Class 12 Chapter 4 - Determinants

Exercise 4.1
2 4
-5 -1
. 2 4
Sol. Determinant =2(-1) - 4(- 5)
25,

= -2+ 20 = 18.

x2-x+1 x-1

cos 0 —sine)

2. (0 sin 0 cos 0 (N x+1 x+1

cosf . ~sin6
Sol. (i) Determinant | . 0 < ol = cos 0 (cos 0)
S cos — (—sin 0) (sin 0)
= c0s®0 + sin’0 =1.
» -1
G | X+1‘><X = -x+ DK+ 1)
x+1 X i —(x+ D -1)

=(x3+1) — (x*—1)=x3—x2+2.
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_
3. IfA= L4_

Sol. Given: Matrix A = {

Chapter 4 - Determinants

2—|, then show that ‘ ZA‘ =4 \ A \
2|

1 2]

4 2

2A=2|'1 2'|=|—2><1 2><2—|= 2 4
L4 2J L2><4 2><2J 8 4
2
LHS. = | 2A | = 8}{‘ =2(4)-4(8)=8-32=— 24
4
(D)
RHS. =4 Al =4 | DX |=42-8) =46 =24
4% "2
...(ii)
From (i) and (ii), we have L.H.S. = R.H.S.
[1 0 1]
4 IfA=!0 1 2|, then show that|3A|=27Al
Lo 0 4
1 0 1 [3 o 31
Sol. 3A =3 |0 1 2| =10 3 6}
lo o 4l o o 12l
3 o 3
~LHS.=[3A]=]0 3 6
0O O 12

Expanding along first column = 3[36 — 0] = 3 x 36 = 108.
1 0 1

=27 (0 1 2
0O 0 4

Also R.H.S. =27 | A |

Expanding along first column
(*.© There are two zeros in it)

27 [1(4 —0)] =27 x 4

= 108 = L.H.S. [3A [=27] A .
5. Evaluate the determinants:
3 -1 -2 3 -4 5
(M |0 0 -1 (i (1 1 -2
3 -5 0 2 3 1
0 1 2 2 -1 -2
(i) |-1 0 -3 (iv) |0 2 -1
-2 3 0 L3 -5 0
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Sol.

@)

(i)

(iii)

(iv)

Chapter 4 - Determinants

3 -1 -2
Given determinant is| o o -—1|and is of order 3.
3 -5 o

Expanding along first row

o -1 o -1
=3 -
3 o

(0] (0]
+(-2)
0 3 -5

-5

=3(0-5)+10~-(-3) —-2(0-0)

=-15+3-0 =-—12.
3 —4 5
Given determinant is |1 1 -2 |and is of order 3.
2 3 1
Expanding along first row
1 -2
y _ (- -2 1 1
' (=4 +5
3 1 2 1 2 3]

=301 +6)+40-(-4)+53-2)
= 3(7) + 4(5) +5(1) = 21 + 20 + 5 = 46.

o 1 2
Given determinant is | -1 o -3 |and is of order 3.
-2 3 0
Expanding along first row
~0]® -3 _, -1 73 4o -1 o0
3 (0] ‘ =2 (0] -2 3
=00+9)-(0-6)+2(-3-0)=0+6—-6=o0.
2 -1 -2
Given determinant is | o 2 —1 jand is of order 3.
3 -5 o
Expanding along first row
2 -1 _
=2 -1 HieEo |0 2
-5 o] 3 Y 3 -5
=2(0-5+(0+3)-2(00-6) =—-10+ 3 + 12 = 5.
[1 1 - 21
2 1 -3
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[1 1 -—2]

11 -2
Sol. Matrix A = |2 1 —3||
5 4 -9l

Expanding along first row

Chapter 4 - Determinants

. DetAie, | A=

2 1 -3
5 4 -9
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2 1
5 4

2 -3
5 -9

1 + (- 2)

1 -3
4 -9|

9-(-12)-(-18-(-15)-2(8-5)
=-9+12-(-18+15)-2(3)=3-(-3)-6

=3+3-6=0
Note. Such a matrix A for which |A | = o is called a singular
matrix.
7. Find values of x, if
2 4 2x 4 |2 3 x 3
() 5 1| ] 6 x (if) 4 5= 2x 5
Sol. (i) Given: 4‘ - | = 4
6 x
= 2-20=2x2-24 => - 18 =2x2 - 24
= —2x2=-24+18=-6
Dividing by — 2, x2 = 3
Taking square roots, x = + \/5
e 3| |x 3
ii) Given: 4 5 ox 5
= 10 — 12 =5x —6x = —2=—-Xx
Dividing by — 1, 2 = x ie, x = 2.
x 2 6 2
8. If 18 x| - |18 6 , then x is equal to
(A) 6 (B) £ 6 (C) -6 (D) O.
Sol. Given: 2| _|6 2
18 «x 18 6

= x2-36=36-36 = x2-36=0 = x*=36
Taking square roots, x = + 6. ..Option (B) is the correct answer.
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Exercise 4.2
Using the properties of determinants and without expanding in
Exercises 1 to 5, prove that:

X a x+a

1. |y b y+b| =o.
VA c Z+C

X a X+a
Sol.On |y p y+b|, operate Ct — Ci + C2

z c Z+C
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X+ a a xX+a

=|y+b b y+b 0. (.- C; and Cs are identical)

Z+cC C Z+cC

-c
-a
-b

= a8 0
1

a & 8
I
(=]

a-b b-c c—a
Sol. On |p—-¢ c¢c—a a-b|,operate C; > C: + C2 + C3

c—-a a-b b-c

a-b+b-c+c-a b-c c—a O b-c c—-a
=|b-c+c-a+a-b c—a a-b|=|0 c—a a-b|=o0.
c—-a+a-b+b-c a-b b-c O a-b b-c

(.- All entries of one column here first are zero)
Note: The reader can do the above problem by operating
Ri > Ry + Rx + R3 also.

