Class 12 Chapter 5 - Continuity and Differentiability

Exercise 5.1

1. Prove that the function f (x) = 5x — 3 is continuous at x = o,
atx = — 3 and at x = 5.

Sol. Given: f(x) =5x— 3 (D
Continuity at x = 0
lim f(x) = lim (5x-3) (By (D)
X—>0 X—>0

Puttingx =0,=5(0)-3=0-3=-3
Putting x = 0 in (i), f(0) =5(0) —3=-3
lim f(x) =f(0) (=-13) o f (x) is continuous at x = o.

X—>0

Continuity at x=— 3
lim f(x) = Xlin_ls (5x—3) (By (1)

x—>-3

Putting x = — 3, =5(-3) -3=-15-3 = - 18
Putting x = — 3 in (i), f(- 3)=5(-3) - 3=-15-3=-18

lim fG) =/ 3=~ 18)

o f (%) is continuous at x = — 3.
Continuity atx =5
lim f(x) = lim5 (5x-3) (By (1)

X—>5

Putting x = 5, 5(5) — 3 =25 — 3 = 22
Putting x = 5in (i), f(5) = 5(5) —3 =25 - 3 = 22

lim (5x-3) =f(5) (=22) .. f(x) is continuous at x = 5.
X—5
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Class 12 Chapter 5 - Continuity and Differentiability

2. Examine the continuity of the function
f(x) =2x2—1atx=3.

Sol. Given: f(x) = 2x2 — 1 0
Continuity at x = 3
lim f(x) = lim (2x2 —1) [By ()]
X—3 X—3

Putting x = 3,=2.3>-1=2(9) —1=18 -1 =17
Putting x = 3in (i), f(3) =2.3° -1 =18 -1 =17

lin; f&) =f(3) (=17) - f(x) is continuous at x = 3.

3. Examine the following functions for continuity:

@ f®=x-5 M f)=—"—,x25
X—5
(c)f(x)=xz_25,X¢-5 @ f) =lx-5l
+5
Sol. (a) Given: f(x) =x -5 (D)

The domain of fis R
(. f(x) is real and finite for all x € R)
Let ¢ be any real number (i.e, ¢ € domain of f).

)1(13} f(x) =lim (x-5) [By (D]

Puttingx =c,=c -5

Putting x = cin (i), f(c) =c - 5
1Ln£f(x) =f@(=c-5)

. fis continuous at every point ¢ in its domain (here R).
Hence f is continuous.

Or
Here f(x) = x — 5 is a polynomial function. We know that
every polynomial function is continuous (see note below).
Hence f (x) is continuous (in its domain R)
Very important Note. The following functions are
continuous (for all x in their domain).
1. Constant function
2. Polynomial function.

f(x)

.Rational function
3 gx)

where f (x) and g(x) are

polynomial functions of xand g (x) # o.
4. Sine function (= sin x).

5. COS X. ®CUET 6. ex.

7. e x. Academy 8 log x (x > 0).
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Class 12 Chapter 5 - Continuity and Differentiability
9. Modulus function.

(b) Given: f(x) = —*

,X#5 (D)
X—-5
Given: The domain fis R — (x # 5) ie, R - {5}
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Class 12 Chapter 5 - Continuity and Differentiability
(v Forx=5fx=—" -—1 -1 _,4
X—-5 5-5 0

5 ¢ domain of f)
Let ¢ be any real number such that ¢ = 5

lim fG) = lim — [By (0]
X—>cC Xx->c X—§
Putting x = ¢, -1
c-5
Putting x = ¢ in (), f(c) = ——
c-5
lim f(x) =f(c) (__1 )
X—>cC | c— 5 |
\ )

.. f (x) is continuous at every point ¢ in the domain of f.
Hence f is continuous.
Or

1 . . .
Here f (x) = , X # 5 is a rational function
X-5

r: chi}on(l)lal)l(l_%% ggr%el\‘and its denominator
\ )

ie, x —5)# 0 (. x # 5). We know that every rational
function is continuous (By Note below Solution of Q. No.
3(a)). Therefore f is continuous (in its domain R — {5}).

X -2
© )= ———rX* =5
X+5
x> - 25 . . .
Here f(x) = , X # — 5 is a rational function and

X+5
denominator x + 5% 0 (. x # — 5).

(In fact f (x) = )(2_725’()”&_5): X+ 5lx -

X+5 X+5
=x -5, (x# — 5) is a polynomial function). We know thatevery
rational function is continuous. Therefore fis continuous

(in its domain R —{— 5}).
ET
cademy
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Class 12 Chapter 5 - Continuity and Differentiability
Proceed as in Method I of Q. No. 3(b).
(d) Given: f(x)=|x-5]
Domain of f (x) is R ("." f(x) is real and finite for all real
x in (= oo, ©))
Here f(x) = | x - 5 | is a modulus function.
We know that every modulus function is continuous.
(By Note below Solution of Q. No. 3(a)). Therefore f is
continuous in its domain R.
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Class 12 Chapter 5 - Continuity and Differentiability

4. Prove that the function f(x) = x? is continuous at
x = n where n is a positive integer.
Sol. Given: f (x) = x» where n is a positive integer ........c.cceceevevrervennene. )

Domain of f (x) is R (....f (x) is real and finite for all real x)
Here f (x) = x», where n is a positive integer.
We know that every polynomial function of x is a continuous
function. Therefore, f is continuous (in its whole domain R) and
hence continuous at x = n also.
Or
lim f(x) = lim x» [By ()]
X—>n
X—>n
Putting x = n, = n»
Again putting x = n in (1), f (n) = n»
lim f(x) = f(n) (= nn) - f(x) is continuous at x = n.
X—>n

5. Is the function f defined by
f ») = [X, %f x<1
5, if x>1

continuous at x = 0?, At x = 1?, At x=2?

Sol Given: ()= {° if  x<1 (D)
ol. wen: f)= g5 i x>1 (D)
(Read Note (on continuity) before the solution of Q. No. 1 of this
exercise)
Continuity at x = 0
Left Hand Limit = lim f(x) = Lm x [By ()]
X 0 X—>0
(x— 0™ = x < slightly less than 0 = x < 1)
Putting x = 0, =0
Right hand limit = lim f(x) = lim «x [By ()]
X—>0 X—>0

(x > 0" = x is slightly greater than 0 say x = 0.001 = x < 1)
Putting x = 0, lim f(x) = o o lim f)= lim f(x)=o0
X—>0 X—>0 X—0
lim f(x) exists and = 0 = f(0)
X—>0

(." Putting x = 0 in (i), f(0) = 0)
~. f(x) is continuous at x = 0.

Continuity atx =1 @CUET

Academy
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Class 12 Chapter 5 - Continuity and Differentiability
Left Hand Limit = thni f@) = Xh_}mﬁ X [By (1]

Putting x =1, =1
Right Hand Limit = lim f(x) = lim 5
x—>1" x- 1

Putting x =1, lim f(x) =5
X—1
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Class 12 Chapter 5 - Continuity and Differentiability

m f(x)= lim f(x) lin} f(x) does not exist.
x> 1 X1 X—

o, f(x) is discontinuous at x = 1.
Continuity at x = 2

Left Hand Limit = lim f(x) = lim 5 [By (ii)]

X—>2 X—>2

(x—> 2 —= xisslightly < 2 = x=1.98 (say) = x > 1)

Putting x = 2, =5
Right Hand Limit = lim f(x) = lm j5 [By (ii)]
X 2 x—>2"
(x > 2 + = x is slightly > 2 and hence x > 1 also)
Putting x = 2, =5
Xlin; f&) = Xli%n; f&) (= 5)

lim f(x) exists and = 5 = f(2)

(Putting x = 2 > 1 in (i), f(2) = 5)
o, f(x) is continuous at x = 2
Answer. f is continuous at x = 0 and x = 2 but not continuous
at x = 1.
Find all points of discontinuity of f, where fis defined by
(Exercises 6 to 12)

2x +
6.f(X)= [X 3 XS2.
2 — xX>2
Sol. Given: f(x) =2x +3, x<2 (D
=2x-3 x>2 .G

To find points of discontinuity of f (in its domain)
Here f(x) is defined for x <2 ie, on (- oo, 2]
and also for x > 2 ie, on (2, ©)

Domain of fis (— o, 2] U (2, ) = (— 0, ®©) = R
By (i), for all x < 2 (x = 2 being partitioning point can’t be mentioned
here) f(x) = 2x + 3 is a polynomial and hence continuous.
By (ii), for all x > 2, f(x) = 2x — 3 is a polynomial and hence continuous.
Therefore f(x) is continuous on R — {2}.
Let us examine continuity of f at partitioning point
x=2

Left Hand Limit = lim f(x)= lim (2x + 3) [By ()]
X—>2 X—>2

_ CUET
Putting x = 2, = Acadénty3 = 7
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Class 12 Chapter 5 - Continuity and Differentiability

1 - h _ B ..
Right Hand Limit = o /&) = 1m (2x=3) [By (ii)]

2

Putting x = 2, =2(2)-3=4-3=1
Im f(x)= lim f(x)
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Class 12 Chapter 5 - Continuity and Differentiability

1iH12 f(x) does not exist and hence f(x) is discontinuous at
X—

x = 2 (only).
|x|+3, if x<—3
7. fxX) =] —2x, if -3<x<3.
6x+ 2, if x>3
|x|+3, if x<—3 ..(D
Sol. Given: f(x)= { —2x, if -3<x<3 ..(i)
lox+2, if  x>3 i)

Here f(x) is defined for x < — 3 ie, (-, — 3] and also for
— 3 < x < 3 and also for x > 3 ie, on [3, ).

. Domain of fis (— o, — 3] U (— 3, 3) U [3, ©) = (— o, ©) = R.
By (i), forallx < —3,f(x) = | x| +3=—x+3

(" x < — 3 means x is negative and hence | x | = — %)
is a polynomial and hence continuous.
By (ii), forall x (- 3 <x < 3) f(x) = — 2x is a polynomial and

hence continuous.

By (iii), for all x > 3, f(x) = 6x + 2 is a polynomial and hence
continuous. Therefore, f(x) is continuous on R — {— 3, 3}.

From (i), (ii) and (iii) we can observe that x = — 3 and
x = 3 are partitioning points of the domain R.

Let us examine continuity of f at partitioning point

Xx=-3
Left Hand Limit = lim f(x) = lim ( x|+ 3) [By ()]
x>-3 x—>-3
(C x>-3 = x<-3)
= Jm  (-x+3)

(. x> -3 = x < — 3 means x is negative and hence
lx|=-2x
Putx=-3,=3+3=6

Right Hand Limit = lim‘ fx) = lirrg (2% [By (in]
X—>-3 X -

o x>-3 = x>-3)

Putting x = — 3, =-2(-3)=6
Lim fx) = limg fx) (= 6)
X—>-3 X—-=
lim f(x) exists an
X ‘? UET
’ %) Academy
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Class 12 Chapter 5 - Continuity and Differentiability
Puttingx = - 3in (), f(-3)=1-3/+3=3+3=6
Jim f(0 = f(=3) (= 6)

o f(x) is continuous at x = — 3.
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Class 12 Chapter 5 - Continuity and Differentiability

Now let us examine continuity of f at partitioning point
x=3

Left Hand Limit = lim f(x) = lim (- 2x) [By (ii)]
xX—>3 X—>3

(m x>3 = x<3)
Putting x =3, =-2(3)=-6

Right Hand Limit = lim f(x) = lim (6x + 2) [By (iii)]
X—>3 X—>3

o x—>3 = x>3)
Putting x = 3, =6(3) + 2 =18 + 2 = 20

m 7 Hm r(x)

X—>3 X
lim £(x) does not exist and hence f(x) is discontinuous at
x—>3

x = 3 (only).
“ll, if XZ0

8. f(x) = J X

0, if Xx=0

Sol. Given: £() = X ifx = o
X

[ie,= %=1 if x>0 (. Forx>o0,|x|=x
X
and = — i = _1ifx<o (. Forx<o,|x|=-x)
ie., fx) =1 if X>0 (D
——1 if =x<o ..(i)
=0 if X=0 (i)

Clearly domain of f(x) is R (. f(x) is defined for x > o, for x < 0
and also for x = 0)

By (i), for all x > 0, f(x) = 1 is a constant function and hence
continuous.

By (if), for all x < 0, f(x) = — 1 is a constant function and hence
continuous.

Therefore f(x) is continuous on R — {o}.

Let us examine continuity of f at the partitioning point x=0

Left Hand Limit = lim f(x)= lim -1 [By (i)]
X—>0 .

X—>0

(. x>0 = x<0)
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Class 12 Chapter 5 - Continuity and Differentiability
Right Hand Limit = lim f(x) = lim 1 [By (]
X—>0 ..

X—>0

(. x>0" = x>0)
Put x = o, =1
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Class 12 Chapter 5 - Continuity and Differentiability
im () lim f(x)
X—>0 X—>0

lim f£(x) does not exist and hence f(x) is discontinuous at

X—>0

x = 0 (only).
Note. It may be noted that the function given in Q. No. 8 is
called a rsi)%num function.

’ if x< o

9.f(x) = 1 1x]|
-1, if x=20
Sol. Given:

4x be
f)= |7 ,if x<o=__ =-1 if x<o ()
[1x] X
(- Forx<o, |x|=-x
-1 if x>0 ...(ih)

Here f(x) is defined for x < 0 ie, on (- o, 0) and also for x > 0
ie, on [0, ©).
. Domain of fis (= o, 0) U [0, o) = (— o, ©) = R.
From (i) and (ii), we find that
f(x) = — 1 for all real x (< 0 as well as > 0)
Here f(x) = — 1 is a constant function.
We know that every constant function is continuous.
.. fis continuous (for all real x in its domain R)
Hence no point of discontinuity.

+1, if
10. f(x) = b XZI.
211, if x<1
[x+1, if x>1 ()
Sol. Given: ixz +1, if x<1 ..

Here f (x) is defined for x > 1 ie., on [1, o) and also for
x <1 Le, on (— oo, 1).

Domain of fis (- o, 1) U [1, ©) = (— o, ©) = R

By (i), for all x > 1, f (x) = x + 1 is a polynomial and hence
continuous.

By (ii), for all x < 1, f (x) =x2 +1 is a polynomial and hence




Class 12 Chapter 5 - Continuity and Differentiability
xX=1.

Left Hand Limit = lim f(x) = lim (x2 + 1) [By (ii)]
X> T .

X—>1

(. x—>1 = x<1)
Puttingx=1, =1"+1=1+1=2
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Class 12 Chapter 5 - Continuity and Differentiability

Right Hand Limit = lim f(x) = lim (x + 1) [By ()]
X 1 x—>1"

o x>1" = x>1)
Puttingx=1,=1+1=2

im f(x)= lim f(x)(=2)

lim f(x) exists and = 2

x—1

Puttingx=1in (i), f(1) =1+ 1=2

m () = ) (= 2)

~. f(x) is continuous at x = 1 also.
.. fis be continuous on its whole domain (R here).
Hence no point of discontinuity.

3 _ .
11. f(X) - X 3 if XS2.
241, ik x>2
Sol. Given: fx) = [XS -3 if x<2 (D)
ix2 +1, if x>2 .. (i)

Here f(x) is defined for x < 2 i.e,, on
(= oo, 2] and also for x > 2 i.e, on (2, ©).
Domain of fis (— o, 2] U (2, ) = (— 0, ®©) = R
By (i), for all x < 2, f (x) = x3 — 3 is a polynomial and hence
continuous.
By (ii), for all x > 2, f(x) = x2 + 11is a polynomial and hence
continuous.
. f1is continuous on R — {2}.
Let us examine continuity of f at the partitioning point x = 2.

Left Hand Limit = lim f(x) = lim (x3 - 3) [By (]
X—>2 X—>2

s x>2 = x<2)
Putting x =2, =23-3=8-3=5

Right Hand Limit = lim f(x) = lm (x2 + 1) [By (i)]
X—>2 X—>2

o x>2" = x>2)

Putting x = 2,
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Class 12 Chapter 5 - Continuity and Differentiability
: (0= lim f(x (=5)
lim f x—>2 f 5

X—>2
lim f(x) exists and = 5
X—>2

Putting x = 2in (i), f(2) =22-3=8 -3 =5
}1312 fG) =f(2) (=5)
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.. f(x) is continuous at x = 2 (also).
Hence oint of discontinuity.
TR, Ot Y
12, f(x) = x<1

1 x2, if x>1
Sol. Given: fl) = [xi0 -1, if x<1 (D)
1 x2, if x>1 ...(ii)

Here f (x) is defined for x < 1 ie, on (- o, 1] and also for
x > 1 ie, on (1, o).

Domain of fis (— o, 1] U (1, ®©) = (- o, ©) = R
By (i), for all x < 1, f(x) = x© — 1 is a polynomial and hence
continuous.
By (ii), for all x > 1, f (x) = x2is a polynomial and hence
continuous.
o f(x) is continuous on R — {1}.
Let us examine continuity of f at the partitioning point

X =1.
Left Hand Limit = lim f(x) = lim (x© — 1) [By (1]
X—>1 X—>1
o x>1 = x<1)
Putting x = 1, =()°-1=1-1=0
Right Hand Limit = lim f(x) = lim x2 [By (in]
X—>1 XxX—1

Putting x =1, = 1°=1
lim f(x) = lim f(x)
X—>1 X—1

lim f(x) does not exist.
X—>1

Hence the point of discontinuity is x = 1 (only).
13. Is the function defined by
x+5 if x<1

A { -5 i x>1

a continuous function?

Jx+5, if x<1 (D)
(x-5, if x>1 ...(>i)

(S CUET
is defined foﬁéc?[}?emyon — oo, 1] and also for
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Class 12 Chapter 5 - Continuity and Differentiability
x > 1 ie, on (1, o)
Domain of fis (— o, 1] U (1, o] = (— o, o) = R.
By (i), for all x < 1, f (x) = x + 5 is a polynomial and hence
continuous.
By (ii), for all x > 1, f (x) = x — 5 is a polynomial and hence
continuous.
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. fis continuous on R — {1}.
Let us examine continuity at the partitioning point x = 1.

Left Hand Limit = lim f(x)= lim (x + 5) [By ()]
1 1
Putting x = 1, =1+5=6
Right Hand Limit = lim f(x) = lim (x - 5) [By (ii)]
X—1 X—>1
Putting x = 1, =1-5=-—4

lim f(x)= lim f(x)

lim f£(x) does not exist.

X—>1

Hence f(x) is discontinuous at x = 1.
. x = 11is the only point of discontinuity.
Discuss the continuity of the function, f, where fis defined by
3, if o0<x<1

14. f(x) = {4 if 1<x<3.
5, if 3<x<10

3, if o0<x<1 (D
Sol. Given: fx)= 14, if 1<x<3 ..(i)
5, if 3<x<10 ...(iii)

From (i), (ii) and (iii), we can see that f(x) is defined in [0, 1]
v (1, 3) U [3, 10] ie,f(x) is defined in [0, 10].

