 6 d6
To change the limits of Integration
When x = 0,0 =0,

T
When x = 1, sin 6 = 1 and therefore 0 = 2
j sin" 'z dx = _[2 ecose do
Integrating by parts
[‘ -|n/2 T (E \ |— 11[/2
=|06sin6 _ ; - -0 cos 6
[ JO _[g1.sm9d6 |\2 D+L JO
- E (cosﬂ—coso\ . +(0-1) = o
2 o2 b2 2

1 - -
40. Evaluate I Oez‘ 3x dx as a limit of a sum.

e2—32

1 b
Sol. Step I. Comparing .[0 dx with J' f(z) dx, we have
a

a:O}b:l’f(X)zer3x
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~nh=b-a=1
Step II. Putting x = a, a + h,a + 2h, a + (n - 1) h in f(x), we
have

f(a) =f(0) = e
fla+ h)=f(h)=e2-3h
f(a +2h) = f(2h) = e2-6h
fla+@m-1h)=f((n-1)h) =ez-30-1h
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Step III. Putting these values in
b

[ F00 = Jim, hlf(@+f(a+h) +f(a+2h)+...

h>0 + fla+ (n - Dh}],

1 _
wehave [ €*7% dyx= lim hle*+e* 3" +e2 "0 . 4 23000

n— o
h—o

= lim h.e2[1+ e 3h+e 064+ . + e 30-1h]
h—o
n— o

LThe series within brackets is a G.P. series of n terms

(rm — 1)—|
with a =1, r = e 3" and using S» of G.P. =a -1 J
3nh
= e2 llrlg h . ’V_ee_gh__r—‘ |_|— (e—gh)n _ e—3nh—|J
n—ow |L U
Step IV. Putting nh = 1
= e Jim b 'V@—Sh—ls__l—‘
Ll I
Step V. Taking limits as h — o,
lim _=3h (1)
=e2 (e 3-1) 23 | |
ho esh—1  { 3)|_ 1
I (_1) L lim =1
=(e —e)X1><|k SJ |Ixeoex—1 |
L i
_ (62 _l\
s 0 e
dx
41. Choose the correct answer: _[ Fre X is equal to
(A) tan" 1 (e + ¢ B) tan (e %) + ¢

(C) log (ex—e ) + ¢ 1 (D) log (ex + e %) + ¢
Sol. LetI = JL dx
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[-.-
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ex . ex = ex+x = ex]
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Put ex=t. [ For.f f(e) dx, put ex = tl
L ]
dt
Therefore ex = dx’ Therefore ex dx = dt
X

dt
j t2+1

From (i), I = =tan 't + ¢

=tan '(eX) + ¢
. Option (A) is the correct answer.
42, Choose the correct answer:

,[ cos 2x

(sin X + oS X)? dx is equal to

-1
(A) . +c (B) log | sin x+ cos x | + ¢
sin x+ cos x

(C) log|sinx—-cosx|+c (D) 1 5.

(sin x + cos Xx)

cOS 2x cos® x —sin® x
Sol. LetI = j (sin x+cos x)2 X = 'f (sin x + cos x)* gx
,[ (cos x + sin x)(cos x —sin x) cos x —sin x
~ J (sin x + cos x)(sin x + cos x) dx = J' sin x + cos x dx

f'(x) |
=log |sin x + cos x | + c. ||_J. dx:lOglf(X)|+C|
X
] f&) |
OR
Put denominator sin x + cos x = t.
. Option (B) is the correct answer.
43. Choose the correct answer:

If f(a + b — x) = f(x), then IZ x f(x) dx is equal to

a+b

) LB [Prpox ax B)

(A [*fb+x dx

2 o« 2
(C) b-a  f dx (D) at+b [" oo ax
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b
2 ja 2 a
Sol. Given: f(a + b — x) = f(x) .0
LetT= ['xf() dx ...(i)

a

Changing xto (a + b — x) in the Integrand on Right side (if).
b

I= | (a+b-x) fla+b-x) dx (i)

|—|'.' By Property of definite integrals, fb f(x) dx = fb fla+b-x) dx—|
i a a l]
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44,

Sol.