65

75| = 0.

86

7 65

8 75|, operate C3 > C3 - Cy = |2 7

9 86 3 8
5 9

o)
w

Sol. On

v
a W N O 3

~
gl

2
Taking 9 common from third column = 9 |3 =9(0) = o.
5

O o
O 0

[Because two columns (one and three) are identical]
1 bc a(b+c)
4, |1 ca b(c+a)| =0
1 ab c(a+b)

1 bc alb+c) 1 bc ab+ac
Sol. The given determinant is |1 ca b(c+a) |=|1 ca bc+ ba
1 ab cla+b) 1 ab ac+bc

1 bc ab+bc+ ac

EUEGT ab + bc + ac
Academy

Operate C; —» C3 + C
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|1 ab ab+bc+ ac
Taking (ab + bc + ac) common from Cs,
1 bc 1

1 ca 1
1 ab 1

= (ab + bc + ac)
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= (ab + bc + ac) 0 = 0. (.- C: and C; are identical)
b+c q+r y+z a p x

5 |c+a r+p z+x|=2|b q y|
a+b p+q x+y c r z

b+c q+r y+z

Sol. LHS. = |c+a r+p z+xa
+bp+gx+y
Operate Ri > Ri + R2 + R3

b+c+c+a+a+b q+r+r+p+p+q y+zZ+z+x+x+y

= c+a r+p Z+X
a+b p+q X+y
2(a+b+c) 2(p+q+r) 2x+y+2)
= c+a r+p Z+X
a+b p+q X+y

Taking 2 common from R,

a+b+c p+q+r x+y+z
=2 c+a r+p Z+X
a+b p+q X+y

Operate Ry —> R; — Ra (to get single letter entries as required in
the determinant on R.H.S.)

b q y

—o|lct+ta r+p z+x

a+b p+q x+y

Now operate Rz — R; — Ri (to get single letter entries as
required in the determinant on R.H.S.)

b q y

=2 |c+a r+p z+x

a p X
Now operate R. — R2 — R (objective being same as in the above
two operations)

b q vy

=2 |lc r z

a p x
b q y
Interchanging R- and R3, =—-2 |a p Xx
c r z

Interchanging R; and lw
S
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a p x a p x
=—(-2)|b q y|=2|b q y| =RHS.
c r z c r z

By using properties of determinants, in Exercise 6 to 14,

show that:
0 a -b
6. -a 0 -c| =0.
b c 0
0 a -b
Sol. LetA=|-a o -c (D)
b ¢ 0

Taking (—1) common from each row, we have

0O —-a b
A:(_I)S a (0] C
-b -c 0

Interchanging rows and columns in the determinant on R.H.S.,

O a -b
A=—-|-a o0 -c " 1¥=-1)
b ¢ 0o
- A=—A (By ()

Shifting — A from R.H.S. to L.H.S., A + A = 0 or 2A = 0

(0]
L A= T =o0.
2

Note. 1. We can also do this question by taking (- 1) common
from each column.

2. When you are asked to prove that a determinant is equal to
zero or two determinants are equal, then it is to be proved soonly
without expanding.

3. It may be remarked that the determinant of Q. No. 6 above is
determinant of a skew symmetric matrix of order 3.
—az ab ac
7. ba -b* bc | =4a’b’c
ca cb _ 2
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— a2 ab ac

Sol. LHS.=| ba -b%2 bc
ca cb  _ 2

Taking a, b, c common from Ri, R, R3 respectively,
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—-a b c
= abc a -b c
a b -—c

Operate R — Ri + R» (to create two zeros in a line (here first

row))
0 0 2c
=abc |a -—-Db c
a b -c

Expanding along first row ("." There are two zeros in it)

= abc . 2c = abc . 2¢ (ab + ab)

a b

= abc . 2c . 2ab = 4a2b?c? = R.H.S.
Note. Whenever we are asked to find the value of a determinant

by using “Properties of Determinants”, we must create two zeros
in a line (Row or Column).

2

1 a a

8. )|1 b b2|=(a-b)b- (c- a)
1 (4 cz
1 1

(i) |la b c¢c| =(@-b)b-c)(c-a)(a+b+ ).

1 a 4
Sol. () LHS.=|1 b b?
1 o c2

Operating R- - R> — Ry and R; - R3 — Ry

2 2
1 a 4 1 a a
=1 b b2|=|0 b—a b>*-a?

1 C2 (0] c—da C2_a2

Expanding along first column

b-a b2-a2 (b-a) (b-a)b+a)

(c—a) (c-a)(c+a)
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Taking out (b — a) common from first row and (¢ — a)
common from second row
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1 b+a
=0 -al-a)

1 c+a

=0b - a)c —a)c +a—-b—-—a = b - a)c—a)c-D>b)
=—(a-b)c—-a)=(b-c)=(a-b)b- - a).
Remark. For expanding a determinant of order 3 we should
make all entries except one entry of a row or column as zeros (i.e.,
we should make two entries as zeros) and then expandthe
determinant along this row or column. For doing so, the ideal
situation is that all entries of a row or column are 1 each.
If each entry of a column is 1, then, to create two zeros, subtract
first row from each of the remaining two rows.
If each entry of a row is 1, then to create two zeros, subtract first
column from each of the remaining two columns.