Domain of f(x) is [0, 10].
From (i), for 0 < x < 1, f(x) = 3 is a constant function and hence
is continuous for 0 < x < 1.
From (i), for 1 <x < 3, f(x) = 4 is a constant function and hence
is continuous for 1 < x < 3.
From (iii), for 3 < x< 10, f(x) = 5 is a constant function and
hence is continuous for 3 < x < 10.
Therefore, f(x) is continuous in the domain [0, 10] — {1, 3}.
Let us examine continuity of f at the partitioning point

x=1.
Left Hand Limit = hm fx)= lim 3 [By (]
X—> 1
(. x—>1 = x<1)
Putting x = 1;, =3
Right Hand Limit = ‘1?/" lim 4 [By (iD]
ET
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Putting x = 1,

=4

Chapter 5 - Continuity and Differentiability

Im f(x)= lim f(x)
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lim f(x) does not exist and hence f(x) is discontinuous at
X—>1

x=1.
Let us examine continuity of f at the partitioning point x = 3.

Left Hand Limit = lim f(x) = lim 4 [By (ii)]
X—>3 X—>3
(x> 3 = x<3)
Putting x = 3, =4
Right Hand Limit = lim f(x) = lim 5 [By (iii)]
X—>3 X—=>3
. x>3 = x>3)
Putting x = 3; =5

lim f(x) = lim f£f(x)
X 3 x—3"

lim f(x) does not exist and hence f(x) is discontinuous at
x>3

x = 3 also.
~ x=1and x = 3 are the two points of discontinuity of the
function f in its domain [0, 10].

2x, if X<O0

15.f(x)=Jo, if o<x<1.

{4x, if x>1

Sol. The domain of fis {x e R : x < 0} U {x e R: 0 <x <1}
u{xeR:x>1=R
x = 0 and x = 1 are partitioning points for the domain of this
function.
For all x < 0, f(x) = 2xis a polynomial and hence continuous.
For o0 < x < 1, f(x) = 0 is a constant function and hence
continuous.
For all x > 1, f(x) = 4xis a polynomial and hence continuous.
Let us discuss continuity at partitioning point x = o.

Atx=0,f(0)=0 [ fx)=0if 0 <x<1]
lim f(x)= lim 2x['"x - 0 = x <0 and f(x) = 2x for x < 0]
X—>0 X—>0

=2x0=0

lim f(x) = lim o[ x > 0" = x>0 and f(x) = 0 if 0 < x < 1]
X—>0 X—>0

@ﬁfﬁ?my
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Class 12 Chapter 5 - Continuity and Differentiability
=0
f&x) = lim  f(

X—>0 =0

Thus lim f(x) = 0 = f(0) and hence f is continuous at 0.

X—>0

Let us discuss continuity at partitioning point x = 1.
Atx =1, f(1) =0 [ fx)=o0if 0o <x<1]
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lim f(x) = Xlirnio [x >1-=>x<1and f(x) = 0 if 0 < x < 1]

X271
1
=0
lim f(x) = lim 4x [x > 1+ = x > 1 and f(x) = 4x for x > 1]
X—1

X—1

=4x1=4
The left and right hand limits of fat x = 1 do not coincide ie,
are not equal.

lim f(x) does not exist and hence f(x) is
X—>1

discontinuous at x = 1.
Thus fis continuous at every point in the domain except x = 1. Hence,

fis not a continuous function and x = 1 is the only pointof
discontinuity.
-2, if x<—1
16. f(x) = {2x, if —1<x<1,
{ 2, if x>1
(-2, if x<—-1 ..(0)
Sol. Given: f(x) = 1 2X, if —1<x<1 ...(i)
L2, i x>t (i)
From (i), (if) and (iii) we can see that f(x) is defined for
:ix<-1tu{x:—-1<x<1u{x:x>1}

ie, for(—ow, —1]U(-1,1] U (1, ©) = (- o, ©) =R

. Domain of f(x) is R.

From (i), for x < — 1, f(x) = — 2 is a constant function and hence
is continuous for x < — 1.

From (ii), for — 1 < x < 1, f(x) = 2x is a polynomial function and
hence is continuous for — 1 < x < 1.

From (iii), for x > 1, f(x) = 2 is a constant function and hence is
continuous for x > 1.

Therefore f(x) is continuous in R — {- 1, 1}.

Let us examine continuity of fat the partitioning
point x = — 1.

Left Hand Limit = lim, f(x) = lim (o) [By ()]

X—>-1"

Academy
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Class 12 Chapter 5 - Continuity and Differentiability
(F x>-1 = x< -1
Right Hand Limit = Xl_l)IIlP fx) = x1—1>m1+ 2x (By (iD]

(o x—>-1" = x>-1)

Puttingx = -1, =2(-1) =-2
. limi fG= lim f()(=-2). lim f(x) exists and = — 2.

Putting x = —1in (), f(- 1) = — 2
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lin} f(X) = f(=1) (= -2) .. f(x)is continuous at x = — 1.

Let us examine continuity of f at the partitioning point x=1
Left Hand Limit = lim f(x) = lim (2x) [By (iD)]

1 X—>1
(v x>1 = x<1)

Putting x =1, =2(1)=2
Right Hand Limit = lim f(x) = lim 2 [By (iii)]
x 1 x—1"

(o x>1" = x>1)
Putting x =1, = 2

lim f()= lim f)(=2) - lim f(x) exists and = 2.
Putting x = 1 in (i1), f(1) = 2(1) = 2

lim f(x) =f(@) (=2) .. f(x)is continuous at x = 1 also.

Therefore f is continuous for all x in its domain R.
17. Find the relationship between a and b so that the function
f defined by

+3 x>3
is continuous at x = 3.
ax+1 if ;
Sol. Given: f&) = X ox =3 ..(D)
bx+3 i x>3 (i)

and f(x) is continuous at x = 3.

Left Hand Limit = lim f(x) = lim (ax + 1) [By (1)]
x 3 x>3

x—>3 = x<3)

Putting x = 3, =3a +1 ...(iih)

Right Hand Limit = lim f(x) = lim (bx + 3) [By (ii)]
xX—>3 Xx—>3

o x>3 = x>3)

Putting x = 3, = 3b + 3 ...(iv)

Putting x = 3 in (1), f(3) = 3a + 1 ..(v)

Because f(x) is continuous at x = 3 (given)

lim f(x) = lm f(x) =f(3)

x 3
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Putting values from (iii), (iv) and (v) we have
3a+1=3b+ 3 (=3a+1)
3a+1=3b+3 ['.© First and third members are equal]
= 3a =3b + 2

Dividing by 3, a = b + 2
3
18. For what value of 1 is the function defined by

FO) = Mxz-2x), if x<o

| 4x+1, if x>o0
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continuous at x = 0? What about continuity at x = 1?

Sol. Given: Fo = [Mx2-20, # x<o ()

| 4x+1, if x>o0 ..(iD)

Given: f(x) is continuous at x = 0. To find A.
Left Hand Limit = lim f(x)= lim A(x® - 2x) [By ()]
X—>0

X—>0 .o

(. x>0 = x<0)
Putting x = o, =M0-0)=0

Right Hand Limit = lim f() = lim (4x + 1) [By (ii)]

x- 0 x>0

+

(- x>0 = x>0)

Putting x = o, =4(0)+1=1

lim f(x) (=0)# lim f() (= 1)

X—>0 X—>0
lim f(x) does not exist whatever A may be
X—>0 ..

(. Neither left limit nor right limit involves 1)
. For no value of A, f is continuous at x = o.
To examine continuity of fat x = 1

Left Hand Limit = lim f(x) = lim (4x + 1) [By (i)]
xX—>1 X—>1

(x > 17 = «xis slightly < 1 say x = 0.99 > 0)
Putx=1, =4+1=5

Right Hand Limit = lim+ fx) = lm (4x + 1) [By (in)]
X—>1 x—>1"

(x > 1 = xis slightly > 1 say x = 1.1 > 0)

Put x = 1, =4+1=5
tim f() = lim f() (= 5)
X—>1 X—

lim f(x) exists and = 5
x—>1 .
Putting x = 1in (i) (. 1>0),f(1) =4+ 1=5)

lim £60 = £() (=(GYRGCUET

cagemy
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.. f(x) is continuous at x = 1 (for all real values of 1).

19. Show that the function defined by g(x) = x — [x] is
discontinuous at all integral points. Here [x] denotes the
greatest integer less than or equal to x.

Sol. Given: g(x) = x — [x]
Let x = c be any integer (ie, c € Z (=1))
Left Hand Limit = lim g(x) = lim (x — [x])

X—>c X—>cC
Put x=c-h,h—>o" <—
= lim (¢c—h-[c-h) c-1lc-h ¢

h—o"
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= m (c-h-(c-1)
h—o0 .. +
[. IfceZand h - o ,then [c—- h] =c - 1]

lim (c-h-c+1)= lim (1-h)
h—o" h—>o*

Puth=0,=1-0=1

Right Hand Limit = lim gx) = lim (x - [x])

x—ch x—>c*
Putx=c+ h, h —> o"
= lim (c+h~[c+h]) = lim (c+h-o)

h—-o h—o

(¢ Ifc eZand h — o', then [c + h] = ¢)

= lim h
h—o"
Put h = 0; =0 ll
lim g(x) # lim N
X—>c g() x—c* g(X) ¢ c+h c+1l

lim g(x) does not exist and hence g(x) is discontinuous at
X—>cC

x = ¢ (any integer).

. g(x) = x — [x] is discontinuous at all integral points.

Very Important Note. If two functions fand g are continuous in
a common domain D,

then (i) f+ g (ii) f — g (iii) fg are continuous in the same domain D.

(iv) £ is also continuous at all points of D except those where

gx) =o.
20. Is the function f(x) = x2 — sin x + 5 continuous at x = ©? Sol.
Given: f(x) = x2 —sinx + 5= (x2 + 5) — sin x

= g(x) — h(x) )

where g(x) = x2 + 5 and h(x) = sin x

We know that g(x) = x + 5 is a polynomial function and hence is

continuous (for all real x)

Again h(x) = sin x being a sine function is continuous (for all real x)

By (1) f(x) = x2 —sin x + 5 = g(x) — h(x)
being the difference of two continuous functions is also continuous

for all real x (see Note %Tlence continuous at x = n(e R)
also. Academy
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Or
Given: f(x) = x> —sinx + 5 (D
To examine continuity at x = =
lim f&) = lim (x2 — sin x + 5) [By (D]
X—>n XD
Putting x =n, =mn2-sinn+5
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=12 + 5
[ sin m = sin 180° = sin (180° — 0°) = sin 0° = 0]

Again putting x = win (i), f(r) = n2 —sinw + 5
=m?2-0+5=mn2+5

lim () =f(m)

o f(x) is continuous at x = 7.
21. iscuss the continuity of the following functions:
(@) f(x) = sin x + cos x (b) f(x) = sin x — cos x
(¢) f(x) = sin x . cos x.
Sol. We know that sin x is a continuous function for all real x
Also we know that cos xis a continuous function for all real x
(see solution of Q. No. 22(i) below)
By Note at the end of solution of Q. No. 19,
(i) their sum function f(x) = sin x + cos x is also continuous
for all real x.
(ii) their difference function f(x) = sin x — cos x is also
continuous for all real x.

(iii) their product function f(x) = sin x . cos x is also continuous
for all real x.

Note. To find lim f£(x), we can also start with putting x = ¢ + h
X—>cC

where h — 0 (and not only h — 0%)
lim f(x) = ,}im f(c+ h).
-0

X—>cC

(Please note that this method of finding the limits makes us find
both lim f(x) and lim f(x) simultaneously).

X—>c x—>ct

22, Discuss the continuity of the cosine, cosecant, secant and
cotangent functions.
Sol. (i) Let f(x) be the cosine function
ie., f(x) = cos x (D
Clearly, f(x) is real and finite for all real values of
x ie, f(x) is defined for all real x. Therefore domain off

(x) is R.

Let x=ce R.
lim f) = lim cosx
X—>cC X—>C

Put x = ¢ + h where h - o

=lim cos (c + h) _= lim (cos ¢ cos h — sin ¢ sin h)
—>0

@gym

ademy
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Putting h = o, = cos ¢ cos O — sin ¢ sin O
= cos ¢ (1) — sin ¢ (0)
=cos ¢

im f(x) =cosc
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Putting x = ¢ in (i), f(c) = cos ¢

lim f(x) = f(c) (= cos ¢)

o, f(x) is continuous at (every) x = ¢ € R
o f(x) = cos x is continuous on R.
(i) Let f(x) be cosecant function
ie, f(x) =cosecx= ",
Sin x
f(x) is not finite ie, — oo
when sin x = 0 ie, when x = nn, n € Z.
. Domain of f(x) = cosec xis D = R — {x = nn; n € Z}.
(. f(x) is real and finite ¥ x € D).

Now f(x) = cosecx = — = 9k (D
sinx  h()

Now g(x) = 1 being constant function is continuous on domain

D and h(x) = sin x is non-zero and continuous on Domain D.

1 _gx)

Therefore by (i), f(x) = cosec x (= sinx h(x))lis continuous
on domain D =R — {x = nn, n € Z}
(Also read Note at the end of solution of Q. No. 19).
(ili) Let f(x) be the secant function
. _1
ie,f(x) = sec x = f(x) is not finite i.e, — o
COoS X
T

When cos x = 0 ie, when x =(2n + 1) 50 NE Z.

. Domain of f(x) = sec x is

i
D=R-{x=(2n+1) 2;neZ}

Now f(x) = sec x = —+ 9 (1)

CoS X h(x)

Now g(x) = 1 being constant function is continuous on domain
D and h(x) = cos x is non-zero and continuous on domain D.
Therefore by (i), f(x) = sec x |(:_1 __g_(&ﬂ‘ is continuous

COS X - h(x)

ondomain D=R — {x:x=(2n + 1) E;neZ}.

CUET
(iv) Let f(x) be the co AcAdedion e, f(x) = cotx =
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. e sin x
f(x) is not finite L.e, — o
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When sin x = 0 ie, when x =nn, n € Z.
Domain of f (x) = cot x is
D=R-{x=nm;nelZ}
COS X 9x)

Now f(x) = cot x = sinx - h(x) (D

Now g(x) = cos x being cosine function is continuous on D
and is non-zero on D.

Therefore by (i), f(x) = cot x {_ COSX :M\‘ is continuous
simx~ h(x)
\ J
on domain D=R — {x: x=nm, n € Z}.
23. Find all points of discontinuity of f, where
| sin X , if X<O0
f =7 x
x+1, if x>o0
Sol. The domain of f={x e R:x<0ofu{xeR:x>0}=R
x = 0 is the partitioning point of the domain of the given function.
For all x < 0, f(x) = B (given)
X

Since sin x and x are continuous for x < 0 (in fact, they are
continuous for all x) and x # o

.. fis continuous when x < 0

For all x > 0, f(x) = x + 1 is a polynomial and hence continuous.
.. fis continuous when x > 0.

Let us discuss the continuity of f(x) at the partitioning
point x = 0.

Atx=0,f(0)=0+1=1 [.f(x) =x+ 1for x > 0]
lim f()= lim SIBX
X—>0 X—>0 X
r X—>0 = x<0andf(x):sm—xforx<0
I X ]

=1

lim+ f(x) = lim+ (x + 1)
X—>0 X—>0

r|_'.'x—>o+ = x>oandf(x):x+1forx>oh

=0+1=1
Since lim f(x)= lim GUET. lim £ =1
x>0~ x—>o0"

Academy —°
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lim f(x) = f(0) and hence fis continuous at x = 1.
Thus 4,0

Now f is continuous at every point in its domain and hence f is
a continuous function.
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24. Determine if f flefined1 by
x2sin —, if xzo

f(X)=|1 X

o, if x=o0

is a continuous function?

.1
Sol. For all x # 0, f(x) = x2 sin = being the product function of two
X

. . : . .1 .
continuous functions x2 (polynomial function) and sin = (a sine
X

function) is continuous for all real x # o.
Now let us examine continuity at x = 0.

lim f()= lim x*sin *

xX—>0 X—>0
X
Putting x = 0 r = 0 x A finite quantity between — 1 and 1 = ?
" sin ~ (=sin 6) always lies between —1and 1
L| X U

Also fx) =o0oatx=o01ie, f(0O)=0

lim f(x) = f(0), therefore function fis continuous at

xX—>0

x = 0 (also).

Hence f(x) continuous on domain R of f.
25. Examine the continuity of f, where fis defined by
([sinx—cosx, if x=zo0

f@ = 1 . .
-1, if x=o
Sol. Given: f(x)= [sinx—cosx if x=zo0 (D
i -1 if x=o0 ...(ii)

From (i), f (x) is defined for x # 0 and from (i) f(x) is defined
for x = o.

. Domain of f(x) is {x : x # 0} U {0} = R.

From (i), for x # 0, f(x) = sin x — cos x being the difference of two
continuous functions sin x and cos x is continuous for all x # o.
Hence f(x) is continuous on R — {0}.

Now let us examine continuity at x = 0.

lim f£(x) =lim (sin x — cos x)
X—>0 UET

- ggcad“g‘my
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Class 12 0 Chapter 5 - Continuity and Differentiability
[By (i) as x — 0 means x # 0]

Putting x = o, =sin0-cos0=0—-1=-1
From (i) f(x)=—1whenx =0
ie., fl0) =-1

im f(o) = f(0) (= - )

o, f(x) is continuous at x = 0 (also).
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Hence f(x) is continuous on domain R of f.
Find the values of kso that the function fis continuous at the
indicated point in Exercises 26 to 29.

kcosx . I
26. f(x) = {n—2x’ if X*2 ix==
4 2
{ 3 i x=)
Sol. Left Hand Limit = m_f(y) = lm X€OSX
- T om—-2x

X X—
2

Putx = %—h whereh — 0"
2

kcosfﬂfh\
lim 2 /- lim _ksinh
h—0* n—Z(th\ h—>ot m— 7+ 2h
= lim ksinh = X lim sinh k k
h— 0% 2h 2 h— 0* h =2 X 1= 5 (I)
Right Hand Limit = lim f(x) = lim XC€0SX
X— — x>— T —2X
2 2
Put x = Z+ h where h — 0"
2
kcos(ﬂ+h\
= lim \e / - lim —ksinh _ lim —ksinh
— f= )
hsot mW—2 —+h hoor T—T—2h h_s0* —2h
|k2 J
. k .
_k iy sinh _k . _ K ..(id)
2 h—>o- h 2
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f(X) =3 whenx= T (giVen)2

. . Y .
Because f(x) is continuous at x = ~ (given)
2

alim o fo = lim f(X)=f(E\
X—)L X—)L 2
2 2

Putting values from (i), (if), and (iii), ];( =3 or k=6.
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[Kx?, if x<2

27. f(x) = atx=2.
| 3 if x>2
kx2, if
Sol. Given: fl) = { . x=2
3, if X>2

Given: f(x) is continuous at x = 2.
Left Hand Limit = lim f(x) = lim kx?