Putting f(a + b — x) = f(x) from (i) in integrand of (iii),
b

I = ja fla+b-x) f(x)dx ..(iv)

b

Adding (i) and (iv), we have 2I = Ia [x f(x) + (a+b-x) f()] dx

ol = [* (x+a+b-x f) dx=]"(@+b) fx)dx = (a+b) " f0) dx

Dividing by 2, T= (a+b) [’ f(o) dx

5l
or Ib x f(x) dx = fka+b\ Ibf(x) dx
a |\2 |) a
. Option (D) is the correct answer.

ltan_l( 2x -1 \

The value of _[0 \14_ X— 22 b dx is

T
(A1 (B) o0 @ -1 (D) Z
Let I = Iltan_l( 2xX—1 \ dx = J‘ltan_l(x—%x—l\ dx
| | | |
o 1+Xx—x2 o kl—X2+X)
= ltan‘lm)\ dx = 1(tan‘lx+tan‘1(x71)) dx
J-O Ll—x(x—l)J IO 7
[ tan~' Y —tan ' x+ tan"'y |
1—xy
L i
= jol tan~'x dx + Iltan‘1 (x—1) dx

]

Changing x to (1 — x) in integrand [of second integral 1
Ia f(x) dx= J.a fla—x)dx
| "o 0 ]

1
Jltanflx dx + I tan (1 —x—1) dx
0 0

Jl tan"'xdx + Il tan~ (- x) dx= Il tan"'x dx — Il tan~! x dx
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o (o)
[. tan™! (— x) = — tan™ 'x]

. Option (B) is the correct answer.




	Exercise 7.1
	Find an antiderivative (or integral) of the following functions by the method of inspection in Exercises 1 to 5.
	2. cos 3x
	Evaluate the following integrals in Exercises 6 to 11.
	Sol.
	7.   
	Sol. (1)
	Sol. (2)
	10.
	Sol. (3)
	11.   
	Sol. (4)
	2
	Evaluate the following integrals in Exercises 12 to 16.
	Sol.

	2 (1)
	2 (2)
	2 (3)
	7
	2 (4)
	2 (5)
	13.   
	Sol.
	14.    (1 – x)
	Sol. (1)

	2 (6)
	2 (7)
	2 (8)
	2 (9)
	15.   
	Sol.  

	2 2 2
	2 2 2 (1)
	Sol.
	Evaluate the following integrals in Exercises 17 to 20.
	Sol. (1)

	2 (10)
	2 (11)
	Sol.
	19.   
	Sol. (1)
	20.   
	21. Choose the correct answer:
	equals
	x3/2 + 2x1/2 + C (D)  3

	2 (12)
	2 (13)
	2 (14)
	2 (15)
	22. Choose the correct answer:
	f (x) = 4x3 –   3   such that f (2) = 0. Then f (x) is
	(C) x4 +   1
	– 129
	+ 129
	(B) x3 +    1
	(D) x3 +    1
	+ 129 (1)
	– 129 .

	4
	1

	Exercise 7.2
	Integrate the functions in Exercises 1 to 8:
	1.  1+ x2
	2. (log x)2
	1
	1 (1)
	4. sin x sin (cos x)
	6.
	OR

	2
	Integrate the functions in Exercises 9 to 17:

	2 (1)
	10.    1

	1 
	11.

	3 (1)
	1 (1) (1)
	OR
	13.
	15.
	Sol.
	17.
	18.
	19.
	Multiplying every term in integrand by e– x,
	20.
	Sol. (1)
	22. sec2 (7 – 4x)
	Sol. (2)
	23.