1 1 1
(i) LHS.=|a b ¢

ad b3 3
Here all entries of a row are 1 each.
So operate C> - C. — Ci, C3 - C3 — C: (to creat two zeros in
a line (here first row))

1 0 0
=|a b-a c—a
as b3—a3 c3—as3
b—a c—a

b3 —a3 ¢3-—as3

Expanding along first row, = 1
(Forming factors)

_ (b-a) (c—a)

(b-a)b2 +a2+ab) (c—a)c?+ a2+ ac)

Taking (b — a) common from C: and (¢ — a) common from Cx,

X< 1
I 1

=(h — _
( A - a) b2 + a2 + ab c2+ a2+ ac

b —-a)c—-a) (c2+ a2+ ac— b2 - a® — ab)
b — a)(c — a)(c2 — b2 + ac — ab)

= -a)c-a)[(c—b)c+ b) +alc - b)]

b —-a)c—-a)c—-b)c+Db+a)
—(a-blc—-a)[-b-0](@a+b+c
=(a-b)b-c)c—a)a+ b+ c)=RH.S.




9.

Class 12
y »
VA ZZ

zX

Xy

Chapter 4 - Determinants

= (x -0 -2)(z - )y +yz + 2x).
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x X yz
Sol. LHS. = |V J»* 2x
Z ZQ Xy

Multiplying Ri, Ro, R3 by x, y, z respectively (to make each entry
of third column same here (xyz))

X xyz
= -1 y:oP Xyz
V2 |2 8 xyz

x> x3 4 x2 x3 4
. Xvz
Taking xyz common from C , = yo 3 1= |y ¥ o1
5 xyz .,
z z3 1 2 3 1

Now all entries of a column are same. So operate R> — R> — Rj,
R3 — R3 — R; to create two zeros in a column.
x? x3 1
=| y2—-x2 y3—-x3 O
72 — x2 73 — x3 0o

y2—x2 y3—x3

Expanding along third column = 1
z2—x%> z3—Xx3

-0 +x) -2+ x+xy)

(Forming factors) =
Z=0E+x)  (z- 2z +x + 20)

Taking (y — x) common from R; and (z — x) common from R-

y+x Y2+ x2+xy
=(-xGz-x

z+Xx Z2 + X2 + zX

=(y-0z-x)[(y+x@2+x2+2x) — (z + 202 +x2+xy)]
=(y—x)(z—x)[yz2 + yx2 + xyz + x22 + x3 + X2z

—zy? — ZXx2 — XYz — Xy2 — x3 — x?]

=(y-x(z-x) [yz2 - C‘fJET’(yz]
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= (y - 0z - x) [yz(z - y) + x(z* - y?)]
=(y -0z - x) [yz(z — y) + x(z - y)(z + y)]
=(y -0z -x0z-y) lyz + x(z + y)]
=—x-z-0[-W-2]Q@z+xz+xp)
= -y -2z - +yz+ 2zx) = RHS.
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X+4 2x 2x

10. () | 2x x+4 2x (5x + 4)(4 - x)~

2x 2x X+4

y+k y y
| vy y+k y | =kr@3y+ k).
y y y+k
X+ 4 2x 2x
Sol. (i) LHS. = | 2x X+ 4 2x
2x 2x X+4

Here sum of entries of each column is same (= 5x + 4), so
let us operate R1 — R1 + Rz + R3 to make all entries of first
row equal (= 5x + 4).
5X+4 5x+4 b5x+4
= 2x X+4 2x
2x 2x X+ 4
Taking (5x + 4) common from R;,

1 1 1
=(x+4)|2x x+4 2X
2x 2x X+4

Now each entry of one (here first) row is 1, so let us operate
C.—>C.-Ciand C3 > C3 — C, to create two zeros in a
Zero.

1 (o) (o)
=(x+4)|2x 4-Xx 0
2x 0 4-x

Expanding along first row

=(5x+4).114-%x O
0 4-x
= (5x + 4)(4 — x)> = RH.S.
Remark. We could also start here by operating
C]—)C1+C2+C3.

y+k vy y
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Here sum of entries of each row is same (= 3y + k), so let
us operate C1 — C1 + Cz + C3 to make all entries of first column
equal (= 3y + k)
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y+k vy y
=|3y+k y+k y
y+k y  y+k
Taking (3y + k) common from Ci,
1 y y
=@y +k|1 y+k y
1 y y+k

Now each entry of one (here first) column is 1, so let us operate
R — R> — Riand R3 —» R; — R; to create two zeros in a

column,
1y vy
=(@y+k |0 k O
0O o0 k
k o
Expanding along first column, = (3y + k) . 1 o k

= (3y + k> = k2(3y + k) = RH.S.
Remark. We could also start here by operating
Ri > R: + Ra + Rs.

a-b-c 2a 2a
11. (@) 2b b-c-a 2b =(a+b+c)
2c 2c c-a-»b
X+y+2z X y
(i) Z y+z+2x y =2(x + y+ z)°.
z X Z+X+2y
a-b-c 2a 2a
Sol. () L.H.S. = 2b b-c—a 2b
2c 2c c—a-b»b

Here sum of entries of each column is same (=
a+b+c),so let us operate R1 — R1 + Rz + R3 to make
all entries of first row equal (= a + b + ¢)

a+b+c a+b+c a+b+c
= 2b b-—c—a 2b
2c 2c c—a-b
Taking (a + b + ¢) common from Ry,
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2c 2c c—a-b»b

Now each entry of one (here first) row is 1, so let us
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operate C. — C> — C; and C3 — C3 — C; to create two
Zeros in a row,

1 (0] (0]
=(a+b+o 2b -b—-c-a (0]
2c (o] -c—a-b

Expanding along first row
-b-c- 0
=(@a+b+0¢).1 c-a
0 - c¢c—-a-b
=(@a+b+c)[(-b-c—-a)(-=c—-a-Db)]
=(@a+b+c)(=)b+c+a)(-)(c+a+b)
=(a+ b+ c)P=RH.S.
Remark. Here we can’t operate C; — C: + C> + C3 because
sum of entries of each row is not same.