X—>2 X—>2
Put x = 2, = k(2)* = 4k
Right Hand Limit = lim f(x) = lim 3
X—>2 X—>2
Putting x = 2, =3 5

Putting x = 2 in (i) f(2) = k(2) = 4k.
Because f(x) is continuous at x = 2 (given),

therefore linzli fG) = lim f(x)=f(2)

3 .
4

Putting values, 4k =3 =3 = k=

kx +1, if
28. f(x) = [ ’ . xsm atx=n.
icosx, if x>n

Sol. Given:

]0(+1, if X<m
f&) =

" |cosx, if x>nx
Given: f(x) is continuous at x = 7.
Left Hand Limit = lim f(x) = lim (kx + 1)
X—omn X—om

Putting x =, =kn + 1

Right Hand Limit = lim  f(x) = lim_ cos x

X—>mn X—>n

=—¢c0s0=-1
Putting x = = in (i), f(x) = kn + 1
But f(x) is continuous a‘?@[ﬁﬂ'qen), therefore
lim Academy "

Class 12 Chapter 5 - Continuity and Differentiability

(. x> 2

(v x> = x<mn)

(o x>t = x>mn)

Putting x = n, = cos n© = cos 180° = cos (180° — 0)

..
(1))

[By (1]

= xis<2)

[By (iD)]

= x> 2)

(1)
.(iD)

[By (1]

[By (iD)]
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f(x) = lim fQ) =f(m)
X—>n
Putting values kn + 1 = -1 = kn + 1
= kn+1=-1[. First and third members are same]
= kn=—-2 = k=- g.
s

29. f(x) = (kx +1, if x<5 atx=s
) 2[3x—5, if x>5

Sol. Given:

B kx+1 if x<5 ...(i)
@) = {3)(-5 if x>5 (i)
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246 MatHEmATICS—XII

Given: f(x) is continuous at x = 5.

Left Hand Limit = lim f(x) = lm (kx + 1) [By ()]
- X—>5

X—>5

Putting x =5, = k(5) + 1 =5k + 1

Right Hand Limit = lim f(x) = lim (3x - 5) [By (ii)]
X—>5 X—>5
Putting x =5, =3(5)-5 =15-5=10
Putting x = 5 in (1), f(5) =5k+1
But f(x) is continuous at x = 5 (given)
lim f()= lim f&) = f(5)
X—>5 X—>5
Putting values 5k + 1 = 10 =5k +1

= 5k+1=10 = 5k=9 = k=9.

5
30. Find the values of a and b such that the function defined
by
5 if x<2
f(x)= Jax+b, if 2<x<10.

{ 21, if X>10
is a continuous function.

5 if x<2 (D
Sol. Given: fx) = {ax+b if 2<x<10 ...(ii)
l 21 if X >10 ...(iii)

From (i), (ii) and (iii), f(x) is defined for {x < 2} U {2 < x < 10}
U {x > 10} Le, for (— o, 2] U (2, 10) U [10, =) i.e., for (- «, ») Le.,
on R. . Domain of f(x) is R.

Given: f(x) is a continuous function (of course on its domain here
R), therefore f(x) is also continuous at partitioning points x = 2
and x = 10 of the domain.

Because f(x) is continuous at partitioning point x = 2, therefore

lim  f(x)= lim f(x) = f(2) ()
Now lim f(y= lim g5 [By ()]

(. x>2 = x<2)

Academy

Putting x=2, =5 mCUET
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Again lim f(X) = Xlil’l; (CIX + b) [By (1-1.)]

x—>2"t
o x>2" = x>
Putting x =2, =2a+b
Putting x = 2 in (i), f(2) = 5.
Putting these values in eqn. (iv), we have
5=2a+b=5 = 2a+b=5
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Again because f (x) is continuous at partitioning point x = 10,

therefore lim f(x) = hrn f(x)=f(0) ...(vi)
Now lim f(x)= lim (ax + b) [By (ii)]

(x> 107 = x<10)

Putting x = 10, =10a + b
Again lim f(x) = lim 21 [By (iif)]
X107 x10"
(. x—> 10" = x>10)
Putting x = 10; = 21

Putting x = 10 in Eqn. (iii), f (10) = 21
Putting these values in eqn. (vi), we have
10a + b = 21 = 21
= 10a + b = 21 ...(vii)
Let us solve eqns. (v) and (vii) for a and b.

Eqn. (vii) — eqn. (v) gives 8a =16 = a =

®» o

Puttlnga—21n(v),4+b—5 S b =1.
. a=2,b=1.
Very Important Result: Composite function of two continuous
functions is continuous.
We know by definition that ( fog)x = f (g(x))
and (gof)x = g(f(x))
31. Show that the function defined by f (x) = cos (x2) is a
continuous function.
Sol. Given: f(x) = cos (x2) (D
f(x) has a real and finite value for all x € R.
. Domain of f(x) is R.
Let us take g (x) = cos xand h(x) = x2.
Now g(x) = cos x is a cosine function and hence is continuous.
Again h(x) = x2 is a polynomial function and hence is continuous.
(goh)x = g(h(x)) = g(x?) [ h(x) = x?]
= cos (x2) (Changing x to x2 in g(x) = cos x)
= f (x) (By (i)) being the composite function of two
continuous functions is continuous for all x in
domain R.
Or
Take g(x) =x2and h(x) = cos x.
Then (hog)x = h(g(x)) = h(x?)
= cos (x2) = f(x).

32. Show that the function defined by f (x) = 1] cosxIl]l]is a
continuous function.
Sol. f(x) = | cos x | (D)

f(x) has a real and ﬁni@@dﬂb’f all x € R.

. Domain of f(x) is R. Academy
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Let us take g(x) = cos x and h(x) = | x |

We know that g(x) and h(x) being cosine function and modulus
function are continuous for all real x.

Now (goh)x = g(h(x)) = g(\ x|)=cos | x| being the composite
function of two continuous functions is continuous (but = f(x))
Again (hog)x = h(g(x)) = h(cos x)

=] cosx | =fx) [By ()]
[Changing x to cos x in h(x) = | x |, we have h(cos x) = | cos x ]
Therefore f(x) = | cosx | (= (hog)x) being the composite functionof
two continuous functions is continuous.
33. Examine thatsin |||||x |[|||is a continuous function.
Sol. Let f(x) = sin x and g(x) = | x |
We know that sinxand | /]| x ||| are continuous functions.

. fand g are continuous.

Now  (fog) () = f{g (®)} = sin {g(x)} = sin | x |

We know that composite function of two continuous functions is
continuous.

.. fog is continuous. Hence, sin | x | is continuous.
34. Find all points of discontinuity of f defined by
£6 = M0l = T2+ o LI
Sol. Given: f(x)=|x|-|x+1| (D)
This f(x) is real and finite for every x € R.
.. fis defined for all x € R ie, domain of fis R.
Putting each expression within modulus equal to o

ie, x=0 and x+1=0 ie, x=0 and x = — 1.
C . g O
—® -1 0 ©

Marking these values of x namely — 1 and o (in proper ascending
order) on the number line, domain R of fis divided into three
sub-intervals (- o, — 1], [ 1, 0] and [0, ).

On the sub-interval (-, —1] ie., for x < —1, (say for x = — 2 etc.)
x <0 and (x + 1) is also < 0 and therefore
|x|=-xand |x+1|=-(x+1) Hence
(i) becomes f(x) = |x |- |x+ 1|
=—x-(-Kx+1)=-x+x+1
ie, fx)=1 for x<-1 ...(i)

On the sub-interval [- 1, 0] ie,for — 1< x <o say forx=
-

x <oand (x + 1) > o and therefore | x | — x and | x + 1 |

=x+ 1
Hence (i) becomes f (i? BU'ET' x+1 |
@Madﬁm+ D=-x-x—-1
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=—-92x-1
ie, fx) =—2x—-1 for —1<x<o0 ... (iiN)
On the sub-interval [0, «©) ie., for x > 0,

x > 0 and also x + 1 > 0 and therefore

|x|=xand | x+ 1 | = x + 1Hence
(i) becomes f(x) = [x |- lx+1 |=x—(x+1)
=x-x-1=-1
ie., fx)=—1 for x>0 (V)

From (if), for x < — 1, f(x) = 1 is a constant function and hence is
continuous for x < — 1.

From (iii), for -1 <x <0, f(x) = — 2x — 1 is a polynomial function
and hence is continuous for —1 <x < 0.
From (iv), for x > 0, f(x) = — 1 is a constant function and hence is

continuous for x > 0.

- f1is continuous in R — {- 1, 0}.

Let us examine continuity of f at partitioning point
x=—1.

lim f(x)= lim 1 [By (in)]
X—>-—1 X—>—1
C:x>-1 = x<-1)
Putting x = — 1, = 1
lim+ fx) = lim* (—2x — 1) (By (iii))
H=p=11 X—>-1
o x>-1" = x>-1)
Putting x=—-1=—-2(-1)—-1=2-1=1
lim fx) = lim f(x) (=1
X—>-1 X 5-1"

lim f(x) exists and = 1.
X—>-1

Putting x= — 1in (i) or (iii), f(— 1) =1
Im £ = f(=1) = 1)

fis continuous at x = — 1 also.
Let us examine continuity of f at partitioning point
X=0.

lim f(x) = lim (- 2x-1) (By (i)

x>0 X0

(s x>0 = x<0)

Putting x=0,=-20)—-1=-1
lim CUET .
oo S0 =1 cademy [By (iv)]
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(. > 0" = x>0)
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Putting x =0, = -1 .. Xlin;, fl) = Xf(’; f&) (= -1
lim f£(x) exists and = — 1
Putting x = 0 in (iii) or (iv), f(0) = — 1
lim f(x) = f(0) (= - 1)

- fis continuous at x =0 also.

.. fis continuous on the domain R.

". There is no point of discontinuity.

Second Solution

We know that every modulus function is continuous for all real x.
Therefore |x| and |x + 1| are continuous for all real x.
Also, we know that difference of two continuous functions is
continuous.

f(x) = |x| — |x + 1| is also continuous for all real x.
*. There is no point of discontinuity.
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Exercise 5.2

Differentiate the functions w.r.t. x in Exercises 1 to 8.
1. sin (x2 + 5).
Sol. Let y = sin (x2 + 5)

Zlﬁ = i sin (x2 + 5) = cos (x> + 5) _5X(x2 +5)
|—_d sin f(x) = cos f(x) d f(x)—|
|L dx dx |J
cos (x2+5).(2x + 0)

d
[d xt=nx-1and ~ (c)=o0

||_dx dx J

2x cos (x2 + 5).

Caution. sin (x2 + 5) is not the product of two functions. It is
composite function: sine of (x2 + 5).
2. cos (sin x).
Sol. Let y = cos (sin x)

dv d d |
dx = dy cos (sin x) = — sin (sin x) dx sin x
o4 os F0 = sin f00 2 £Go)!
" dx dx |J
= — sin (sin x) . cos x = — cos x sin (sin x).
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3. sin (ax + b).
Sol. Let y = sin (ax + b)
dy d
dx = gy sin (ax + b) = cos (ax + b) (GX + b)
[ _d ]
cos (ax + b) 'a— (X) +— ()
" dx dx ']
= cos (ax + b) [a(1) + O]
= a cos (ax + b).
Note. It may be noted that letters a to g of English Alphabet
are treated as constants (similar to 3, 5 etc.) as per convention.

4. sec (tan \/;).
Sol. Let y = sec (tan Jx)

ol = 4 sec (tan \/;)
dx

dx
d

= sec (tan ‘/_) tan (tan +/x ) (tan \/_)
_d sec f (x) =sec f(x) tan f (x)— f (x)—|
|_| dx dx |J

d
sec (tan +/x ) tan (tan x ) sec (Vx) ; Jx

4 )= see fo0 4 foo)!
" dx dx i

sec (tan vx ) tan (tan VX ) sec Jx ﬁ

I— d 1/21 1—1/2_1—|
4=t ol
|_| dx dx 2 2 2\/;_
sin (ax + b)
" cos(ex+d)’
Sol. Lety = sin (ax + b)
cos (cx + d)
d . . d
dy ©os (cx+d)— sin (ax+ b)—sin (ax+b)— cos (cx+ d)
5 - dx dx
dx cos? (cx+ d)
{ d (u) (DEN. ) (NUM) NUM— (DEN)—‘

" By Quotient Rule CUET
L Y x| \@Academy (DEN)*
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cos (cx + d) cos (ax + b);‘i (ax +b) - sin (ax + b) (- sin (cx + d))

Y g
cX+1a

cos® (cx+d)
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_acos (cx + d) cos (ax + b) + csin (ax + b) sin (cx + d)

cos2 (cx + )

d d
|—_ (ax+b)= (ax)+— (b)=a x)+0=a.1=a
" dx dx dx dx J .
Similarly = (cx+d)=c¢
dx |J
6. cos x3 sin? (x5).
Sol. Let y = cos x3 sin® (x5) = cos x3 (sin x5)*
d d d
;ﬁ = cos x3 (sin x5)% + (sin x5) cos x3
X dx
" By Product Rule 4 (uv) =1 < (I + 11 <L (I)—|
||_ dx dx dx |J
= 3 . 2 (si 5)_d' 5 + (si 5)% (— si 3)43
= cos x3 . 2 (sin x dx sin x sin x sin x3) ;. x
= cos x3 . 2 (sin x5) cos )fs (5x3) + sin® x5 (— sin x3) 3x2 7

T sin x5 =cos x5~ x5 =cos x5 (5x4)

L' dx dx i
= 10x4 COS x3 sin x5 cos x5 — 3x2 sin® x5 sin x3
= x2 sin x5 [10x2 cos x3 cos x5 — 3 sin x5 sin x3].

7. 24/cot (x2) .

Sol. Lety = 2ycot (x2) = 2 (cot (x2))"/?

iﬁ = 3 (cot x2)1/2 -1 i (cot (x2))
( = (PO = () F0)
= (cot x2)™/2 ' —cosec® (x3)—  x?
\ ax
.—d _d
‘ T dx cot f(x) =— cosec? (f(x)) dx f(x)
— cosec? (x2) — 2x cosec? (x2)
) \Jcot x2 (29 = Jeot (x2) .
8. cos (\/; ).

Sol. Let y = cos (\/;)

d d
av _ [ I~
dx  dx % (VX)) = - sin Vx dx V¥

B cos 10 = sin 004 10
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|_| dx dx

= — sin |—_d :lx1/2 _1 K2-1 = 1 X2 = 1 ]

oEl a a . R
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9. Prove that the function f given by f(x) = Mix-1 1,
x € Ris not differentiable at x = 1.
Sol. Definition. A function f(x) is said to be differentiable

at a point x = cif lim f(x) = f(c)

X—>C X-cC

exists

(and then this limit is called f'(c) i.e,, value of f'(x) or (‘31 atx =c¢)
X

Here f(x)=|x-1/,xeR ..(D)
To prove: f (x) is not differentiable at x = 1.
Putting x = 1 on (i), f(1)=|1—1|=|o|=0

Left Hand Derivative = Lf '(1) = lim S
X—>1

x—1
- . = (x=1)
- lim lx—1|—-0 _ lim
x—>1" XxX—1 x—1 xX—1
[V x>1 = x<1 = x-1<0= |x-1]=-x-1)]
- lim (—1)=-1 (i)

x—>1

Right Hand derivative = Rf'(1) = lim [ - fQ)

x—1" X—1

x=1l=0 _ p, &=1

= lim
x—>1" X—1 x—1" X—1

o x>1" > x>1 =2 x-1>0=|x-1|=x-1)

= lim 1-=1 ..(iid)
x—>1"

From (i) and (i), Lf '(1) # Rf '(1)
o, f(x) is not differentiable at x = 1.
Note. In problems on limits of Modulus function, and bracket
function (ie, greatest Integer Function), we have to find both left
hand limit and right hand limit (we have used this concept quite
few times in Exercise 5.1).

10. Prove that the greates&tg%eﬁ‘rrmnction defined by

F@) = ¥, 0 < x8&IXcademy

Call Now For Live Training 93100-87900



Class 12 Chapter 5 - Continuity and Differentiability
is not differentiable at x = 1 and x = 2.

Sol. Given: f(x) = [x], 0 <x < 3

..(D
Differentiability at x = 1
Putting x =1in (), f(1) = [1] =1
. fx)—f(1) . -1
Left Hand derivative = Lf (1) = lim X lim
x—>1 x—1 x—>1 X—1

Putx=1-h, h > o*
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1—h]-1 ) 1 . 1
= lim li-hl=1 = lim 2= = lim
h—-o 1-h-1 h—-o" — hso h

[We know that as h — 0", [c — h] = ¢ — 1 if ¢ is an integer.
Therefore [1 — h] =1 -1 = 0]

1 .
Puth = o, = = does not exist.
0

.. f(x) is not differentiable at x = 1.
(We need not find Rf '(1) as Lf '(1) does not exist).

Differentiability at x = 2
Putting x = 2 in (i), f(2) = [2] = 2

c e o f(x) - f(2) . -
Left Hand derivative = Lf '(2) = lim X = Lim X2
X2 XxX—2 x> 2" xX—2

Putx=2—-hash— o'

. -1
- lim' [2-h]-2 _ lim =2 _ lim —
hso 2-h-2  hso" —h  hoo —h
(Forh > o', [2—-—h]l=2-1=1)
. 1 1 .
= lim < =~ = o does not exist.
hso" h (0]

o, f(x) is not differentiable at x = 2.
Note. For h — 07, [c + h] = c if ¢ is an integer.
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Exercise 5.3
dy
Find ain the following Exercises 1 to 15.

1. 2x + 3y = sin x.
Sol. Given: 2x + 3y = sin x
Differentiating both sides w.r.t. x, we have

Lo L @) =L oy

dx dx dx
@ _
o433 ® - cos x = 3 ceosx - 9 .y _cosx-2
dx dx 3

2. 2x+ 3y =siny.
Sol. Given: 2x + 3y = sin y
Differentiating both sides wir.t. X, we have

d d d
@) +— @) = siny L2433 cos y dy
dx dx dx dx dx
dv d
:—cosy“z+3 =-2 = —J(cosy-3)2-2
dx dx
dx
= v 2
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3. ax + by? = cos y.
Sol. Given: ax + by’ = cos y
Differentiating both sides wr.t. x, we have

d . d
i(ax)+i(byz):_(cosy) .'.a+b.2yd¥ :—smy“’z
dx dx dx dx dx

dy
= oby + sinyg"‘Z =-a
dx
dx
= d‘y(Zby+siny): - a = v e
dx dx 2by +sin y
4. xy+y2=tanx + ).
Sol. Given: xy + )’ = tan x + y
Differentiating both sides w.r.t. X, we have
Ty d V' x4 y
dx dx dx dx
Applying product rule,
_y+yix+2yd’z = sec® x + dy
dx dx dx dx
d
= Xd"z +y+2y_’z:seczx+d¥
dx
d.
+o . X dx
= Xd"z y"’L’ dy = sec’ x - y
dx dx _
dx
2
d dy sec“x—y
= G+2 - D =sectx -
/ dx v dx = x=+2y=+t.