	2 (2)
	2 cos x – 3 sin x 6 cos x + 4 sin x
	25.
	26.
	Integrate the functions in Exercises 27 to 37:
	28.
	Put 1 + sin x = t

	1+ cos x
	2
	31.


	1  1+ cot x
	sin x


	2  
	Note. Alternative solution for finding I1
	2
	1  1– tan x
	cos x
	cos x (1)
	1
	35.
	Put 1 + log x = t
	36.
	37.
	Choose the correct answer in Exercises 38 and 39:
	38. 
	equals
	OR
	(C) tan x cot x + C (D) tan x – cot 2x + C.
	Find the2 integrals of the following functions in Exercises 1 to 9:
	Sol.
	OR (1)
	To integrate sinn x where n is odd, put cos x = t.
	Put cos (2x + 1) = t
	Sol. (1)
	OR (2)
	Sol. (2)
	Sol. (3)


	1+ cos x
	Sol.
	Find the integrals of the functions in Exercises 10 to 18:
	Sol. (1)
	Sol. (2)
	Sol. (3)
	Sol. (4)
	Remark.
	Sol. (5)
	Sol.  
	Integrate the functions in Exercises 19 to 22:
	Sol. (6)

	1
	2
	1
	Choose the correct answer in Exercises 23 and 24:
	(A) tan x + cot x + C (B) tan x + cosec x + C
	Sol.  
	24.   
	(A) – cot (exx) + C (B) tan (xex) + C



	Exercise 7.4
	Integrate the following functions in Exercises 1 to 9:
	Put x3 = t
	2.
	3.
	=
	+ C.
	   From (i), I = 3
	+ C =
	t) + C
	7.
	8.

	3
	9.
	10.
	11.
	1
	12.

	Quadratic



	
	13.
	14.
	15.
	or  Linear
	16.
	17.
	2
	18.
	Let   Linear = A
	1

	3
	Integrate the functions in Exercises 19 to 23:
	Let Linear = A dx (Quadratic) + B
	20.
	21.
	Let Linear = A   d
	22.
	23.
	Let Linear = A   d (1)

	2 (1)
	2
	Choose the correct answer in Exercises 24 and 25.
	Sol.
	25. 
	equals
	+ C (B) 1
	(C) 1
	+ C (D) 1
	+ C.

	8
	x

	2 (1)
	x

	1
	1 (1)
	2. 21

	1 (2)
	OR

	A
	B
	C
	1 (3)
	4
	1 (4)
	x
	x (1)
	5.   x2 + 3x + 2


	 2  Coefficient of x
	Integrate the following functions in Exercises 7 to 12:
	7. (x2 + 1)(x – 1)

	x
	A
	C
	1
	10.

	A (1)
	1 (1)
	1 (2)
	11.

	A (2)
	B


	2 (2)
	2 (3)
	x2  1
	Integrate the following functions in Exercises 13 to 17:
	13.
	14.
	(Linear)k
	15.

	1  A B
	dt
	 1  Coefficient of t
	(x2 + 3)(x2 + 4)
	A
	B
	6
	2
	In R.H.S., Putting y = x2 (before integration)
	19.
	20.

	C
	21.

	1
	1 (1)
	equals
	+ C (B) log
	(C) log




	A
	B
	x
	x (1)
	1
	equals


	Exercise 7.6
	Integrate the functions in Exercises 1 to 8:
	Sol.
	Sol. (1)
	Sol.  
	Sol. (2)
	Sol. (3)
	2
	Sol.



	4  
	2
	2 (1)
	9. Integ–ra1 te  the  functions  in  Exercises  9  to  15:
	11.
	Sol.
	Sol. (1)

	2 (2)
	I II
	2 2
	15.  (x2
	Sol.