X+y+2z X y
(i L.H.S.= z y+z+2x y
z X Z+ X+ 2y

Here sum of entries of each row is same (= 2x + 2y + 2z = 2(x
+y+ z)), so let us operate C1 — C1 + Cz + C3 to make all
entries of first column equal (= 2(x + y + 2))

20x+ y+ 2) X y
=l2x+y+2z) y+z+2x y
20x+y+2) X Z+ X+2y

Taking 2(x + y + z) common from Ci,

1 X y
=2x+y+2)|1 y+z+2x y
1 X Z+ X+2y

Now each entry of one (here first) column is 1, so let us operate
R: > R: —Riand R3; — R3; — R, to create two zeros in a

column
1 X y
=2x+y+2) |0 x+y+z 0]
0 0 X+y+z

Expanding along first column

X+y+z 0

2x+y +2) .1

0 X+y+2z

Adaa%mf’]

Mtk i
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=2(x +y + z)*=R.H.S.

1 X xZ
12. |[x2 1 x| = (1 -x3)%
x x 1
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1 X X2
Sol. L.H.S. = | x> 1 X

Here sum of entries of each column is same (=1 + x + x2), so let us
operate R1 — R1 + Rz + Rz to make all entries of first row equal (=
1+ X+ x2)

1+X+X% 14 x+x2 1+x+x2
= X 1 X

X X2 1
Taking (1 + x + x2) common from Ry,
1 1 1
=(1+x+x) | X 1 Xx

X Xx2 1

Now each entry of one (here first) row is 1, so let us operate
C: - C2 — C; and C3 — C3 — C; to create two zeros in a row.

1 (0] (0}
=(Q+x+x2) [ ¥ 1-x2 Xx—x?
X X2 —X 1—-Xx

Expanding along first row

1-x> x-—x2
=(1+x+x?.1
X2 —Xx 1—Xx

(1-x)01+x) x(1—x)

=(1+x+x2)

—x(1-x) (1-x)
=(1+x+x2)[(1-x20+x)+x2(1 —x)?]
=1+x+x)Q-x0Q+x+x)=00+x+x)0-x)7*
=[@+x+x2) (1 -x] (.- A®B? = (AB)?
=(1-x+x-x2+x>—-1x3*=( - x3?=R.H.S.

Remark. For the above question, we could also operate C
— Ci + C2 + C3 because sum of entries of each row is also same
and (= 1 + x + x2).

1+ a2 - b2 Zb 2ab - 2a

13. 2ab # Uk
&SJAcadény
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2 a )
= + a
b, b2)3.
2
a
1-
az -
b2

Sol. Operating C; —» C; — b C3,C> —» C2 + a C3 in L.H.S. as

suggested by the factor (1 + a2 + b2?) in R.H.S.
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1+ a2 + b2 0 —2b
LH.S. = o 1+ a2 + b2 2a
b(1+ a2 + b?) —a(1+a2+b?) 1-a2-b2

[ 2b — b(1 — a2 — b2) = 2b — b + a2b + b3
=b + a*h + b3 = b1 + a* + b?)]
Taking out (1 + a2+ b2) common from C; and C:

1 0o —2b
=(1+a2+b2* |0 1 2a
b -a 1-g2-pe

Operating R; — R3 — bR: (to create another zero in first column)

1 (0] - 2b
=1 +a>+b2*|0 1 24
0 —a 1-a>+b?
Expanding along C.
1 2a

=(@+a2+b3)?.1
-a 1— a2+ b2

=@ +a+b>)*0—-a®+Db2+2a2) =1 + a®+ b3

az+1 ab ac
14. ab b2 +1 bc =1+ a2 + b2 + c2.
ca cb c+1

Sol. Multiplying Ci, C2, C3 by a, b, c respectively and in return
dividing the determinant by abc,

ala? +1) ab? ac?
A= L azb b(b2 +1) bc?
abc
azc b2c c(c2+1)

Taking out a, b, c common from R, R2, R3 respectively,

az+1 b? c
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1+ a2+ b2+ ¢ b2 c?

=|1+a2+b2+c2 b2+1 c?

1+a2+b2+c2  b*  c2+1
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Taking out (1 + a2 + b2 + ¢2) common from Ci,

1 b2 C2
=(1+a+b2+c2)|1 b2+1 c?
1 b? c2+1

Operating R - R> — Ry, R3 > R3 — Ry,

1 b2 ¢
=(1+a+b2+¢2) |0 1 O
o o0 1

Expanding along first column,
=(1+a2+b2+c2)x1(1—-0)=1+ a2+ b2+ c2
Choose the correct answer in Exercises 15 and 16:
15. Let A be a square matrix of order 3 x 3, then | kA | is equal

to
@ k1 A 1] el allll]
(©Q K|Al (D) 3k | Al

[_a a a
Sol. Let A =| 612111 3 ag]be a square matrix of order 3 x 3......... )

22

Lasl 3o assJ

". By definition of scalar multiplication of a matrix,

kan  kas kals—' ka;;, kay, kaig
ka,,

=k : -
A Ga1 ka,, SN kay, Kkay, Kkay
| |
Lka31 kas, k(133J kas, kas,  kass
Taking k common from each row,
a;;  dpp dig
= k3 | oy Qyp og
Gz d32 gy
=k | Al [By (1]

Remark. In general, if A is a square matrix of order n x n; then
we can prove that | kA | =kn| Al
Option (C) is the correct answer.
16. Which of the following is correct:

(A) Determinant is aﬂmqtrix.
S,

Academy
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(B) Determinant is a number associated to a matrix.
(C) Determinant is a number associated to a square matrix.
(D) None of these.