5. x2 + xy + y2 = 100.
Sol. Given: X’ + xy+ y° = 100
Differentiating both sides w.r.t. X,

_dx2 +—dxy Jr—dy2 4 (100)
gx gx \ dx dx
2x + x y+y~ x +2 =0

\| dx dx |} dx

d
= 2x+x_‘¥ +y+2yd‘¥:0
dx
dx

= (x+2y)d’y:—2x—z = dJZ:_ (2x+z)‘
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dx y3=81. dx X+ 2y
6. X3 + X2y + Xxy2 +

Sol. Given: x* + X’y + xy° + y’ = 81
Differentiating both sides w.r.t. x,

dx 24 dx dx dx
. 3X2+?X2d¥+y._dxz\\ +Xiszryz_d (X)+3yzd¥ =0
\' dx dx | ') dx dx dx
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. . . d
= 3XZ+XZZI¥ ty. 2x+x. 2yd"‘Z +yz.l+3yz_‘)Z =0

X
dx dx
dy
= i X +2xy +3y%) = -3x° - 2xp - y°
3x* +2xy+ y°
- dy  Gx" +2xy+y7)

dx X+ 2xy + 3y '

7. sin’y + cos xy = .
Sol. Given: sin y + cos xy = 1
Differentiating both sides w.r.t. x,

x (sin y)? +_ZX cos Xy :_dx(rt)
. l—d . . _d _
2 (siny) siny - sinxy (xy) =0
x ([ d dx \
= 2sinycosy“JZ - sin xy x"u+y.1 =0
dx I ax J

= SiHnyI"Y -xsinxyd’z -y sinxy =0
x
dx

(sin 2y - x sin xy) v =y sin xy
dx

dy ysin xy

dx  sin 2y—xsinxy’
8. sin’x + cos?’y = 1.
Sol. Given: sin® x+ cos®y = 1
Differentiating both sides w.r.t. X,
d . . d . d
= (sinx)?+— (cosy)?=" (1)
dx dx Y
dx

d _d
2 (sin x)ljx sinx + 2 (cos y)! cosy =0

dx \
= 2 sin x cos x + 2 cos y —siny"z =0
o a)
: . dy _
= 2 sinxcos x - 2 sinycosy =0
x

d
B UEMm 2y & =0
Academy dx
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= sin 2y dx sin 2x = dx singy
4 (_2x )

9. y = sin |K1+X2|'

L Gi L (_2x )
Sol. Given: y = sin |U+X2|)
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To simplify the given Inverse T-function, put x= tan 0.

(2tang )
=gsin! | =—— | =sin"! (sin 20) =2
y = sin k1+tan2 GJ sin™! (sin 20) = 260
= y=2tan 'x (. x=tan® = 0=tan %
v, L 2
dx Tl X 1+ X
1(3x—x3\ -1 1
10. =tan™" | ——|, <Xx< .
vt | el B <x<
-1 1
N —
Sol. Given: y = tan ! (3x-x') M3 <x< B

l(1—3¢ |

To simplify the given Inverse T-function, put x = tan 0.

y=tan! (3tan @ -tan® @) = tan"! (tan 30) = 30

|K 1-3tan® @ |}

= y=3tan 'x (. x=tan® = 0=tan 'x
dl:g 1 __ 3
dx 1+ x° 1+ x°
(1-x2)
11. y = cos™! 1 x2|,0<x<1.
1+ )
(1-x)

Sol. Given: y = cos ™! |m|, 0<x<1

To simplify the given Inverse T-function, put x = tan 0.

y =cos! (L;}%fgg\\ = cos ! (cos 20)
\ )
=20=2tan 'X (. x=tan® = 0 =tan %)
dy , 12
dx T+ X 1+ X
(1-x%)
12. y = sin? 1 x2,0<x<1.
k1+ x2j|

Sol. Given: y = sin"! 1- X@
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|k1+x2 |)

To simplify the given Inverse T-function, put x = tan 6.
 (1-tan®0)

. y=sin’ Ln = sin"! (cos 20)
kl + tan” GJ

(n ) =
= sin”! sin - 20 - 20
3y:g - 2tan lx (.v x=tan® = 0 =tan 'x)
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d _
&y -, 1 :_22_
dx 1+ X 1+x
_1( 2x )
13. y = cos |,—1<x<1.
L1422 )
B ( 2x )
Sol. Given: y = cos ™! |U+X2|)
To simplify the given Inverse T-function put x = tan .
((2tan@ )
y=cos ! a = cos ! (sin 20)
k1+tan2 OJ
s E
= cos ™! cos (_—29\ = - 20
= y:§-2tan’1x('.'x:tan6: 0= tan"!x)
-2
I B
dx 1+x2 1+ x

1

1
14. y = sin! (2x 1-x2), - N <x< =

Sol. Given: y = sin™! (2x y1-x")

Put x = sin 0

To simplify the given Inverse T-function,
put x = sin @ (For a° — x*, put x = a sin 0)
y=sin! (2 sin 0 M)
=sin"! (2 sin 0 4/cos? @ ) = sin ! (2 sin O cos 0)

y =sin"! (sin 20) =20 = 2 sin”! x

[, x=sin® = 0=sin!
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(1
Sol. Given: y=sec”' |\2XZ—1 |)

To simplify the given inverse T-function, putx = cos 6.

y=sec! (*P = sec! .
(2cos’0-1") cos 20

=sec ! (sec20) =20=2cos 'x (.° x=cosh = BH=cos !
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Class 12 Chapter 5 - Continuity and Differentiability
Exercise 5.4
Differentiate the following functions 1 to 10 w.r.t. x
e*
sin x’
Sol. lety= —
sin x
d d
(DEN) —~ (NUM) - (NUM) — - (DEN)
_ dx dx
dx (DEN) *
. d da . )
Ssin x~ eXx —eX S1in X sin x. eX — eX cos x
.
_ ax ., ax _
sin® x . 9
sin® x
= ox [(sin x —cos x)
sin® x
2. esin‘1x.
Sol. Let y-= esin” x
d d
dv _ esirfl X d sin”!'x [_— oY = ef ¥ f(X)~|
dx dx |_| dx dx U
_ esin’] X —1
1-x°
3. 3
eX
Sol. Let y= e = o)
d d
dv _ g<X3) ixa F_ of ¥R = of ¥ f(X)W
dx dx |_| dx dx |J
= W) 3x = 3x L)
" sin (tan™! e-¥).
Sol. Let = sin (tan"!e x
e dy sin (tan"'e )®CUET ,
& Academy, -1 o »
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(tan™! e ®) T singf (x) @

|_| dx dx |J
1 d .
1+ (ex)® dx

= cos (tan™! e-x)

Call Now For Live Training 93100-87900




Class 12 Chapter 5 - Continuity and Differentiability

1
= -l px T (-
cos (tan™! e-¥) lre € dx (- %
_ e x cos (tan™ e ) F_d (-x) =- 1—|
l+e* |_| dx U
5.
log (cos ex).
Sol. Let y = log (cos ev) r
d 1 d
dv 1 < (cos e T log fl0) = f(x)W
dx X dx " dx fx) dx |
cos ed : L _|J
d . d
1 (- siney™ e T cos f(x) =-sin fX— f&)
cos ex dx ll_ dx dx U
. (tan ex) ex= - ex (tan ex)
6.ex+ ex +, .+ex
Sol. Let y—eX+eX+ .+e><5 ]
:ex+ex +ex +ex4+exJ
Q,Z :_d ex +_d er +—d ex3 + d ex4 + d ex5
dx dx dx dx dx dx
2 2 3 _d 3 R
= ex + ex X + ex X tex X
dx dx dx
n exﬁ lxa f _d of % — —|
dx ||_ dx dx |J
—exter . Oxtex . 3K +er . 4X +er By
= ex + 2x ex + 3x% e + 4x’ ex + By’ ex.
7 ev* , x>0
Sol. Let Y= el = (e‘ﬁy/2 Ty P 1
.4y —(e&)’” er T (FG)n=n(f@)n-"— f
dx 9 dx ||_ dx dx |J
. [—d 1

1 s d i
= (D)t :
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1 s L ld e Lz
Jx
el 20/x [ dx dx 2 2./x

VX

wx el

8. log (logx), x> 1.
Sol. Let y= log (log x)
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d 1 d
dv __ 1 < (log 0 |—”_ log f (x) = f(x)1
" dx f) dx |
dx log x dx L ]
111
log x x x log x
cos X
9, , x>0
log x
Sol. Let y= <&
log x
d d
dy (DEN) (NUM) - (NUM) (DEN)
= dx dx
dx (DEN) ?
log x_d (cos x) —cos x_d log x
= dx dx
(log x)*
log x (- sin x) —cos x. £
- X
(log x)°
. cos x )
— sin x log x + |
_ N X )_ _ (xsin xlog x + cos x)
(log x)* x (log x)°

10. cos (logx+eX),x > 0.
Sol. Let y=cos (logx+ e

% = - sin (log x + ex)Ti (log x + ex)
[ s 00 == sin F0—2 Fen)!
|_I dx dx |J
= - sin (logx+e) . (1, )
0 )
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Exercise 5.5

Note. Logarithmic Differentiation.

The process of differentiating a function after taking its logarithm
is called logarithmic differentiation.

This process of differentiation is very useful in the following
situations:

(i) The given function is of the form (f(x))®

(i) The given function involves complicated (as per our thinking)
products (or and) quotients (or and) powers.
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(@™ b" cP)
d1 ¥
=mloga+nloghb+plogc—gqlogd-klogl
Remark 2. log (u + v) = log u + log v
and log (u — v) # log u — log v.
Differentiate the following functions given in Exercises
1 to 5 wr.t x.

1. cos x cos 2x cos 3x.
Sol. Let y = COS X COS 2X COS 3X (D)
Taking logs on both sides, we have (see Note, (ii) page 261)
log y = log (cos x cos 2x cos 3x)
= log cos x + log cos 2x + log cos 3x
Differentiating both sides w.r.t. x, we have

Remark 1. log

d lo =" lo cosx+i lo coszx+i log cos 3x
dx gy = dx g g 2 3
dx dx
1 dyv .1 * cosx+ A os ox
Yy dx cosx dx COS 2x
dx
;—1 d cos 3x ] Z d log f(x) —L - f(x)—|
cos 3x dx " dx fx) dx |
L i
- —L (—sinx) + . <
COs x coS 2x (= sin 2x) dx (2x)

d
(- sin 3x) dx 3X

+
cos 3x

= — tan x — (tan 2x) 2 — tan 3x (3)
dy

= — y (tan x + 2 tan 2x + 3 tan 3x).
dx

Putting the value of y from (i),
dy
dx

5 \/ (x-1)(x-2)
"\V(x-3)(x-4)(x-5)°

= — oS x cos 2x cos 3x (tan x + 2 tan 2x + 3 tan 3x).

[ oG- [ enkx-2) e .
Sol. Lety = \/ G5 - -5 | (0

Taking logs on both m@%&%{?ﬂy
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1 [og (x — 1) +log (x — 2) — log (x - 3)

logy =
2 —log (x — 4) — log (x — 5)] (By Remark I above)

Differentiating both sides w.r.t. x, we have
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1dy 1l_1 d (x—1)+;_d (X—2)—L_d (x-3)

ydx 2 x-1dx x—2dx x—3 dx
L
1 d 1
1 dx-4)-—"""" (x-5)
xX—4 dx x—5dx J
1
@ _ Tyl a 1 1 1 1|

—_ L — _ _ _

dx 2 Xx-1 xXx—-2 X-3 X—4 Xx-5

Putting the value of y from (i),

dy _ 1 [_1 L1 1 1 1
(x-3)x-4)x-5) L ]

3. (logx)cosx_
Let y= (log X)COSX (1) [FOI‘H] (f(X)) g(x)]

Taking logs on both sides of (i), we have (see Note (i) page 261)
log y = log (log x)®** = cos x log (log x)
[. log mn = n log m]

d d
i log y = dx [cos x . log (log x)]

1 dv _ d L
= g = GO log (log x) + log (log x) P
dx
[By Product Rule]
_1 d .
= cos )iog © dx log x + log (log x)(— sin x)
_cosx 1
“logx  x sin x log (log x)
dy _ FIM —sin xlog (log x)—||
dx 2 'xlogx J.
Putting the value of y frorrrt ), 1
4y _ (log x)os ¥ COSX._ inx log (log x) :
xlog x
dx L J

Very Important Note.

To differentiate y = (f O@g& prrln;’()

Musniin
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Class 12 Chapter 5 - Continuity and Differentiability
or y = (fx)9W+ h(x)
or y=(f(x)Y + k where k is a constant;
Never start with taking logs of both sides, put one term
= u and the other = v

y=uzxv

dv du dv
= +

dx dx ~— dx

Now find % and g by the methods already learnt.
X
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4, xx - 25X
Sol. Let y = xx— osinx

Put u = xxandv = 25"~

(See Note)
y=u-v
A du_ dv 0
dx dx  dx
Now u = xx [Form (f (x))*™]

log u = log xx = x log x [ log mn = n log m]

d d i
dx logu= (x log x)

= l@—xglox+loxix
u dx  dx g g
dx
1
=x." +logx.1=1+logx
X
du iy
=u (1 + log x) = xx (1 + log x) ... (i)
o dx
Again v = 2"
= . . d
dv d osin x _ osin x log 2 7 sin x
dx
dx dx
[ o 0 1og a2 £
|_| dx dx |
= P 2" % (Jog 2) cos x = cos x . 2" * log 2 (i)
Putting values from (ii) and (iii) in (i),
i‘x =xx (1 + log x) — cos x . 2% Jog 2.
X
5. (x + 3)? (x + 4)® (x + 5)%
Sol. Lety = (x+3)* (x + 4 (x + 5)* (D

Taking logs on both sides of eqn. (i) (see Note (ii) page 261)
we have log y =2 log (x + 3) + 3 log (x + 4)

+ 4 log (x + 5) (By Remark I page 262)
d

d d d
2 log(x+3)+3 , logx+4)+4 ,

log (x + 5)

le %’f( =2. @ﬁ%@@ys)w; L wra)
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1 d

+ 4.
x+5 dx

-.—2 .3 , 4

X+3 X+4 X+5

4 )

(Zjbv( =y ’[xing x§4+x+5
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Class 12 Chapter 5 - Continuity and Differentiability

Putting the value of y from (i),

dy 2 s 4(2+?+4\

=(x+3) x+4) (x+5) Xx+3 x+4 X+5°
dx \ J
Differentiate the following functions given in Exercises 6 to 11 w.r.t. x.

(x+l\x + xl(“i\}

6.
U X
1\ 141
- |
Sol. Lety = | X+ | 4 x x)
L x)
x (1. 1)
PUttlng ( 1\\ = u and k xb =v,
|x+ | R
U x
_ du dv .
We have y=u+v . dv = dx + dx (D
dx
(1N
Now u= X+
I
[ 1% (1)

Taking logarithms, log u = log | kx+ XJ = x log| Kx+ N |)[F0rm uv]

Differentiating w.r.t. x, we have
1 du 1 d (1) +1 (X+l\ 1
idu _, 1 d [ .1} +log .
u dx R dx|\ x|) Kl x|)
X
l@=x-—1 (1__1\ +log (X+l .1
|
u dx x+t L X2|) U
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(o1
Also v= xL x)
(1.1
logv=log ' x_ (1+l\ log x
X
[

Taking logarithms,

Differentiating w.r.t. x, we have
1 dv _ (1) 1 +logx. (_1)
v o dx \' X|) X \l f')
|—._. d1_ (1) x = —1]
Ll dx x dx X2 |J
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1
_ dv :v||—1|(1+1\__1 log x
ax AU e
(.1 . |
_ oo T 1)1 logx ...(iii)
I_x'k x|) x° J
Putting the values of d and d from (if) and (iii) in (i), we
X X
have

dy  ( 1wlx-1 (1)l (0 [qf 1) 1 1

= X+ |

+ log X+ |+ x\ XJL L1+ J— log x|
dx |K x|)|Lx2+1 x)| B
7. (log x)* + xlog x,
Sol. Let

y = (log x)* + xlogx

= u + v where u = (log x)*and v = xlogx
dy _du dv

dx dx dx

..(0)
Now u = (log x)* [(f (x)) 9]
. log u = log (log x)* = x log (log x) [." log m" = nlog m]
d d
dx logu = = [xlog (log x)]
dx J
1du _ X —d_ log (log x) + log (log x) = x (By product rule)
u dx dx dx
—x.

d log x + log (log x) . 1
log x dx

1
=Xx. .l+log(logx)
logx «x
du [ 1 1 x (1 +log (log x)\
=u | +log (log x) | = (log x) | log x |
dx | log x ] N )
~ (log x)" (1+ log x log (log x))
log x
= (log x)* ~* (1 + log x log (log x)) ...(i)
Again v = xlogx [Form ( f(x))9¥]
log v = log xlogx = @g%{a%rg(my [. logmn =nlog m]
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= (log x)*
d log v = < (log x)? Llod (log x)* 4 log x
dx v
dx dx dx
[._d _d o]
T @) =n(f) T ()
|_| dx dx |J
=2logx. 1
X
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(2 A

v log x' _ log x _ 2 log x

S5
I

dx | \x |} X

2xlogx-1]og x ...(>iii)

du dv
Putting values of o and X from (ii) and (iii) in (i), we have

2& = (log x)*~ ' (1 + log x log (log x)) + 2xlgx~1]og x.
X

8. (sin x)* + sin! Vx.
Sol. Let y = (sin x)*+ sin™* Jx

= u + v where u = (sin x)*and v = sin™* Jx
dy du dv

dx ~ dx © dx (D)
Now u = (sin x)* [Form ( f (x)) 9%
. log u = log (sin x)* = x log sin x

d d
dx (log u) = dx (x log sin x)
~ tadu_ 4 . A
wde =% dx og sin x + log sin x , = x
1sin d
=x.