	
	Integrate the functions in Exercises 16 to 22:
	xex
	 2 cos 2 2 cos 2 
	x
	20.
	Note. Rule to evaluate 
	Choose the correct answer in Exercises 23 and 24.
	ex3 + C (D) 1



	 (1)
	Apply directly one of these formulae according to form of integrand:
	2
	2 (1)
	Integrate the functions in Exercises 1 to 9:
	Sol.
	2.
	Sol. (1)
	3.
	Sol. (2)

	2 (2)
	4.

	( 3)2
	Sol.
	6.
	Sol. (1)
	7.
	Sol. (2)
	8.

	3
	9.
	Sol.
	Choose the correct answer in Exercises 10 to 11:
	10. 
	1  log
	(B) 2
	+ C.
	Sol. (1)
	11. 
	+ 9 log
	– 3 log
	(D) 1 (x – 4)
	+ C. (1)
	Definition of definite integral as the limit of a sum:
	Note. The  series  within  brackets  represents  the  sum  of  n
	Evaluate the following definite integrals as limit of sums:

	Exercise 7.9
	Evaluate the definite integrals in Exercises 1 to 11:
	1.   
	Sol.
	Sol. (1)
	Sol. (2)
	3
	3 (1)
	 cos 
	Sol.
	Sol. (1)
	Sol. (2)
	Sol.    0
	Sol. (3)


	4 4
	Sol.
	Evaluate the definite integrals in Exercises 12 to 20:
	Sol. (1)
	Sol. (2)
	Sol. (3)
	18.
	Sol. (4)
	Sol. (5)
	20.
	Sol. (6)
	Choose the correct answer in Exercises 21 and 22:
	equals
	(A) (B) (C)
	(D)
	22. 3
	equals (1)
	(A) 6
	(B)  12 (C)   24 (D)   4
	Sol. (7)


	Exercise 7.10
	Evaluate the integrals in Exercises 1 to 8 using substitution:
	To change the limits of integration from values of x to values of t.
	To change the limits of integration from  to t
	2 2
	3(11)(7)
	To change the limits of integration
	To change the limits of Integration

	15
	To change the limits of Integration.
	Sol.
	17 4(5 
	To change the limits of Integration
	To change the limits of Integration (1)
	Choose the correct answer in Exercises 9 and 10.
	9. The value of the integral   1 4
	(A) 6 (B) 0 (C)  3 (D) 4
	To change the limits of Integration (2)
	OR



	Exercise 7.11
	By using the properties of definite integrals, evaluate the integrals in Exercises 1 to 6:
	By using the properties of definite integrals, evaluate the integrals in Exercises 7 to 11:
	Using properties of definite integrals, evaluate the following integrals in Exercises 12 to 18:
	Sol.


	 (2)
	Choose the correct answer in Exercises 20 and 21:
	20. The value of
	(A) 0
	(B) 2 (C)  (D) 1
	21. The value of
	(A) 2 (B) 3
	(C) 0 (D) – 2
	Integrate the functions in Exercises 1 to 11:
	Sol.
	3. 1
	2
	Sol.
	Sol. (1)
	9.
	10.
	11.

	1
	12.
	18.

	sin 
	sin  (1)
	sin  (2)
	sin  (3)
	19.

	sin  (4)
	sin  (5)
	sin  (6)
	sin x
	sin x (1)

	 (3)
	20.
	2
	22.

	1
	Evaluate the integrals in Exercises 23 and 24:
	24.
	Evaluate the definite integrals in Exercises 25 to 33:
	To change the limits of integration
	To change the limits:
	To change the limits of Integration
	Let us change the limits of Integration

	20
	To change the limits of Integration

	2 (1)
	2 (2)
	Prove the following (Exercises 34 to 40):
	C
	Sol.
	37.
	Sol. (1)
	To change the limits of Integration


	
	To change the limits of Integration

	
	is equal to
	42. Choose the correct answer:
	(C) log | sin x – cos x | + c (D)
	OR
	43. Choose the correct answer:
	(A)
	(C)
	44. The  value  of   0
	(A) 1 (B) 0 (C) – 1 (D) 