Sol. Option (C) is the correct answer.

ie, Determinant is a number associated to a square matrix.
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Exercise 4.3

1. Find the area of the triangle with vertices at the points
given in each of the following:
() (1, 0), (6, 0), (4, 3) @ (2, 7), (1, 1), (10, 8)
(i) (-2 -3),032), (-1 -28).
Sol. (i) Area of the triangle having vertices at (1, 0), (6, 0), (4, 3)

1 X1 y: 1 1 1 o 1

= Modulus of X, Yo 1| = ) 6 o0 1
2

x, Y3 1 4 3 1

3

Expanding along first row,
1
="[1(0 - 3) —0(6 — 4) + 1118 - 0)]
2

ie, Area of triangle = modulus of t (-3 +18)
5 15 .
=, Sq. units

(. Modulus of a positive number is number itself)
(i) Area of the triangle having vertices at (2, 7), (1, 1), (10, 8).

- le1 v, 1 1 2 7 1
= Modulus o X, Y» 1| = 1 1 1
21 Y3 1 10 8 1

3

Expanding along first row

L [2(1 — 8) — 7(1 — 10) + 1(8 — 10)]

2
1 1
="[27)-7(-9) —2]= " (- 14 + 63 — 2)
2 2
1
=" (63 - 16)
2
ie, Area of triangle = - 47 sq. units.
2 2

(. Modulus of a positive real number is number itself)
(ili) Area of the triangle having vertices at
(_ 2, — 3)5 (35 2)5 (_ 1, — 8) iS

oo -2 -3 1

=t

Modulus of o X2 Y2 1| = 3 2 1
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l[—2(2+8)—(—3)(3+1)+1(—24+2)]
2

x [- 2(10) + 3(4) — 22] = : (- 20 + 12 — 22)
2 2
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“leger=tC30=-15
2 2
.. Area of triangle = Modulus of — 15 i.e, = | — 15|
= 15 Sq. units
(.~ Modulus of a negative real number is negative of itself)

2. Show that the points A(a, b + c), B(b, ¢ + a), C(c, a + b) are

collinear.
Sol. The given points are A(a, b + ¢), B(b, ¢ + a), C(c, a + b).
X
Area of triangle ABC is modulus of = | x= y, 1
2 x, Y3 1
A
.|@ b+c 1
="|b c+a 1 A
2
c a+b 1 .
Expanding along first row, B A c

12[61((,‘ +a—-—a—-b)— B+ cb-c)+1(bla+b)-clc+a))l

12[a(c —b) — (b2 — ) + (ab + b* — ¢ — ac)]

l(ac—ab—b"‘+c2+ab+b2—c2—ac)= l(0)=0
2
ie, Area of AABC = 0
Points A, B, C are collinear (See above figure).
3. Find values of k if area of triangle is 4 sq. units and
vertices are:

@) (k, 0), (4, 0), (0, 2) (@) (- 2, 0), (0, 4), (0, k).
Sol. (i) Given: Area of the triangle whose vertices are (k, 0), (4,
0), (0, 2) is 4 sq. units.
1| X0 1
= Modulusof = | x, y, 1| =4
2
X3 ys 1
1 k o 1
= Modulusof = |4 o 1| =4
2lo 2 1

1
Expanding along first row, | - k(0 —2) —0+1(8 - 0)} | =4
2

=

1
(—2k+8) =43|—k+4|=4
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= —-k+4=2%4

[ If x e R and | x |:awherea20,thenx:ia]
Taking positive sign, — k + 4 = 4

= —-k=0 = k=0
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Taking negative sign, — k + 4 = — 4

= —k=-8 = k=8 Hence k=0,k=8.
(ii) Given: Area of the triangle whose vertices are (- 2, 0),

(0, 4), (0, k) is 4 sq. units.

1
= Modulus of 5

= Modulus of 1
2

X1
X2
X3
-2
0
0

yl
y2
Y3

0

4
k

1
1
1

1
1
1

=4

1
Expanding along firstrow, | {-2(4 -k -o+1(0-0)}| =4
2

= 12(—8+2k)‘ =4 = |-4+kl|l=4

= -4+k=%4

(. If | x | = a where a > o, then x = + a)
Taking positive sign, — 4 + k=4=>k=4+ 4 =8
Taking negative sign, — 4 + k= -4 = k=0
Hence, k=o0,k=8.

4, (i) Find the equation of the line joining (1, 2) and (3, 6)
using determinants.
(ii) Find the equation of the line joining (3, 1) and (9, 3)
using determinants.
(i) Let P(x, y) be any point on the line joining the points (1, 2)
and (3, 6).
. Three points are collinear.

Pxy) (L2) PKky 36 PXxy

Sol.

. Area of triangle that could be formed by them is zero.