x gy SIHX+ (log sin x) . 1

1 . .
=x cos x + log sin x = x cot x + log sin x
sin x

% = u (x cot x + log sin x) = (sin x)* (x cot x + log sin x)...(if)
X

Again v = sin™ Jx
dv 1 d T = ¢ T SR e

—— i
V1= (f())2
dx h— (J})z dx dx dx

UET
%ea#my
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1 _ 1 _ 1 ...(ii0)
2 2\/;\/1—)( 2\/x(1—x) \/X_Xz

. du
Putting values of d_ and dv from (i) and (iii) in (©),
X

dx
dv _ (sin x)* (x cot x + log sin x) + 1

dx 24/x — x2 ’

9, xsinx 4 (sin x)cos X
Sol. Let y= xsinx 4 (sin X)cos X
=u + vwhere u = xinx and v = (sin x)*~
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du dv .
dx + dx .0

R

Now u = xsinx [Form ( f (x)) 9%
o log u = log xsinx = sin x log x

d log u = 4 (sin x log x)

dx

dx
du d d

=sinx log x + log x dx SmX

=

&

1
u

sin x

. 1
=sin x . = + (log x) cos x + cos x log x
X

. x
(sin x
du u + cos x log x

s Ik(Xsinx lj

= ysinx + cos x log x ..(iD)

U )
Again v = (sin x)¢s ¥ [Form f(x)*®]
log v = log (sin x)*** = cos x log sin x
o7 (ogv) =" [cos x log sin x]

dx dx

= cos 4 log sin x + log sin = cos
v odx de g X g X X

dx
d

=cos X. i i —si
- (sin x) + log sin x (— sin x)

cot x . cos x — sin x log sin x

dv . .
d v (cos x cot x — sin x log sin x)
X

(sin x)* * (cos x cot x — sin x log sinx) ...(iii)

du dv
Putting values of = and from (ii) and (i) in (i),
dx dx

we have dv = ysinx (Smx+cosxlogx
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+ (sin x)¢°s ¥ (cos x cot x — sin x log sin x)
X2 +1
Sol. Let y = xX*¢® % + ——
X2 -1
. cos x X241
Putting x* = u and =v
x2 -1

We have y =u +v ="+ ..(0)
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Now u = x<0sx
Taking logarithms, log u = log x* “®* = x cos x log x
Differentiating w.r.t. x, we have

1 du_d (x cos x log x)
u dx  dx J
d d
= (x) . cos xlog x + x (cos x) .log x
dx dx
+xcosxi (log x)
dx s
[.._d du dv dw |
. (uvw) = w+u- . w+uv
|_| dx dx dx dx |J
=1 cos x log x + x (— sin x)logx + x cos x . 1
X
du .
= d = u [cos x log x — x sin x log x + cos x]
X
= X X [cos x log x — x sin x log x + cos x] (i)
241
Also v = X2 L Using quotient rule, we have
X —
o -0 ein-Gern L ey
_ dx dx
dx (x2 —1)?
(k@ -1).2x-(x2+1).2x _ 2X3 —2X— 2xX3 — 2X
\ Ge —1)? ) (x2 —1)?
J—. G (i)
(2 — 1) LW
du dv

Putting the values of dx and dx from (ii) and (iii) in (i), we have

d = x* ¥ [cos x log x — x sin x log x + cos x]— —
dx (x2 —1)2

11. (x cos x)* + (x sin x)V/~
Sol. Let y = (x cos x)* + (x sin x)/*
Putting (x cos x)* = u and (x sin x)/* = v,

dy _ du dv ,
C[},ET dx + dx (I)

@Acadﬁmy

We havey =u + v
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Now u = (x cos x)*
Taking logarithms, log u = log (x cos x)*= x log (x cos x)
= x (log x + log cos x)
Differentiatin Wr t. x we have

1 du =x —— .(-sin x) '+ (log x + log cos x).1

u dx X COSX

L ]
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= % = u [1 — x tan x + log (x cos x)]
X

[ log x + log cos x = log (x cos x)]
= (x cos x)* [1 — x tan x + log (x cos x)] . (i)
Also v = (x sin x)/¥

Taking logarithms, log v =log (x sin x)"/* = llog (x sin x)
x

=1 (log x + log sin x)
X

Differentiating w.r.t|.— x, we have
1 dv 111 _ 1 .
= | .cosx + (log x +log sinx) (1)

v dx x'x sinx | 'Y
L i
Lodv F|_1 +m_lgg_(wﬂ|
dx | x2 X x* i
= (x sin x)/* . [1+ x cot x — log (xsin x) | ...(iii)
1 - ]
Putting the values of and from (ii) and (iii) in (i), we
have dx dx
dy X
P (x cos x)* [1 — x tan x + log (x cos x)]
+ (xsin x)¥* [1+ x cot x —log (x sin x) |
1 e ]
Find of the functions given in Exercises 12 to 15:

dx

12. xv + yx= 1.
Sol. Given : xv + yx =1
= u+v=1 where u=xand v =y

Tw+Lwm=-"Lw

dx dx dx
; du dv
ie., @ _ p
dx * dx 0 (D
Now us=x [(Variable)™2ble = (£ (x))9%)]

log u = log x» = y log x
T
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(y log x) dx
d d
= lu%(:y_dxlogx+logx“"Z =y.l+logx.d"Z
dx X dx
@=u(l+logx.d"ﬂ
dx X dx)
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d
or %:xy (‘i+10gleijzxy’§+xylogxd¥
dx
du dy |— x’ x y71—|
=y 4 i T =T =
or X y+xlogx$ (i) [ . X X J
Again v o= X
d d
log v = log yx = x log y d logv = (x log y)
X
dx
d 1d
= 1 dv_,4d (logy) +logy X=X~__¥+logy.1
v dx dx dx y dx
d
= dv =v(x_"z+logy\|
dx y dx )
X dy
= yx (Xdz+log ) o= g + yx log y
|
y dx Yy dx
\ )
= Doy oy ...Giil)
dx dx

dv
Putting values of % and d from (ii) and (iii) in (i), we have
X X

d
x -y + xv log x s + Yy X d +yrlogy =0
dx dx

or fi’z(XJ’Iogx+yX-1x):—xy-ly—yXlogy
X

dy __ (@ ty+ylogy)

dx xlogx+ysix’
13. yx = x.

Sol. Given: yx = x» = ¥ =~
| Form on both sides is (f(x))?®
Taking logarithms, log ¥’ = log y* = ylogx =xlogy
Differentiating w.r.t. x, we have

Y.l"'lOgX-d'z =x.l ‘d,)l
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Yy odx X
\ J
_ vlogx-x gy _xogy—y gy _ ylxlogy-y)
y dx X T ax x(ylog x—x)

14. (cos x)’ = (cos y)~.
Sol. Given: (cos x) = (cos y)* [Form on both sides is (f(x))9¥]
. Taking logs on both sides, we have
log (cos xY = log (cos y)*
= ylogcosx=xlogcosy [. logmr=nlogm]
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Differentiating both sides w.r.t. x, we have

d
- (y log cos x) = = (x log cos y)

dx dx
Applying Product Rule on both sides,
d dy
= y~ log cos x + log cos x
dx dx
= x_dlog cos y + log cos y lx
dx dx
= y.—_dcosx+logcosxd"u
cosx dx dx
—x. —1— 4 cosy +logcosy
cos y dx
= y—1 (- sin x) + log cos xd'u
COS X
dx \
: ay
_y—1 —sny + log cos y
cosy | N dx |)

d
= —ytanx+logcosx.d“’Z =—xtany‘¥ + log cos y
dx dx

dy

d
= xtany +10gcosx.‘¥=ytanx+logcosy

dx
dy

= d (x tan y + log cos x) = y tan x + log cos y
X

tan x + log cos
- dv __y g y

dx xtan y + log cos x

15. xy = ex-J.
Sol. Given: Xy =ex-vy
Taking logs on both sides, we have
log (xy) = log ex-»
= logx+logy=(x-y)loge
= logx+logy=x-y (¢ loge=1)
Differentiating both sides w.r.t. x, we have

Fost
dx
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_ ld¥+_¥_1_ :>d"‘£|l+1|:x—_1
y dx dx X dx 'y X
\ )
1 d -1
_ Loyl dp _ xs2
\ J
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Cross-multiplying x(1 + y) flx =yx -1
X

_ dy _ vx-1)
dx X(1+y).

16. Find the derivative of the function given by
f(x) = (1 + x)(1 + x2)(1 + x*)(1 + x8) and hence find f'(1).
Sol. Given: f(x) = (1 + x)(1 + x2)(1 + x4)(1 + x8) (D
Taking logs on both sides, we have
log f(x) =log (1 + x) + log (1 + x2) + log (1 + x4) + log (1 + x8)
Differentiating both sides w.r.t. x, we have

1 if(><)=—1 i(1+x)+ L (1 + x2)

fx) dx 1+x dx 1+ x2 dx
1 ﬁ(1+x4)+—1 i(1+x8)
1+ x4 dx 1+ x8
dx
1 1
= —f'(x)=—1 L1+ _1_&.2x+ ;-M3+_& 8x7
f) 1+X 1+ x 1+ x 1+Xx
Feo=feo T —2x 4o | 801
[1+Xx 1+x 14x4 1428
Putting the value of f(x) from (i),
') =00 +x0a + x)a + x)a + x8)
1 2x 4x3 8x7 |
+ + +

L1+x 1+x> 1+x4 1+ 8|
Putting x = 1,

frM=0+1)0+1)0+1)0+1)

[—1+2+4+8W

1+1 1+1 1+1 1+1J

=2.2.2.2 [—+g+4+— :16L =8 x 15 = 120.
2 2 i

17. Differentiate (x2 - 5x + 8)(x3 + 7x + 9) in three ways
mentioned below:
(i) by using produ
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(ii) by expanding the product to obtain a single
polynomial.
(iii) by logarithmic differentiation.
Do they all give the same answer?

Sol. Given: Let y = (x2 — 5x + 8)(x3 + 7x + 9) ..(1)
dy
(i) To find dx by using Product Rule
dy

d
dx (x2 — 5x + 8) dx(xS + 7x + 9)
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d
+(x3+7x+9)(; (x2 — 5x + 8)

= —-5x+8)3x+7) +(+7x+9)(2x — 5)
= 3x4 + 7x2 — 15%3 — 35X + 24x2 + 56
+ 2x4 — 5x3 + 14x2 — 35x + 18x — 45

= 5x4 — 20X3 + 45x2 — 52x + 11 ..(2)
dy
(ii) To find dx by expanding the product to obtain a

single polynomial.
From (i), y = (x2 —5x + 8) (x3 + 7x + 9)
= X5 + 7x3 + Ox% — 5x4 — 35X — 45X
+ 8x3 + 56x + 72

or y = X5 — 5x4 + 15x3 — 26x2 + 11x + 72
dy
dx = 5X* — 20x3 + 45x% — 52x + 11 ..(3)
dy

(iii) To find dx by logarithmic differentiation

Taking logs on both sides of (i), we have
log y = log (x2 — 5x + 8) + log (x3 + 7x + 9)

d
'.'Li logy=i log(x2—5x+8)+;( log (x3 + 7x + 9)

dx
dx
= ld"’l=—1_—d(x2—5x+8)
ydx x2-5x+8
dx
—— .i x3 + 7x + 9)
X3+7x+9
dx
1
— 1 (x-5+ 3 (3x2 +7)
x2—-5x+8 X +7x+9

dy _ [ (x-5) | 347 |
dx | x> -5x+8 x3+7x+9|
- yr(2x ~5)(¢ + 7%+ 9) + (3 + 7)(x — 5x + 8) |

L (x2 —5x+8)x3 +7x+9) J
[2x4 + 14x2 + 18x — 5x3 — 35X — 45 + 3x4 — 15x3

+ 24x% + 7x2 — 35X + 560]

(e 5@&“%@)
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dv _  (5x4 —20x3 +45x> — 52x +11)

or  dx —er—5x+8) s+ +9)—

Putting the value of y from (i),
dy (5x4 — 20x3 + 45x2 — 52X +11)

=x2—5x+ 8)x3 +7x +9)
dx —fx =5+ 8+ o) —

= 5x4 — 20x3 + 45x%> — 52x + 11
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dy
From (2), (3) and (4), we can say that value of x is same

obtained by three different methods used in (i), (ii) and (iii).

18. If u, v and w are functions of x, then show that
du dv dw

T (u.v.w)= " v.w+u. .WH+U.V
dx dx dx dx
in two ways-first by repeated application of product rule,
second by logarithmic differentiation.
Sol. Given: u, v and w are functions of x.

To prove: _(u.v.w)=ﬂ .v.w+u.@ .W+u.v.d_W ..
dx dx dx dx
(i) To prove eqn. (i): By repeated application of product

rule

d
LHS. = —
ax (u.v.w)

Let us treat the product uv as a single function

d
= 4 [(uv)w] = uv—aL w) +w™ (uv)
dx dx dx
d
Again Applying Product Rule on 7('”)
LH.S. == (uww) = uvd_w +w uiv+ viu—|
dx dx ||_ dx dx |_]
dw dv du
= uv dx + “de ar dex

Rearranging terms

a du
or (uvw) = .v.w+u.d—v.w+u.v.d—W
dx dx dx dx
which proves eqn. (i)
(ii) To prove eqn. (i): By Logarithmic differentiation

Let y=uvww
Taking logs on both sides
logy=log (u.v.w)=1logu+logv+logw
d

'—dl = lo u+ilo v+ilow

Tax 08V T dx g g g
dx dx

., ldy _1du 1dv 1dw

= + +
y dx u dx v dx w dx

a _ By d
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dx ||_L(ljdx vdx w
Putting y = uvw, =  (uvw) = uvw

dx

|
/jl)(i+1@+_1d_WN

|\udx v dx de|)
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= V.w+u dv w+ u vd_wwhich roves eqn. (i)
ax "V e v P qn. (1).

Remark. The result of eqn. (i) can be used as a formula
for derivative of product of three functions.

It can be used as a formula for doing Q. No. 1 and Q. No. 5
of this Exercise 5.5.
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Exercise 5.6

If x and y are connected parametrically by the equations given in
dy

Exercises 1 to 5, without eliminating the parameter, find dx"
1. x = 2at?, y = at*.
Sol. Given: x = 2at? and y = at*
Differentiating both eqns. w.r.t. ¢, we have

ax = - (2at?) and v =ﬁ (at?)
dt dt dt dt
d d
=2a t? =a tt=a4
dt dt
= 2a.2t = 4at = 4at3

v/ 4at3
We know that @ o dy £ dt = —— =t2
dx dx / dt 4at

2. x=acos 6,y =b cos 6.
Sol. Given: x = a cos 6 and y = b cos 6
Differentiating both eqns. w.r.t. 6, we have

d
dx = i(a cos ) and . =i(b cos 0)
do do do do
d d
= ade cos O = bdG cos 0
= - a sin 6 = - b sin O
dy /do — bsi b
dv _ _ —bsing D
We know that dx dx/d0 = _gsin® ~a

3. x=sint, y = cos 2t
Sol. Given: x = sin t and y = cos 2t
Differentiating both eqns. w.r.t. t, we have

d
X _ cost and o sin 2t (2¢)
dt dt

dt
- (sin 2t) 2 = - 2 sin 2t

dv _ UET=2sin 2t
We know that d ;@gcaﬂ&m&os .

X
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2sintcost -~ 4sint

=-2.
cost
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4
4. x=4t,y= " .
X y ‘
Sol. Given: x = 4t and
d. d
“_ L (49) and
dt dt
d
=4 t
dt
=4(1) = 4
We know that d = dy jdt =
dx dx /[ dt

Chapter 5 - Continuity and Differentiability

_ =1
4 )

5. x = cos O - cos 26, y = sin 6 - sin 26.

Sol. Given: x = cos 6 - cos 20
dx

do do do

d
- sin O - (- sin 260) %26
= - sin O + (sin 20) 2
2 sin 20 - sin O
dy _ dy/db
dx  dx/d®

We know that

b g and y = sin 0 - sin 26
=~ (cos ) - ~ cos 20 and @ =c056—isin26

do do
d
=cosG—c0529£26

= cos 0 - cos 20(2)
= cos 6 - 2 cos 26.
_ cos B —2 cos 20

~ 2sin20-sin @’

If x and y are connected parametrically by the equations given in

Exercises 6 to 10, without eliminating the parameter, find

dy
dx”

6. x = a(® - sin 0), y = a(1 + cos 0).
Sol. x = a(0-sin 6) and y=a(l+cosH)
Differentiating both eqns. w.r.t. 6, we have

dx

d .
—ade (6 - sin 0) and

do

[ d d i

=a —0-—""sin0 and

||_a'9 do

CUET
B

155

=a (1 + cos 0)

do
[d
=a

o=

9] +l cos 0

do

femy Lo
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DQ - a(1 - cos 0) and dy =a(0 - sin 0) = - a sin 0
dao
d

dy dv/dd _ _—asinb
We k that = =
¢ Kmow Tha dx dx/do a(1-cos6)

.0 ¢} 0
2 sin ~ cos cos 0
sin 6 2 2 __ 2 _
1-cos® =~  2Zsin2™ sin § =-cot
2 2

Call Now For Live Training 93100-87900




Class 12 Chapter 5 - Continuity and Differentiability

B sin3 t cos3 t
. X = ,y = .
\/cos 2t Jcos 2t
sin3 ¢t _ cos3t

Sol. We have x = ———= and y =
JJcos 2t JJcos 2t

dx [cos 2t Lji (sin3 t) —sin3 t. i ( ¢os 2t)
t t

= (\/cos 2t)?
dt

[By Quotient Rule]

3sin2ed (sin t) —sin® t. 1 (cos 2t)7/? - (cos 2t)
JJcos 2t
_ dt 2 dt
cos 2t

cos 2t.3sin2 tcost— SIN¥t (= 25sin 2f)

2 cos 2t
cos 2t

3sin® t cos t cos 2t + sin® ¢ sin 2t
(cos 26)%/
3sin® t cos t cos 2t + sin® t. 2 sin t cos t
(cos 2£)%/2
_ sin? t cos t (3 cos 2t + 2 sin® t)
B (cos 26)%/2

d d
[cos 2¢ .~ (cos3 t) —cos3 t.— ( ,fos 2t)
dv _ NEOSEE gy dt

and =
dt (cos 2t)2
[By Quotient Rule]
.3 cos? t.—d (cos t) — cos® t. 1 (cos 2t) /2 ._d (cos 2t)

cos 2t

= dt 2 dt
cos 2t

[cos 2E.3 cos? t (—sint)— _COS’t (2 sin 2¢)

B 2 cos 2t
cos 2t

—3cos®tsin t cos 2t + cos3t.sin 2t
(cos 2t)%/2

— 3 cos’ tsin tcos 2t + cos’ t.2sin t cos t
(cos 2t)%/2

sin t cos? t (2 cos? t - CUET
demy
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ay - st
g dx/dt
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sin t cos? t (2 cos® t — 3 cos 2t)
(cos 2t)*/2

_cost[2cos’t—3(2cos’ t—1)]

Chapter 5 -

Continuity and Differentiability

(cos 2t)%/?