Llxy 1 1 X1 yi 1
= —|1 2 1|=0 o|Xe Y2 1
3 6 1 RS

Multiplying both sides by 2, and expanding the

determinant on left hand side along first row,
x(2-6)—y@1-3)+1(6 —-6)=0

= —4x+ 2y = 0. Dividingby — 2, 2x —y =0

or —y = —2x Le, y = 2x which is the required equation

of the line.
&%E]ﬁ);ine joining the points (3, 1)

(if) Let P(x, y) be a
Call Now For Live Trainina 93100-87900
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and (9, 3).
. Three points are collinear.
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Pxy) (&1 Pky (3 PKy

. Area of triangle that could be formed by them is zero.

L |xy ot
= , 3 1 1]=0
9 3 1

Multiplying both sides by 2 and expanding the determinant
on left hand side along first row,

x1-3)-y3-9+19-9) =0

= —2x+ 6y =0
Dividing by — 2, x— 3y = 0 which is the required equation
of the line.

5. If area of triangle is 35 sq. units with vertices (2, - 6),
(5, 4) and (k, 4). Then k is

(A) 12 (B) - 2 ©-12,-2 (D) 12, - 2.
Sol. Given: Area of triangle having vertices (2, — 6), (5, 4) and (k, 4) is
35 sq. units.
( Xx. yi 1 2 -6 1 )
Modulusof '1| x, Yy, 1|=1]|5 4 1|' =35 (Given)
| 2 2 J
Ulxy yy3 1 k 4 1

Expanding along first row,

l{2(4—4)—(—6)(5—k)+1(2o—4k)}‘ _ 3

2
= l{o+3o—6k+2o—4k}‘ =35
2
! go-100)|
= |GGo-100) | =35 = |25-5k|=35
2
= 25 — 5k =+ 35
[. If | x| = a where a > o, then x = + d]
Taking positive sign, 25 — 5k = 35 = — 5k = 10
= k= =10 =—-2
5

Taking negative sign, 25 — 5k= — 35
= -5k=-60 = k=12
Thus, k=12, — 2 . Option (D) is the correct answer.
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Exercise 4.4

Note. Minor (M;) and Cofactor (Aj) of an element a; of a

I

determinant A are defined not for the value of the element but for
(i, j)th position of the element.

Def. 1. Minor Mj of an element ag; of a determinant A is the
determinant obtained by omitting its ith row and jth column in
which element a; lies.
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Def. 2. Cofactor A; of an element a; of A is defined as
Aj = (= 1)’ */ My where Mj is the minor of aj.
1. Write minors and cofactors of the elements of the following

determinants:
2 -4 a c
(i) 0 3 (i) b d
Sol. () Leta = —4
o 3
My = Minor ofa,, =13 |=3;

Au=(C-1"Mu =(C-1""03)=(-1*3=3
(Omit first row and first column of A)

M2 = Minor of a,, = lol=0
A =(-1D)'""*Me =(C1D""?0O)=(-1%.0=0
Ma2: = Minor of a,, =|—4|=—4,
Ao = (_ 1)2+1 Ma: = (_ 1)2+1(_ 4)=(_ 1)3(_ 4)=4
M., = Minor of a,, =2 |=2,
Ao = (—1)"?Maz =(—1)0"?2=(—1)2=2
a c

(i) Let A = b d
My = Minor ofa,, =1ld | = d,
A11=(—1)1+1d =(_1)2d=d
M:> = Minor ofa,, =|b|=b,
A12=(—1)1+2M12 =(_1)3b=_b
Ma: = Minor ofa,, =lcl=c¢,
Ay =(—1)*""'¢ =(-1Pc=-c
M. = Minor of a,, = |al =a,
Ass =(—1)2"2a = (- 1*a = a.

2. Write Minors and Cofactors of the elements of the
following determinants:

1 0 0 1 0 4

|0 1 0 G (3 5 -1

0 0 1 01 2
1 0 O
Sol. (i) LeteA=]0 1 o0
0 o0 1

M = Minor of a,, = 1o =1-0=1
0O 1

An=-1)"Mu=(-1)?1=1
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M. = Minor of a,, =

(Omitting first row and second column of A)
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A12:(—1)1+2M12:(—1)SO:0
. 0o 1
M3 = Minor of a,, = =0-0=0,
(0]
As=(C-1)""3Mz=(—1D*0=0
. O O
M. = Minor of a,, = =0-0=0,
1
A21=(—1)2+1M21=(—1)30=0
. 1
M.. = Minor of a,, = =1-0=1,
O 1
A22=(—1)2+2M22=(—1)41=1
. 1
M23 = Minor of a,; = =0-0=0,
(0]
A23=(—1)2+3M23=(—1)50=O
. O O
M. = Minor of a;, = =0-0=0,
1 O
Az =(—1)2*""Msi=(—1D%*0=0
. 1 O
Mgs2 = Minor of a,, = =0-0=0,
0O O
Age = (=13 "*Ma2 = (- 1°0=0
. 1 O
Mj3 = Minor of a,, = =1-0=1,
(O 2 §
Azz=(—1B3"3Mgp = (- 1)°1=1.
1 0 4
(i) LetA=1]3 5 -1
o 1 2
M = Minor ofa = 5 - =10-(—1) =10 +1 = 11,
11 11 1 2
Au=CF1D)""Mu=(-1)*11=11
. -1
Mi> = Minor of a,, = 3 =6-0=06,
(0] 2
A12=(—1)1+2
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M,3 = Minor of a,; =

3 5

(0)

1
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=3-0=3

Ag=(-1)"3Mz=(-1*3=3
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4
Ma: = Minor of a,, = =0-4=-4,

A21= (_ 1)2+1M21= (— 1)3(—4) =4

1 4
Mz = Minor of a,, = =2-0=2
o 2

A22=(— 1)2+2M22= (— 1)42= 2

1 0
=1-0

Il
=

Ma3 = Minor of a,, =

o 1

A23 = (— 1)2+3M23 = (— 1)51= -1

(0]
Ms: = Minor of a,, = K =0 — 20 = — 20,
5 —1
Azi = (— 1) **" Mz = (— 1)* (- 20) = — 20
Mjs2 = Minor of a,, = 1 4 =—1-12 = — 13,
3 -1
Azz = (—1)3"*Ms2 = (— 1)°(- 13) = 13
Mg,g,=Minor0fc133=‘1 0 =5-0=5,
3 5

Ags = (- 1?3 Mg = (- 1)°5 = 5.

Note. Two Most Important Results

1. Sum of the products of the elements of any row or column
of a determinant A with their corresponding factors is = A.
ie, A = a;;An + a;pAnz + azAs ete.

2. Sum of the products of the elements of any row or column
of a determinant A with the cofactors of any other row or
column of A is zero.

For example, a;;A21 + a,A22 + a;3Az2 = 0.
3. Using Cofactors of elements of second row, evaluate

5 3 8
A=12 0 1
1 2 3

N O W
w =

5
Sol. A= |2
1

Aare a, = 2, 0,,= 0, dyg = 1

Elements of second ro
ﬁ‘t CUET
SJAcademy
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8 .. =(=1)"*" My
Cofactor of a,, = (— 1)**! . Ay -1 7]

Ll

(determinant obtained by omitting second row and first column of A)
=-100@-16)=-(=7=7
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8
A,, = Cofactor of az2 = (— 1)**2 =(-1)*05-8)=7

13

3
=(-1@0-3=-7
1 2
Now by Result I of Note after the solution of Q. No. 2,
A = ay; Agy+ ApAj; + ApAg;
=27)+o0()+1=-7)=14-7=7.
Remark. The above method of finding the value of A is equivalent
to expanding A along second row.
4. Using Cofactors of elements of third column, evaluate

A,, = Cofactor az3 = (= 1)**3

1 x yz
A=|1 y zx|
1 z xy
1 x yz
Sol. A=|1 y =zx
1 z xy

Here elements of third column of A are
Qi3 = YZ, Uy = ZX, Gy = XY

y
A,, = Cofactor of a3 = (- 1)' "3 " l
z
=D =2y
{
(determinant obtained by omitting first row and third column of A)
x
A,, = Cofactor of @23 = (— 1)* "3 - 1) @E-x)=-(z-x)
x
+ _ 6 —
A,, = Cofactor of ag; = (- 1)3*3 1 vl FD°@-x=y-x

Now by Result I of Note after the solution of Q. NO. 2,
A = a3Aq3+ AA; + A33A5;
=yuz —y) + zx[- (z — 0] + xy(y — %)
= yz?2 — y2z — 72X + zx2 + Xy* — X2y
= (yz2 — y2z) + (xy2 — x22) + (z2x2 — x2y)
=yzz —y) + x(y2 - z2) — x3(y — 2)
—yzy —2) + x(y + 2)(y — 2) — x3(y - 2)
=(y—2) [—yz +xy + xz — x2]
= (y = 2= y(z - x)f Py
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=(y-2Z-0Cy+x0=x-y(y-2(z-x
Remark. The above method of finding the value of A is equivalent
to expanding A along third column.
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a; a;; Aag3
5. If A= |ay 4y ay | and Aj is Cofactor of a; then value

az;; ai; 4z

of A is given by
(A) a1 Az + apAg, + apAg;
(B) a;1Aqq + apAy + apAgy
(C) ay Ay + aynAg, + ayAg,
(D) a;1Aq1+ ay Ay + az Az

Sol. Option (D) is correct answer as given in Result I of Note after
solution of Q. No. 2 and used in the solution of Q. No. 3 and 4
above.
Remark. The values of expressions given in options (A) and
(C) are each equal to zero as given in Result IT of Note after
solution of Q. No. 2.
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Exercise 4.5

Find adjoint of each of the matrices in Exercises 1 and 2.

1 2]
Y

L J L21 22J
|A|= 1 2

An = Cofactor of a,;, = (— 1)* 4 = 4,

Ai> = Cofactor of a,, =(—1)33=-3
As, = Cofactor of a,; = (—1)32 = — 2,
Az = Cofactor of a,, = (—1)*1 =1

adj. A= [An Ael’ _[ 4 -31" _[ 4 -2

PR SV e AP

I_ 21 22J L _I |_ _]
Remark. For writing the Cofactors of the elements of a
determinant of order 2, assign a positive sign to the Cofactors of

diagonal elements and a negative sign to the Cofactors of non-
diagonal elements.

[ 1 -1 2
z.|2 35].

-2 0 1
[ 1 -1 2] I_au aio a13—| 1 -1 2
Sol. HereA:| 2 3 5|:|a21 dyso a23||A|= 2 3 5
| || |
L_ 2 0 1J La31 Adso 6133” -2 o 1




Class 12 Chapter 4 - Determinants

3 5 2
A11:+ =3,An = - 5
0O 1 -2 1
=—-(2 +10) = — 12, (See Note 2, below)
A13=+ 2 3 =6,A21=— -1 2 =—(—1)=1,
-2 0
Aoz = + ! =1+ 4 =5 A =— 1 -1
-2 1 -2 (0)
=_(_2)=23
Az = + -tz =—5-6=-11,
3 5
1 ol e 1 -1
o\ = =-(G-4=-1LAp=+
5 2 3
=3+2=5

A, A, A
- adj. A = A W2 Ay

22

LAsl Az AssJ [‘ 1 -1 5J

[ 3 1 -—11]

1.1 g 2

:’—12 5 —-1].
6 2 5l

Note. 1. Adjoint of matrix

[a b] isl— d -b]

lcal [-c a

i.e, Towrite adjoint of a 2 x 2 matrix, interchange the diagonal elements
and change the signs of non-diagonal elements.