"sin® t cos t (3 cos 2t + 2 sin? t)

_cost(3-4cos’t)

dx

dx / dt

Call Now For Live Trali

ﬁ\cademy

sin t [3(1 - 2 sin®t) + 2 sin® t] sint(3—4sin’f)
—(4cos®*t—3cost) _ =cos3t
= - —3 = . = - cot 3t
3sint—4sin’t sin 3t
Hence d = - cot 3t.
dx
8 x= a(cost+logtan ﬂ,y:asint.
I\
Sol. xX=a |cos t+ log(tan tj:
2
dx £ 1 d Al
= =a -—sint+ . | tan
dt ‘ tan_; at'\ 2”
]
=a [|t—smt+ seczg.l—|
L tan & 2 ZJ
2
[ |
=a|—sint+—Cﬁi. 1 .l|
| sin_; cos2-b 2|
t.oo 1 7
=a —-sint+
| ¢ !
2sin— COS_J
\f—smt+ = az[.——sint|
smt sint
\ L ]
_ ( 1 — sin? t\ acos2 t
sin t | sint
\ )
y=asint = =acost
dv _ dy/dt _ sin tcost

ning 93100-87900
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= tan t. | |
sin t

9. x=asec6,y=b tan 6.
Sol. x=asec® and y =>b tan 6
Differentiating both eqns. w.r.t. 6, we have
dx

=qgsecOtan O and d‘y:bsecze
do a
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dy _ dv/do bsec” 0 _ _bsec®

We know that

dx dx/d0 ~ asecOtan@ atan 6

b 1
_ _cos® __b _cos® __b b (osech.
g, Sind cos® asin® asin 6 a
cos 0

10. x = a(cos 0 + O sin 0), y = a(sin 0 - 0 cos 0).
Sol. We have x = a(cos 6 + 0 sin 0) and y = a(sin 06 - 0 cos 0)
dx

do =a(-sin O +0cosO +sinO.1) =ab cos O

and gy = alcos 6 — (0(- sin 6) + cos 6 . 1)]
=a [cos 6 + O sin 6 - cos 0] = ab sin O
dy
4o 0 sin 0
d 46 _ a®Si = tan 0.
dx

dx  aBcosO

do
P -1
Iasm t Iacos t
11. If x = , Y = ,showthat%:—%.
- L
Sol. Given: x = = (@™ Y2 = gl/2sn’e ()

’asin’ A ( \

d (1 .
dx _ jy2sinte loga =  Tsinlt

dt de 2 )
r —d ax = ax log a and_d a® = af® log ai f(x)—|
|_| dx dx dx J
N dx _ ql/2sm't loga. ~ 1

0 2 oo (i)
A facos’l t

Again given: y = = (@ Y2 = gl/2eos’e ..(ii0)

)

1
dv _ /2cs't loga d 1 cos1t
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log a . 2 | (IV)
| 1 2|
U 1-t")
dy /dt
dv _ dv/dt
We know that e dx / dt
Putting values from (iv) an? (i), \
1/2 costt 1 -1
_ a log a 2 L " 1 2005
4 — t= _ 1/2cos t y
M e

L1
al/Zsm t X

dx al/Z sin! ¢ lOg a. l 1

2 1-¢
(By (iif) and (i))
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Exercise 5.7

Find the second order derivatives of the functions given in
Exercises 1 to 5.

1. x2 + 3x + 2.
Sol. Lety=x2+3x+2

d =2x+31+0=2x+3
dx
. . L. dzy d (‘—1)1\
Again differentiating wort. x, —— = =2(1)+ 0=2.
g g e ax ) =2
2. x20,
Sol. Let y =x20
ol = 20x19
dx
. . dzy
Again differentiating w.r.t. x, ﬁ = 20.19x18 = 380x18.
X
3. x cos x.
Sol. Let y=xcosx
x_d
fi& dx COS X + COSX ~ X [By Product Rule]
X =
= - x sin x + cos x
Again differentiating w.r.t. x,
dzy d . a
== (X sin X) + COoS X
dx? 2 dx
= - F1)(—d sinx+sinx— (x) - sin x
|_| dx dx |J
= - (x cos x + sin x) - sin x = - x cos x - sin x - sin x
=-Xxcosx - 2sin x = - (x cos x + 2 sin x).
4. log x.
d 1
Sol. Lety =log x R
dx X

Again differentiating w.r.t. x, dy ="

®CUET

Academy
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-1
=(-Dx2= T
5. x3 log x. 5
Sol. Let y=x3logx X
v _ s d 4
dx = X dx log x + log x dx X [By Product Rule]

=x3. " + (log x) 3x2
X

= x2 + 3x2 log x
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exercises 6 to

Sol. Let

y
dy

6. ex sin 5x.

Chapter 5 - Continuity and Differentiability

Agaln differentiating w.r.t. x,
d? y _d

X2+ 37 (x2log x)
dx? dx d. 1
=2x+3 x27 logx+logx™ x2
| d \dx |J
=2x + 3 x2.7 + (log x) 2x
_ )

2x + 3(x + 2x log x)
2x + 3x + 6x log x = 5x + 6x log x
x(5 + 6 log x).

Find the second order derivatives of the functions given in

10.

ex sin 5x

e

d
dx

ex [By Product Rule]

dx sin 5x + sin 5x dx

ex cos 5x
X

5x + sin 5x . ex = ex cos 5x . 5 + ex sin 5x

dy

dx
A%am applying Product Rule of derivatives
dy

dx?

or = ex (5 cos 5x + sin 5x)

= ex— (5 cos 5x + sin 5x) + (5 cos 5x + sin 5x) ~
dx dx

= ex (5(- sin 5x) . 5 + (cos 5x) . 5) + (5 cos 5x + sin 5x) ex
= ex (- 25 sin 5x + 5 cos 5x + 5 cos 5x + sin 5x)
= ex (10 cos 5x - 24 sin 5x)
= 2ex (5 cos 5x — 12 sin 5x).
. eséx cos 3x.
Sol. Let y = et cos 3x

6x

6x U
cos 3x + cos 3x e

dx

d
d.

et (- sin 3x)

6x

d
(3x) + cos 3x . ex _dx

—e6XSIH3X.3+COS3X.66X.6

d
= ;Ix = et (- 3 sin 3x + 6 cos 3x)

Again applying Product Rule of derivatives,

Ey ﬂAﬁ% §,os 3x)

x>
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+ (- 3 sin 3x
+ 6 cos 3x) ~

d o dx
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=eé [-3.cos3x.3 -6 sin 3x. 3]
+ (- 3 sin 3x + 6 cos 3x) etx . 6
= et (- 9 cos 3x - 18 sin 3x - 18 sin 3x + 36 cos 3x)
= ebx (27 cos 3x - 36 sin 3x)
= 9ebx (3 cos 3x - 4 sin 3x).
8. tan'x.
Sol. Let y =tan'x

v 1

dx 1+ x2

Again differentiating w.r.t. x,
d d
@2y d (1) @+ (-1 (1+x)

dxz = 1421 = & szx
dx | ) (1+x?)
_ (1+x)0-(2x) _ —=2x
 (1+x2)? (1+x2)2 "
9. log (log x).
Sol. Let y =log (logx
o _ 1 2 g [ d togfey=—4 )
dx  logx dx " ax 00 dx |
L i

logx x x log x

Again differentiating w.r.t. x,

dzy (xlog X)—d (- 1_d (xlog x)

- dx dx
dx? (x log x)*

(xlogx) 0 —r -d log x + log x_d (x)—|
| dx dx i
(x log x)2
rx.l-Hogx.l1
| x |J=_ (1+log x)
B (x log x)2 (xlog x)2

®CUET

10. sin (log x).
Academy
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Sol. Let y =sin (log x)

S = cos (log x) = d (log x) = cos (log x) .
X
cos (log x)

X

Again differentiating w.r.t. x,
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Class 12
d d
dy x;( cos (log x) — cos (log x) ;{ )
dx? - X
. d
x[— sin (log x)]d log x — cos (log x)
- x
= "
— x sin (log x) 1_ cos (log x)
_ 8- x & _ —Isin (log x) + cos (log x)]
x* x? '
= . Yy _
11. If y = 5 cos x - 3 sin x, prove that +y=0.
dx2
Sol. Given: y =5 cos x - 3 sin x (D)
y =-5sinx - 3 cos x
dx
. . dzy .
Again differentiating w.r.t. x, d? =-5cosx + 3 sin x
axe
=-(5cosx-3sinx) -y (By (1))
2 2
or d_y=—y d_y+y=0.
dx* dx?
dzy
12. If y = cos™! x. Find dx? in terms of y alone.
Sol. Given: y =cos!x = x=cosy (D)
d -1 -1
pol - (By ()
dx 1 - x2 1-cos?y
-1 -1
= = = - cosec y
A SinZy sin y
or d = - cosec y -.(i)
dx
Again differentiating both sides w.r.t. x,
d2y _ _ d (cosecy) = - ~—cosecycoty
dx? dx |_| dx |J
= cosec y cot y (- cosec y) (By (i)

CUET

= — cosec’y COt@Acadm@my
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13. If y = 3 cos (log x) + 4 sin (log x), show that x2y, + xy; +y=0.
Sol. Given: y = 3 cos (log x) + 4 sin (log x) (1)

dv =()=-3sin(logx) = log x + 4 cos (log x) d log x

dx 1 dx dx
1

1
or y;=- 3 sin (log x) . X+4cos (log x) . _x

Multiplying both sides by L.C.M. = x,
xy1 = - 3 sin (log x) + 4 cos (log x)
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Again differentiating both sides w.r.t. x, d
d (xv )= - 3 cos (log x) d logx -4 sin (logx)™ logx

dx 1 dx dx L
= Xiyl + Y L1X=—3cos (log x) . 1 -4 sin (logx) . ~

dx dx b'¢ X
(By Product Rule)

[3 cos (log x) + 4 sin (log x)]
X

= XYy +Y1 =~

Cross-multiplying

x(xy,+ y1) = - [3 cos (log x) + 4 sin (log x)]
= X2y2 + Xy1 = -y (By (1))
= X%y, +xy;+y = 0.

dzy dy
14. If y = Aemx + Benx, show that e - (m + n) dx + mny = 0.

Sol. Given: y = Aemx + Benx &)
d ..d d
. Aemx ~ (mx) + Benx™ (nx)r . e =W f(X)E’I

dx dx dx | dx dx |J
or dv = Am emx + Bn enx (i)
dx
dzy
—— = Am.emxm + Bnenx.n
dx?
= Amz2 emx + Bn2 enx ...(ii)
d dz
Putting values of y, e and g from (i), (if) and (iif) in
dx dx?
dzy dy

L.HS. = e (m + n) dx T My

= Am2emx + Bn2enx — (m + n) (Am emx + Bn en) + mn(Aemx
+ Benx)
= AmZ2emx + Bn2enx — Am?2 emx — Bmn enx — Amn emx
- Bn2 enx + Amn emx + Bmn enx = 0 = R.H.S.

dzy
15. If y = 500 e7x + 600 e-7x, show that ez - 49y.
Sol. Given: y =500 e7x + 600 e-7x (D)
dy
P 500 e7* (7) +m€7ffﬂT 7) =500(7) e’x - 600(7) e-7x

Academy
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dzy
T 500(7) e7x (7) - 600(7)e7x(- 7)
X
= 500(49) e’ + 600(49) e-7x
dzy i
or = 49[500 e7* + 600 e-7x] = 49y (By (1))
X
dzy
— =49y,
or dx? Y
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16. If 1 1, sh h &y (dy e
e + = that —— =
(x ) show tha ez lktbfb
Sol. Given: & (x + 1) = 1
= e = 1
x+1
Taking logs of both sides, log e’ = log 1
or yloge=1log1l-1log (x+ 1)
or y=-log(x+1) [ loge=1andlog1 =0]
dv 1 d -1 i
dx  x+1 ax X+ D= x+1 =- G+ 1)
2
d
T e P
dx? dx ]
(f(X))" =n(f(x))"" Y f)
|_| dx dx |J
1 l—'.'_d (x+1):1+0=1—|
(x +1)2 I ax I
_ody o
L.H.S. = g2 (r+1)?
(dye (-1 1

S. = _\
) |“1¥ T x+1)2

. dZy (dy\2
L.H.S. = R.H.S. ie, =, = .
dx? lkdx|)

R.H.

17. If y = (tan™! x)2, show that (x2 + 1) y, + 2x(x2 + 1)y, = 2.

Sol. Given: y = (tan™! x)? e
Y=ty [ d P

y = 2(tan! x) tanlx . ) =n(f) 17 flx)

1 dx ' dx dx |J
5 1 2tan ! x
-

1= 2 (tan = y, =

Y ( ¥ e ! 1+ x2

Cross-multiplying, (1 + BRman ! x
Again differentiating b eademy. x,
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(1+x2) "y +y = (1+x2)=2.
dx 1 1 dx 1+ x2

= (1 +x2)y2+y1.2x
1+ x2

Multiplying both sides by (1 + x2),

I
N

(x2 + 1)%y,+ 2xy; (1 + x2)
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Exercise 5.8

x)
909 (g(x) # 0), sin x, cos x, €%, e* log x (x >0) are conti-

nuous and derivable for all real x.
Note 2: Sum, difference, product of two continuous (derivable)
functions is continuous (derivable).
1. Verify Rolle’s theorem for f(x) = x2 + 2x-8,x € [- 4, 2].
Sol. Given: f(x) =x2 + 2x — 8; x € [ 4, 2] ()
Here f(x) is a polynomial function of x (of degree 2).
- f(x) is continuous and derivable everywhere i.e,, on (— oo, ).
Hence f(x) is continuous in the closed interval [- 4, 2] and
derivable in open interval (- 4, 2).
Putting x =—4in (i), f(-4) =16 -8 -8 =0
Puttingx =2 1in (i), f(2) =4+ 4 -8 =0
f4=f()(=0)
.. All three conditions of Rolle’s Theorem are satisfied.
From (i), f'(x) = 2x + 2.
Putting x=¢, f'(c)=2c+2=0 = 2c=-2

- c=—% = -1 e open interval (- 4, 2).

*. Conclusion of Rolle’s theorem is true.
. Rolle’s theorem is verified.

2. Examine if Rolle’s theorem is applicable to any of the following
functions. Can you say some thing about the converse of Rolle’s
theorem from these examples?

() f(x) =[x] forx € [5,9] (i) f(x) = [x] for x € [- 2, 2]
(iii) f(x) =x2-1forx e [1, 2].

Sol. () Given: f (x) = [x] for x € [5, 9] (D)
(of course [x] denotes the greatest integer < x)
We know that bracket function [x] is discontinuous at all the
integers (See Ex. 15, page 155, NCERT, Part I). Hencef
(x) = [x] is discontinuous at all integers between 5 and 9 i.e,
discontinuous at x = 6, x =7 and x = 8 and hence discontinuous
in the closed interval [5, 9] and hence not derivable in the open
interval (5,9). ...(i1) (. discontinuity = Non-derivability)
Again from (1), f(5) = [5] =5 and f(9) = [9] = 9
= f(5) = f(9)
.. Conditions of Rolle’s Theorem are not satisfied.
.. Rolle’s Theorem is not applicable to f(x) = [x] in the
closed interval [5, 9].
But converse (conclusion) of Rolle’s theorem is true for this

function f(x) = [x@UET

ie, f'(c) = o fo 248" belonging to open interval
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(5, 9) other than integers. (i.e., for every real c= 6, 7, 8)
(even though conditions are not satisfied).
Let us prove it.

. fx) - f(c)
Left Hand derivative = Lf'(c) = lim_ Y—c
X—>cC -
lim =ld (By (1)
X—>cC X—C
. [c—hl-[cl
Putx=c—-h,h— o, = lim < <

hsot C—h-c

. cl-[c
lim
h— o+ h

[*.- We know that for c € R — Z, as h —» o*, [c — h] = [c]]

. _0 .
lim = lim o
h—»o" —h h—o0*

(. h—>o0" = h>oand hence h # 0)

=0 ...(iii)
Right Hand derivative = Rf'(c) = lim [ = fla)
x—>c" X—cC
lim b=l (By (1)

x>t X-—c

. c+h]l—[cl . [c] =[c]
Putx=c+h,h > 0%, = lim = lim =l
.. hsot C+h-c h—>o*

[. We know that for c e R —Z, as h - o", [c + h] = [c]]
. o .
= Jim o =
(- h—>o0" = h>oandhenceh #0)
=0 .(iv)
From (iii) and (iv) Lf'(c)=Rf'(c) = 0
o f'(c) = 0 ¥ real c € open interval (5, 9) other than integers
c=6,7,8.
(i) Given: f(x) = [x] for x € [- 2, 2].
Reproduce the solution of (i) part replacing closed interval [5, 9]
by [- 2, 2] and in %%2%1%[?1%7— 1, 0 and 1lying between — 2
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and 2.

(i) Given: f(x) =x2 — 1 for x € [1, 2] ..(0)
Here f(x) is a polynomial function of x (of degree 2).
o f(x) is continuous and derivable everywhere ie, on
(= oo, ).
Hence f(x) is continuous in the closed interval [1, 2] and
derivable in the open interval (1, 2).
Again from (i), f=1-1=0
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and f(2) =22°-1=4-1=3
' f@= f(2).
Condltlons of Rolle’s Theorem are not satisfied.
*. Rolle’s theorem is not applicable to f(x) = x2 — 1in [1, 2].
Let us examine if converse (i.e., conclusion) is true for this function given
by ().
From (i), f'(x) = 2x
Putx = ¢, f'(c) = 2c = 0 = ¢ = 0 does not belong to open interval (1, 2).
*. Converse (conclusion) of Rolle’s Theorem is also not true for this
function.
3. If f: [- 5, 5] — R is a differentiable function and if f'(x) does
not vanish anywhere, then prove that f(- 5) = f(5).
Sol. Given: f: [ 5, 5] — R is a differentiable function i.e, f is differentiable
on its domain closed interval [ 5, 5] (and in particular inopen interval
(- 5, 5) also) and hence is continuous also on closed interval [- 5, 5]

(D)
To prove: f(=5)=f(5).
If possible, let f(— 5) = f(5) (i)
From (i) and (i) all the three conditions of Rolle’s Theorem are

satisfied.

". There exists at least one point c in the open interval (- 5, 5) such
that f'(c) = o.

ie, f'(x) =0 ie, f'(x)vanishes (vanishes = zero) for at least one
value of x in the open interval (- 5, 5). But this is contrary to given
that f'(x) does not vanish anywhere.

*. Our supposition in (ii) ie, f(- 5) = f(5) is wrong.

o f=5)#f(5).

4. Verify Mean Value Theorem if f(x) = x2 - 4x - 3 in the interval
[a, b] where a =1 and b = 4.
Sol. Given: f(x) = x2 — 4x — 3 in the interval [a, b] where a = 1 and

b = 4 ie., in the interval [1, 4] (D
Here f(x) is a polynomial function of x and hence is continuous and
derivable everywhere.

. f(x) is continuous in the closed interval [1, 4] and derivable in the
open interval (1, 4) also.

.. Both conditions of L.M.V.T. are satisfied.

From (i), f'x)=2x—4

Put x=c¢f'(c)=2c—-4

from ()  fla) =f(1) = Wﬁ;
g cademy
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and f)=f4)=16-16-3=-3
. ) f(b)—f(a

Putting these values in f’(c) = b_ , we have

-3-(-6 -3
2c 4=—(_l = 2c-4-= b
4-1 3
3

= 2c-4=-=1 = 2c=5
5

= c= 3 € open interval (1, 4).

. L.M.V.T. is verified.

5. Verify Mean Value Theorem if f(x) = x3 - 5x2 - 3xin the interval [a,
b] where a = 1 and b=3. Find allc € (1, 3) for whichf’'(c)

=0.

Sol. Given: f(x)=x3 -5x2 - 3x (1)
In the interval [a, b] where a = 1 and b =3i.e, in the interval
[1, 3].

Here f(x) is a polynomial function of x (of degree 3). Therefore, f(x) is
continuous and derivable everywhere ie, on the real line (- o, o).

Hence f(x) is continuous in the closed interval [1, 3] and derivable in
open interval (1, 3).

-. Both conditions of Mean Value Theorem are satisfied.

From (i), f'(x)=3x2 - 10x - 3
Put x = ¢, f'(c)=3c2 -10c - 3 ..(i1)
From (i), fl@=f(1)=1-5-3=1-8=-7

and f(b) = f(3)=3°-5.32-33=27-45-9=27 - 54 =-27

Putting these values in the conclusion of Mean Value Theoremi.e,

f’(C) =_f(b)__f(§).'we have
b-a
—27-(-7) -27+7 20
3c2-10c -3 = = =- — =-10
3-1 2 2
= 3c2-10c-3+10=0 = 3¢c2-10c+7=0

= 3¢2-3c-7c+7=0 = 3c(c-1)-7(c-1)=0
= (c-1DBc-7)=0
Eitherc-1=0 or 3c-7=0
7
ie,c=1 ¢ open interval (1, 3) or 3c =7 i.e.,c=§

which belongs to open i ,F}i-
Hence mean value theor Maﬂgmy
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Now we are to find all ¢ € (1, 3) for which f'(c) = 0.
. From (ii), 3¢2-10c-3=0

Call Now For Live Training 93100-87900




Class 12 Chapter 5 - Continuity and Differentiability

—b+ b2 4ac 10 + ./100 + 36

lving f == yv- v _
Solving forc, ¢ - 6
o v
_10+ /136 10+ fx34 _10+2./ay [5+ 34) 5t 34
=6 = 6 = 6 - =276 =73

\ )

Taking positive sign, ¢ = > 3 and hence ¢ (1, 3)

5+ 34
3

Taking negative sign, ¢ = - is negative and hence ¢ (1, 3).

6. Examine the applicability of Mean Value Theorem for all
the three functions being given below:

(D) f(x) = [x] for x € [5, 9] (i) f(x) = [x] for x € [- 2, 2]
(iii) f(x) = x2 - 1 for x € [1, 2].
Sol. (i) Reproduce solution of Q. No. 2(i) upto eqn. (ii)
.. Both conditions of L.M.V.T. are not satisfied.
.. LM.V.T. is not applicable to f(x) = [x] for x € [5, 9].
(i) Reproduce solution of Q. No. 2(i) upto eqn. (ii) replacing [5,9]
by [- 2, 2] and integers 6, 7, 8 by — 1, 0 and 1 lying between —
2 and 2.
Both conditions of L.M.V.T. are not satisfied.
L.M.V.T. is not applicable to f(x) = [x] for x € [- 2, 2].
(ili) Given: f(x) = x2 — 1 for x € [1, 2] ..(0)
Here f(x) is a polynomial function (of degree 2).
Therefore f(x) is continuous and derivable everywhere i.e.,
on the real line (— o, ).
Hence f(x) is continuous in the closed interval [1, 2] and
derivable in open interval (1, 2).
.. Both conditions of Mean Value Theorem are satisfied.
From (i), f'(x) = 2x
Putx =¢, f'(c) = 2c
From (i), f(a)=f(1) =1*-1=1-1=0

f(b):f(2):22—1:4_1:3
Putting these values in the conclusion of Mean Value

f(b) — f(a)
a

b , we have

Theorem i.e, in f'(c) =

3
Academy
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oc = 2c=3
3

[0}

€ (1,2) -
2 1 -

.. Mean Value Theorem is verified.
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MISCELLANEOUS EXERCISE

1. (3x2 - 9x + 5)°.
Sol. Let y=(3x2-09x+5)°

d
W oge—ox+5° 7 (3x2-ox+5)
dx
“ 1 1
— (fCDn = n(fxPn—r— f )
Ll dx dx |
=9(3x2 - 9x + 5)* [3(2x) — 9.1 + 0]
=9(3x2 — 9x + 5)° (6x — 9) = 27(3x2 — 9x + 5)® (2x — 3).
2. sin® x + cos® x.
Sol. Let y =sin3x + cos® x = (sin x)3 + (cos x)°
dﬁ = 3(sin x)? 4 sin x + 6 (cos x)° < COS X
dx dx
=2 ooy = n(reor =2 £
" dx dx i

= 3 sin®x cos x — 6 cos®x sin x
= 3 sin x cos x (sin x — 2 cos*x).
3. (5X 3 cos Zx.
Sol. Let y = (5x)3 082 ..() [Form (f(x))9¥]
Taking logs of both sides of (i) we have
log y = log (5x)3 “* ** = 3 cos 2x log (5x)
Differentiating both sides w.r.t. x, we have

d d
2 108y) = 3 7~ (cos 2x log (5x))
l dy =3 cos 2x_d log (5x) + log (5x)— cos 2x1
d | d d ]
y dx L X X
=3 COS 2X .—l—d 5x + log (5x) (- sin 2x)—d 2x1
|_| 5); dx 7 dx U
or 1dy =3 cos2x.” .5-2sin2xlog 5x
| |
y dx L 5x d
Cross-multiplying, dv =3y ( cos 2 — 2sin 2x log 5x\
dx | L x |)
Puttlng the value of y fi g), \
= 3(5x)3 c0s 2 %—E:{sm 2x log 5x
gAca lemy
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dx | L x U
4.sin! (xVx),0<x<1.

Sol. Iret y = sin™ (x4/x ) =sin™" (x3/2)
X =x'. X2 = yr+1/2 o X3/2—|

| X ]
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F
dy 1 d

d
- x g2 [0 T sin- f(x) = L ddaf(X) W
dx 1- (f(x)2
N et

]

X
Ji—x3 2 ofi—xs 2 \1-x'
-1X
cos
5. 2 ,—2<Xx<2.
J2x+7
cost¥
Sol. Lety = 2
J2x+7
Applying Quotient Rule,
oo d cost ¥ —cost xd oo
d 2X + - ox +
A 4 dx 2 2 dx 7
dx (2x +7)?
2x +7 —! B - [cos’1 x)1 (2x + 7) /2 4 (2x +7)
(XY dx 2 | 2)2 dx
1-1=
|2} )|
_ o2x +7
r d 1 -1 d

d n n-1 d |

5 - (oo dx N
U ax cos f(x)= f(x) and dx () =n(f(x) d f(X)J

cost ¥
2 1 1

153
L
<

or

dx 2X+7
[ 1 1 1 2
{ (X Jl b JH \ J
2 4 4
Ir coslx

4-x
| 2x+7+ cos

2 |
|

] =-|
=7 @gyjﬂlmf \/2’(—+7 (2x +

7) |
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x] :
~ [2x+ 7+ Vﬂfxﬂ—cos*l % ‘
| (2x + 7)3/2 |
4—-x*
L ]
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Differentiate w.r.t. x, the following functions in Exercises 6 to 11.

]
6. cot! V V 0<x<—.

L\/1+smx J1- smeI 2
1+ sin x A= s1nx) n
Sol. Lety = cot ' M 1—sinx ! ..(i), o0<x<
\/1+smx 2

J

Let us simplify the given inverse T-function

X . X . X X
Ji+sinx = \/coszf +sin2 =+ 2 sin —cos —
2 2 2 2

(cosx+sinx ) X L gn © (i)
= — —|, =cos (i
{72 2|} o TSI,
X . .X . X X
Again \1-sinx = \/COSZ — +sin2 —— 2 sin —Cos —
5 2 2 2 2
2
X . X X . X
= (cos— —sin —\| =cos = —sin
"o 2) 2
. (0D
(Given:o<x L X - T and therefore
< 2.D1V1d1ngby 2,0< 4
X X X . X
cos = > sin = cos -—sin >0)
2 2 2 2
Putting values from (ii) and (iii) in (i), we have
X . X X . X x)
0s ©~ +sin © + cos ~ —sin 2 cos
| | = -1 | 2
y =cot™? 2 2 2 2 = cot
| X X x x | | |
X
cos +sin —cos +sin 2sin
|\ % 2 2 2 |) |\ 2 l)
1 1
= cot™ X . dy =" (1)="
k| 2 |} 2 dx 2 2

7. (log x)'°e*, x> 1.

Sol. Lety = (log x)'8%, x > 1 ..() [Form (f(x))9%]
Taking logs of both sides of (i), we have

log mn = n log m]
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(lo ) = AX (log xlog (log x))

1 dy

> =logx — . d 1og (log x) + log (log x) log %

(By Product Rule)

Call Now For Live Training 93100-87900




Class 12 Chapter 5 - Continuity and Differentiability

1 d 1
1dy =logx. log x + log (log x) .

=
Yy dx log x dx x
d d
[ logfo=—"-4 f(x)—|
™ ax f) dx |
L ]
— 1idyv 1 log (logx) 1+ log (log x)
y dx T ox % B %

Putting the value of y from (i), dv = (log x)\°8 * (1:+log (log x)) )
dx | N X |}

8. cos (a cos x + b sin x) for some constants a and b.
Sol. Let y =cos (acosx + b sinx) for some constants a and b.

d d )
;I'z = — sin (a cos x + b sin x) (a cos x + b sin x)
X dx

-4 s f =—sin f00 2 £
' dx dx |J
= —sin (a cos x + b sin x) [— a sin x + b cos x]
=—(—asinx + b cos x) sin (a cos x + b sin x)
= (a sin x — b cos x) sin (G§OS X + b sin x).
T

. E
9. (sin x- cos x)s'"X~€osX, <x<

4 4
Sol. Let y = (sin x — cos x)sin ¥~ cosx ...(0) [Form (f(x))9®]
Taking logs of both sides of (i), we have
log y = log (sin x — cos x)®nx s
= (sin x — cos x) log (sin x — cos x) [... log mn = nlog m]
Differentiating both sides w.r.t. x, we have

d d
ax log y = (sin x — cos x) i log (sin x — cos x)

+1 in x — - - (sinx -
og (sin x — cos x) 2 (sin X = cos x)

(By Applying Product Rule on R.H. Side)

@EUET y dx X —
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1

d
(sin x (sin x — cos x)
—CcoS dx
X

+lo (sig X — COS X) . ((ios X + sin ;f)
T dxlog fC) ZR) dxf (9N

= (cos x + sin x) + (cos x + sin x) log (sin x — cos x)

1dy = (cos x + sin x) [1 + log (sin x — cos x)]
y dx
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d
;ﬁ =y (cos x + sin x) [1 + log (sin x — cos x)]

Putting the value of y from (i),

dy

dx

10. xx + xa + ax + a4, for some fixed a> 0 and x > 0.
Sol. Let y =xx+xa+ax+a

dx=lxx+lx"+iax+—3a"

= (sin x — cos x)¢"*¥ =X (cos x + sin x) [1 + log (sin x — cos x)]

dx dx dx dx X
=ixx+axa-1+axloga+o (D)
X
[*. a2is constant as 33 = 27 is constant]
d
To find dx (x¥): Letu = xx (D) (F()99]

.. Taking logs on both sides of eqn. (ii), we have
log u = log xx = x log x

d
- | log u = dx (xlog x)

1 du d d
= udx - de (log x) + log x ax X (Product Rule)
1
=x." +logx.1=1+logx
X
du
= dx =u(1+logx)

Putting the value of u from (ii),;d xx = xx (1 + log x)
X
Putting this value in eqn. (i),
ZI’L] =xx(1 +logx) + ax2—1+ arlog a.

11, x*-3 + (x—3)"Z for x > 3.

Sol. Lety = X3 4 (x-3) forx>3

(Caution. For types (f (x))9% + (I(x))"® or (f(x))¥ + I(x)
or (f(x))9% + k where k is a constant,
Never begin by taking logs of both sides as

log (m + n) = log (PATOBEX
Academy
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¥ -3 and v= (x-3)° L y=u+v

= i + dx (D

Now u= x& -3 [Type (f(x))9¥]

. Taking logs of both sides, we have
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logu=log x*-3 =@x2—3)logx [. log m=nlog m]

Differentiating both sides w.r.t. x, we have

d
1du =(x2-3) logx+logxi (x2—3)
u dx
dx dx
=(x2-3) 1 +log x. (2x — 0)
X du  [x-3
1 du x2-3 u + 2x log x
| L %
= + 2x1lo =u
= u dx X X 1og X 7 dx | x
w-m du @y 73 1oxlogx
Putting u = x Cae =X |k X J ..(i)
Again v = (x-3)° [(F(x)]
. Taking logs of both sides, we have
logv =1log (x- 3)X2 =x2log (x — 3) [ log mn = n log m]
d .
- - 2 -
dx logv = dx (x2 log (x - 3))
1dv _ .- d _ _ ol
= o dx X o log (x — 3) + log (x 3)dx X2
_ xzx_—; ;‘i(x—3)+log(x—3).2x
1 dv x?
= - T = 1 -
b odx T x-3 +2xlog (x —3)
2
= dv :vr X + 2xlog (x — 3)
dx l_x -3 J
Putting v=(x-3)2, .
dv e [ y2 +2xlog (x-3)
= (v_ | (i)
dx (x-3) | x-3 1

Putting values of % an gﬁtzﬁ%gﬁl)yand (iii) in (i), we have
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s [,2_ X 2 X2 +2xlog (x-3)
dy o-3) ' X 3+2xlogx (x-

- + 3
= X
. L J i .
X dy X [x-3 J
12. Find dx if y=12(1-cost)and x = 10(t - sin ),
s n
- 2 <t< 2°

Sol. Given: y = 12(1 — cos t) and x = 10(t — sin t)
Differentiating both equations w.r.t. t, we have
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_d d
dy =12 (1 —cost) and dx =10 (t-sint)
dt dt dt dt

. . dx
=12(0 +sint) =12sint and ; =10(1 — cos t)

We know that & = dy/dt _12sint
dx  dx/dt  10(1-cost) .
t t cos™
= 6 . 2sin  cos 6 6 .
™, 6 o 0
5 2 sin2— 5 gin— 5 cot
2 2
1- x2
dv - -
13. Find 37D et oten S ,-1<x<1.
dx
Sol. Given: y=sin'x+sin? 71— x2
dy = 1 + 1 d =
o oo *
[
d .
e st = L9 gy
[ e 1- (f(x))2 dx J
1 1 d
- L+ -7 (-x)
dx \/1 — x2 \/1 —(1-x2) 2 dx
1 1 L
= + Ca)

\/1—x2 \/1—1+x2 2\/1—)(2
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+ dv =1

y dx = (1+x)2-

= 0, for - +yJ1+x =o. ...(1) (given)
1<x<1,

prove that

We shall first find y in terms of x because y is not required in the

value of & - — to be proved.
dx 1+ x)2

From eqn. (1), X\J1+y =-y1+x
Squaring both sides, x* (1 +y) =y* (1 +x)
or x>+ X%y =y + yxor x> — y* = — X’y + y*x
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or -y) x+y) =-xyKx-y)
Dividing both sides by x-y=#o0 C-x=y)
X+y=—xy0r y+xy=—-x
= ya+x)=-x .. y=—_X
1+x

Differentiating both sides w.r.t. x, we have

(1+x)_ x)-—x— (1+x)

A dx dx
dx (1+x)?
__(+x.aa-x.1 1
(1+ x)2 (1+x)2

15. If (x - a)*+ (y - b)*= ¢, /for some c > 0, prove that

(dy el
| lax) |
&£y
dx?z
is a constant independent of a and b.
Sol. The given equation is (x — a)* + (y — b)* = ¢2 ()
Differentiating both sides of eqn. (i) w.r.t. x,

s—a)+ 2 - ¥ =0
dx

dy d (x—a) )
or 2y-b) - =-2k-a) . o O ..(ii)
Again differentiating bo[th sides of (i) w.r.t. x, o
2 -b).1-G-a)
dy _ L dx |
dx? (y-b)p
dy

Putting the value of dx from (i),
([~ (x-—a))l —|(y b)+(x—g-|

2 —f( -b)-(x-a)
dy Ly L y-b JJ L 1

dxz = (y - b)? (v - b)?

2 (
_ Lo+ - BESUET Y
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[By @]
I (11

dazy

AR

Putting values of and —— from (i) and (iii) in the given
dx dx?

expression
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(" [, et
+

|k|1+|kdXJ : ||_ b_ f |J_

ay Jitis =~ c

dxz (y-b)?

AT — )213/2 A
- L=y O TS DR b - - )
Putting (x — a)*+ (v — b)* = ¢ from (i)

((.‘2)3/2 —c3
= — = 5 =—-—C
— C2 C

which is a constant and is independent of a and b.
16. If cos y = x cos (a + y) with cos a = + 1, prove that

dv _ cos? (a+y)

dx sina
Sol. Given: cos y = x cos (a +y)
x= —SO8V ..(0)
cos (a + y)

(We have found the value of x because x is not present in the required
value of o )
dx

d [ cos y )
Differentiating both sides of (i) w.r.t. y, CCII_; = dy ( cos @+ y) J

Applying Quotient Rule,

d d
cos(a+y)  cosy—cosy _cos(a+y)
dy dy

ds _
dy cos? (a +y)
o dx  cos(a+y)(=sin y) —cos y(=sin (a+ y))
dy - cos? (a +y)
. d . d
{. dy cos (a +y) =—sin (a +y) dy (a+y)
. . |
=—s1n(a+y)(o+1)=—sm(a+y)J
dx —cos (@ + y) sin y + sin (a + y) cos y

o fa +y)
sin (a %Wdﬁﬂb‘é (a+ y)sin y
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cos2 (a+y)
:sin(a+v—v) B sin a
cos? (a+ y) cos? (a +y)

[*." sin A cos B — cosAsin B = sin (A — B)]
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2
Taking reciprocals . M.

dx sin a
dzy
17. f x=a (cost+ tsint) and y = a (sin t - t cos t), find e
X
Sol. Given: x = a (cost + tsint) andy=a (sint—tcost)
Differentiating both eqns. w.r.t. t, we have
dx _ a (—sint+—d t sin t\ and dv =a (cos t—_d (t cos t)\
dt |k dt b dt |k dt |}
=a (—sin t+ t—d sin t + sin t_d t\
{ dt a
d ([ ( d d )
and @Y _ 4, |cost— (cost) +cos t— (¢)
dt | J_dt dt IJI
\ )
dx . .
= =aq(—sint+ tcost+ sint)
dt
d
and _df =a(cost— (— tsin t + cos t))
dx
= - ,
dt at cos t (D)
d
and _df = a(cos t + tsin t — cos t) = at sin t
. it
We know that de d‘LLﬂ: e - tan t
dx dx / dt atcost cost
Now differentiating both sides w.r.t. x, we have
2 d d
dl =~ (tant) = sec®t () — Note
dx? dx dx
= sec? ¢ 4t 2 1 Bv (i
dx et Gtcost (By (D)
sec3 t
=sec’t. sect _
at at
18. If f(x) = | x |3, show that f''(x) exists for all real x and
find it. JUéT)

Sol. Given: f(x)=|x3 =x3 1 %cadﬁﬁﬂf | x| =xifx>o0
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and f(x) = xB=(-xB=-x3ifx<o0 .. (i)
[: | x| =-xifx<o]
Differentiating both eqns. (i) and (ii) w.r.t. x,

f'x)=3x2 if x>o0and f'(x) =-3x2ifx<o0 ... (iii)
(At x = 0, we can’t write the value of f'(x) by usual rule of derivatives
because x = 0 is a partitioning point of values of f(x) given by (i) and

(i)
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Sol.

Class 12 Chapter 5 - Continuity and Differentiability

f'"(x)=6x if x>0 and =-6x if x<o (V)
From (iv), f''(x) exists for all x > o and for all x < 0
ie, for all x € R except at x = 0 ..(v)
Let us discuss derivability of f(x) at x =0
. — . -Xx3-0
(o) = lim =0 _ lim [By (if) and ()]
X0 X—-0 X—>0" X
= lim —x=o0 (On putting x = 0)
X—>0"
X3 -0
' = l'm X)—J{0 = 1im [
Rf (0) xio X—0 x>0t X—0 [By @]
= lim x*=o0 (On putting x = 0)
X—>0

. Lf'(0) = Rf'(0) = 0
. f(x) is derivable at x = 0 and f'(0) = 0 ..(v)
Let us discuss derivability of f'(x) at x = 0

Lfr(0) = lim &=L gy =320
x>0~ xX—0 X—>0 X
(By (iii) and (vi))
= lim (-3x)=-3(0)=0 (On putting x = 0)
X—>0
Rf'(0) = lim LE=HOL _ gy 3¥ 20 (g iy and (vi)
X—>0 xX—0 x—>o"
= lim 3x=3(0) =0 (On putting x = 0)
X—>0
Lf""(0) = Rf"(0) = 0
f'(x) is derivable at x = 0 and f"(0) = 0 ...(vil)
From (iv) and (vii), f"(x) exists for all real x and f"(x) = 6x if
x>o0and = — 6xif x < 0 and f""(0) = o.

d
Using mathematical induction, prove that ;X(x") = nxn-1

for all positive integers n.

Let P(n): < x") =nx""1!
dx

(x) = 1 which is true.
dx

then P(1): 4 x) = x%or
dx

= P(1) is true.
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d (M =k ¢
Assume P(K) is true. ie, let_d ) @
X

Nowl (xk+1)=l (xk.x)zi (xk).x+xk.l )

dx
dx N R I TR T
. (uw)="v+u
|_| dx dx dx |J
kT x4+ X [Using (/)]

Call Now For Live Training 93100-87900




Class 12 Chapter 5 - Continuity and Differentiability

= k¥ + x* = (k +1) X = P(k + 1) is true.
Hence by P.M.I., the statement is true for all positive integers n.
20. Using the fact that sin (A + B) = sin A cos B + cos A sin B
and the differentiation, obtain the sum formula for cosines.
Sol. Given. sin (A + B) = sin A cos B + cos A sin B
Assuming A and B are functions of x and differentiating both
sides w.r.t. x, we have

cos (A +B). d (A+B)= [d (sinA).cosB+sinA.i(cosB)—|
| |
dx dx
dx 4 . N
+ (cos A).sin B+ cos A . (sin B)
|La§< dx U
dA
= oS (A+B)|‘QZA d]a) = cos A . dx .cos B +
dB
sin A (- sin B) gEm= sin A dA .sin B + cosA.cosB dx
dx dx
= (cos A cos B — sin A sin B) dA
dx
. dB
+ (cos A cos B — sin A sin B) dx
dA dB
or cos (A + B) |[d d)
dA dB\
= (cos A cos B — sin A sin B)
dx a’x)

dB

X
cos (A + B) = cos A cos B — sin A sin B
which is the sum formula for cosines.

Dividing both sides by dA + , we have
X

21. Does there exist a function which is continuous everywhere
but not differentiable at exactly two points?

Sol. Yes, there exist such function(s). 1 5 A
For example, let us take f(x) = x—1|l+]x-2] ..(D

Let us put each expression within modulus equal to o i.e.,x
—1=0andx—-2=01e,x=1and x = 2.

These two real numbers x =1 and x = 2 divide the whole real
line (- oo, ) into three sub-intervals (- oo, 1], [1, 2] and [2, ).
In (- oo, 1] i.e., Forx < x—1£0andx—2soand

therefore | x — 1 |——(EM%T|"IY 2]=-(x-2)
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~ From (), fx)=—-(x-1) —(x—2)
=—x+1-x+2=3—-2xforx<1 .(i)
In[1, 2]ie., for 1<x<2,x—1>0and x-2<o0and
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therefore |x—1|=x—1and |x-2 | = - (x - 2).
From (i), fx) =x—-1-(x-2)=x—-1—-x+ 2 =1 for
1<x<2 ...(if0)
Again in [2, o) ie, forx>2,x —1>0and x — 2 > 0 and
therefore
Ix—1l=x-1and | x-2| =x- 2.

From (i) f(x) =x—-1+x—2=2x—3 forx>2 ..(iv)

Hence function (i) given in modulus form can be expressed as piece-
wise function given by (i), (iii) and (iv)

ie, f(x)=3—-2x for x<1 ..(iD)
=1 for 1<x<2 . (0D
=2x—-3 for x>2 ..(iv)

Now the three values of f (x) given by (ii), (iii) and (iv) are

polynomial functions and constant function and hence are

continuous and derivable for all real values of x except possibly at

the partitioning points x = 1 and X = 2. .cc.ccceceeivnenncnncnncnenne (%)

To examine continuity at x = 1

Left Hand limit = lim f(x)= lim (3 - 2x) [By (in)]
X—>1

xX—>1
Put x = 1; =3-2=1
Right Hand Limit = lim f(x)= lim 1 [By (iii)]
x—1t N

xX—>1

Put x = 1; =1
lim f(x) = lim+ fx (=1

lim f£(x) exists and = 1 = f(1) (." From (iii) f(1) = 1]

f(x) is continuous at x = 1 ..(vi)
To examine derivability at x = 1

Left Hand derivative = Lf'(1) = lim fe-fQ)
x—>1

x—1

= lim 3-2x-1 2X1_ 1 [By (if) and f(1) = 1 (proved above)]
xX—>1" X —
. —2x+2 . —2(x-1)
= hm = hm
x—>1 x—-1 x—>1" xX—-1
= lim_ (—2)=-2
X—>1

CUET " x-1

Right Hand derivative @Wﬂemﬁn
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x)—f(1)x—1

lim
x>1 X—1

(By (iif))

. 0 . __ 0
lim = lim
x>1t X—1 x—1- Non-zero

x >1" = x>1 = x—-1>0 = x-1=%0]
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=limo=o0
x—1"
Lf'(1) = Rf'(1
f(x) is not differentiable at x = 1 ...(vii)
To examine continuity at x = 2
Left hand limit = lim f(x) = lim 1 (By (i) =1
XxX—>2 X—>27
Right Hand Limit = lim f(x) = lim (2x - 3) [By (iv)]
X—>2 x—2"
Putting x = 2, =4-3=1
lim f() = lm f() (= 1)
X—> 2" X—>2

lim f(x) exists and = 1 = f(2) ['.. From (iii), f(2) = 1]

f(x) is continuous at x = 2 ...(viii)
To examine derivability at x = 2

Ifi(2) = lim LQ=f@ _ yp 1=1 (By (iii))
X—2 X—2 x—>2" X—2

. 0
= lim
x—»2- Non-zero
[ x> 2 = x<2 = x—-2<0 = x-2#0]

= lim o=o0
x—>2
. — . 2x—3-—-1
Rf(2) = lim LXEEE_ lim [By ()]
x—>2" X—2 W= X—2
= lim 24 o gim 2x=2) gy 5,

x—>2" X—2 x—2" X—2 x—o2"

Lf'(2) # Rf'(2)

f(x) is not differentiable at x = 2 ...(ix)
From (v), (vi) and (viii), we can say that f(x) is continuous for
all real values of x ie, continuous everywhere.

From (v), (vii) and (ix), we can say that f(x) is not differentiable
at exactly two points x = 1 and x = 2 on the real line.
| f® g hl m
If y= n
a b c

f® gx hHEI m

n
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a b c
, prove that
f&) g hk)
Sol. Given: y = 1 m n
a b
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Expanding the determinant along first row,
y = f(x) (mc — nb) — g(x) (Ic — na) + h(x) (Ib — ma)

dv _ B d _ _ d
pol (mc — nb) . fx) = (Ic - na) dx gix)
d
+ (Ib — ma) dx h(x)

= (mc — nb) f'(x) — (Ic — na) g'(x) + (Ib — ma) h'(x) (D)
0 g X

R.HS. = 1 m n
a b
Expanding along first row,
= f'(x) (mc — nb) — g'(x) (Ic — na) + h'(x) (Ib — ma)
= (mc — nb) f'(x) — (Ic — na) g'(x) + (Ib — ma) h'(x) (i)
From (i) and (if), we have L.H.S. = R.H.S.

23. Ify = eacos *, -1 < x< 1, show that

dzy dv
-x)) — X~ —ay=0.
(1-x2) o dx
Sol. Given: y = gl oosT X ..(D
d d

dv _ acostx d (g cos x) r T W =W f(X)—|
dx dx |_| dx dx |J

or g — eacos'lx . (-1 ) _ —aeacosilx
dx L\/l_ x?) \/1 — x2

Cross-multiplying, /1 — x2 fiﬁ =—q ™ __ ay

By (1) ...(iD)
Again differentiating both sides w.r.t. x,

d (d
J1—x2 |(_Jl|\ + dvd (1—)(2)1/2=—adJZ
dc '\dx!  dxdx

dx
dy
— J1—x2 ﬂ+ dy l(1_)(2)—1/2 d 1-x2)=-a
CUET dx dx

dx2 dx @Acad‘g‘my
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a 1 ay

- e (-2 --a
dx? 2 dx [J1—x2 dx

Multiplying by L.C.M. = \/1—x2,

_ dy
-x) &Y _ dy =-a [— 7
dx2 dx dx
=-a (= ay) [By (in]

=1 -x) Ty _y b —a% = 0.

dx2 dx
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	Exercise 5.1
	1. Prove that the function f (x) = 5x – 3 is continuous at x = 0, at x = – 3 and at x = 5.
	Continuity at x = 0
	Continuity at x = 5
	2. Examine the continuity of the function
	Continuity at x = 3
	3. Examine the following functions for continuity:
	Or
	Or (1)
	Or (2)
	4. Prove that   the   function  f (x)   =   xn   is   continuous  at
	Or (3)
	5. Is the function f defined by
	continuous at x = 0?, At x = 1?, At x = 2 ?
	5, if
	Continuity at x = 0
	Continuity at x = 1

	lim
	Continuity at x = 2
	Find all points of discontinuity of f, where f is defined by (Exercises 6 to 12)
	Let us examine  continuity  of f at partitioning  point
	Let us examine  continuity  of f at partitioning  point (1)
	Now let us examine continuity of f at partitioning point
	Let us examine continuity of f at the partitioning point x =0
	Sol. Given:
	Sol. Given: (1)
	Let us examine continuity of f at the partitioning point
	Let us examine continuity of f at the partitioning point x = 2.
	Let us examine continuity of f at the partitioning point (1)
	13. Is the function defined by
	a continuous function? Sol. Given: f (x) =
	Let us examine continuity at the partitioning point x = 1.
	Discuss the continuity of the function, f, where f is defined by
	Let us examine continuity of f at the partitioning point (2)
	Let us examine continuity of f at the partitioning point x = 3.
	Let us discuss continuity at partitioning point x = 0.
	Let us discuss continuity at partitioning point x = 1.
	Let us examine continuity of f at the  partitioning point x = – 1.
	Let us examine continuity of f at the partitioning point x =1
	17. Find the relationship between a and b so that the function
	is continuous at x = 3.
	18. For what value of  is the function defined by
	continuous at x = 0? What about continuity at x = 1?
	To examine continuity of f at x = 1
	19. Show that the function defined by g(x) = x – [x] is discontinuous at all integral points. Here [x] denotes the greatest integer less than or equal to x.
	Or
	To examine continuity at x = 
	21. iscuss the continuity of the following functions:
	22. Discuss the continuity of the cosine, cosecant, secant and cotangent functions.
	23. Find all points of discontinuity of f, where
	Let us discuss the continuity of f (x) at the partitioning
	24. Determine if f defined by
	is a continuous function?
	25. Examine the continuity of f, where f is defined by
	Find the values of k so that the function f is continuous at the indicated point in Exercises 26 to 29.

	lim (1)
	30. Find the values of a and b such that the function defined by
	is a continuous function.
	Very Important Result: Composite function of two continuous functions is continuous.
	31. Show that the function defined by f (x) = cos (x2) is a continuous function.
	Or
	32. Show that the function defined by f (x) =  cos x  is a continuous function.
	34. Find all points of discontinuity of f defined by
	Let us examine  continuity  of f at partitioning  point
	Let us examine  continuity  of f at partitioning  point (1)
	Second Solution


	Exercise 5.2
	Differentiate the functions w.r.t. x in Exercises 1 to 8.
	2. cos (sin x).
	4. sec (tan ).
	7.  2 .
	8. cos ( ).
	9. Prove   that   the   function  f   given   by   f (x)   =
	Sol. Definition. A  function  f (x)  is  said  to  be differentiable
	10. Prove that the greatest integer function defined by
	is not differentiable at x = 1 and x = 2.
	Differentiability at x = 1
	Differentiability at x = 2
	), –

	Exercise 5.4
	Differentiate the following functions 1 to 10 w.r.t. x
	5. log (cos ex).
	7. , x > 0.

	Exercise 5.5
	Note. Logarithmic Differentiation.
	Differentiate the  following  functions  given  in  Exercises 1 to 5 w.r.t. x.
	Very Important Note.
	Differentiate the following functions given in Exercises 6 to 11 w.r.t. x.
	dx dx
	of the functions given in Exercises 12 to 15:
	13. yx = xy.


	y
	16. Find the derivative of the function given by
	17. Differentiate (x2 – 5x + 8)(x3 + 7x + 9) in three ways mentioned below:
	(ii) by expanding the product to obtain a single polynomial.
	(i) To find dx  by using Product Rule
	(ii) To  find   dx   by  expanding  the  product  to  obtain  a
	dy

	(iii) To find
	18. If u, v and w are functions of x, then show that
	d  (u . v . w) =  du  v . w + u .  dv  . w + u . v  dw

	in two ways-first by repeated application of product rule, second by logarithmic differentiation.
	(i) To prove eqn. (i): By repeated application of product rule
	(ii) To prove eqn. (i): By Logarithmic differentiation


	Exercise 5.6
	If x and y are connected parametrically by the equations given in
	Exercises 1 to 5, without eliminating the parameter, find dx .
	If x and y are connected parametrically by the equations given in (1)
	Exercises 6 to 10, without eliminating the parameter, find
	.
	cos 2t
	2
	2 2
	cos 
	dy
	, show that  dy
	Sol. Given: x =


	2 (1)

	Exercise 5.7
	Find the second order derivatives of the functions given in Exercises 1 to 5.
	2. x20.
	4. log x.
	Find the second order derivatives of the functions given in exercises 6 to 10.
	9. log (log x).
	10. sin (log x).
	11. If y = 5 cos x – 3 sin x, prove that
	in terms of y alone.
	15. If y = 500 e7x + 600 e–7x, show that
	(x + 1) = 1, show that

	Exercise 5.8
	1. Verify Rolle’s theorem for f (x) = x2 + 2x – 8, x  [– 4, 2].
	2. Examine if Rolle’s theorem is applicable to any of the following functions. Can you say some thing about the converse of Rolle’s theorem from these examples?
	3. If f : [– 5, 5]  R is a differentiable function and if f (x) does not vanish anywhere, then prove that f (– 5)  f (5).
	4. Verify Mean Value Theorem if f (x) = x2 – 4x – 3 in the interval [a, b] where a = 1 and b = 4.
	5. Verify Mean Value Theorem if f (x) = x3 – 5x2 – 3x in the interval [a, b]  where  a = 1  and  b = 3.   Find   all c  (1, 3)  for  which f (c) = 0.
	Now we are to find all c  (1, 3) for which f (c) = 0.
	6. Examine the applicability of Mean Value Theorem for all the three functions being given below:
	Differentiate w.r.t. x, the following functions in Exercises 6 to 11.
	dy

	12. Find
	Sol. x
	is a constant independent of a and b.
	find it.
	Let us discuss derivability of f (x) at x = 0
	Let us discuss derivability of f (x) at x = 0
	19. Using mathematical induction, prove that   d  (xn) = nxn – 1
	20. Using the fact that sin (A + B) = sin A cos B + cos A sin B and the differentiation, obtain the sum formula for cosines.
	21. Does there exist a function which is continuous everywhere but not differentiable at exactly two points?
	To examine continuity at x = 1
	To examine derivability at x = 1
	To examine continuity at x = 2
	To examine derivability at x = 2
	f (x)  g(x) h(x) l m n
	f (x) g(x) h(x) l m n

	, prove that
	Sol.  Given: y =
	(1 – x2)
	x dy dx

	Sol.  Given: y = (1)