The above result can be used as a formula.

2. For writing the Cofactors of the elements of a determinant of
order 3 x 3, using the rule (- 1)’ */ My, the signs to be assigned
to 9 cofactors are alternately + and — beginning with +.

Verify A(adj. A) = (adj. A)A = &1 in Exercises 3 and 4:
Academy
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Sol. Let A = ||—_2 _2—’
L i

Chapter 4 - Determinants

By Note 1, above, adj. A = [-6 —3]
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( fa bl [ a -bl
L adj.[c aJISL—c ap

o = | 23] 9]

-4 -#6] 4 2

[-12+12 -6+6] [0 O] (D)
=| |=

24 -24 12-12 o o

L I

Again (adj. A). A= [-6 —3—|||— 2 3—I
| 4 ol '-4 -6

L 1L ]
[-12+12 -18+18] [0 O] )
1o 2-12l
L r
Now | A | = 2 3 =2(-6)-3-4=-12+12=0
~4 -6

Again lali=]1AlL (I is Iz because A is of order 2 x 2)
1 0 0 O
=0 = ..(iii)
0 1 0 O

From (i), (i) and (iii), A (adj. A) = (adj. A) A = | A | L.

L -1 2]
4.3 o -2,
L o 3J
M1 -1 2] 1 -1 2
Sol. Let A=|3 0 -2l ~lal=]3 o0 -2
| |
1 o 3] 1 0 3

Let Aj denote Cofactor of a;

(For rule of signs to be assigned see Note 2 at the end of solution
of Q. No. 2).
A =+A2 = -
A =+

1 Az = +

Az = -




Class 12

=]

S +
=~ =

N

TEOON) w N

= @ W O
|

+
—_
o o e

ot
—
1

w

< [
o
— |

Chapter 4 - Determinants




Class 12 Chapter 4 - Determinants

Ag=+ ~1 2] =4+(2-0)=2

0o -2
Apm=-]" Pl =-(2-6-=8,
3 -2
1 -1
A33=+ =+(O+3)=3
3 (0]
Ay Ap Al To-11 o [ o 3 2
| |
~adj. A = Ay A,y A23 =|3 1_1| =|—11 1 8|
| . I |
[Ag A Al [2 8 3] || o -1 3l
1 -1 2 0 3|2
~ A (adj. A) = 3 0 -2 —11 1|8
o  3hl] of |-1]{|3 |}

0+11+0 3-1-2 2-8+6]
= 0-0-0 9+0+2 6+0-6
0+0+0 3+0-3 2+0+9]

11 o) 0
=l o0 1 (D

= 0
|L0 0 11|J

Now (adj. A) A = [— 1(1) ? g—l [;13 _é —g—'

| | !
L (0] -1 SJ |_1 0] 3J

{ 0+9+2 0+0+40 0-6+6] [11 0 0] B
" '-11+3+8 11+0+0 -22-2+24'=" 0 11 o -(iD
|l o-3+3 o0-o0+o0 o+2+9] [ o o |
1 -1 2 1]
Now A= |3 o -2
1 0 3

Expanding along first row
=10-0)-(-1)(0@+2)+2(00-0)=0+11+0 =11
Again [Al1I=]A]L (. Ais 3 x 3, therefore I must be I5)
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| | 1 0 o]

10 1 0
o o alf =] 9 D
From (1), (i) and (iii) llo o ul

A. (adj. A) = (adj. A)A = | A | L.
Find the inverse of the matrix (if it exists) given in
Exercises 5 to 11.
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5. [2 -21,
4 J
Sol. Let A= {2
4
A=

. Matrix A is non—singu]!ar and hence A™" exists.

2

B

-2

We know that adj. A =

We know that A™' = —

6. [_’; ;J

Sol. Let A= {

al- |7

. A7 exists.

We know that adj. A =

-1

_ . 1
AT = [A| (adJ.A):1—3

1 2 3
7. 10 2 4.
0 0 5
1
Sol. Let

Chapter 4 - Determinants

=6-(—-8)=6+8=14=0

3 2]( [a bl [ d

o2l oo

adj.A=lr 3 2]

|A| 14[—4 2J
5
2
5‘:—2—(—15)=—2+15=13¢0
2
[2
_5] ( [a b] [ d
PR Adi| - l=l
L 1\ L 1L
[ _
5 =3l
L ]
2 3] 1
2 4 |Al=|o
0 SJ ©

o NN

- b

)

a A~ W
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Expanding along first row
=110-0)-2(0-0)+3(0-0)=10%0

. A7! exists.

A=+ 2 4 =+ (10 — 0) = 10,
0o 5

A= - 0 4 =—-(0-0)=o0,
0o 5
o 2

A =+ =(0—-0)=o0,
0 O
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Aoy = — 23 =—-(10-0)=-10,
0 5
1
Ao = + 3 =(5_0)=57
0 5
1 2
Aoy = — =-(0-0)=o0,
0O O
2
A31=+ 3 =(8—6)=2,
2 4
1
Age = — 3 =-(4-0)=-4,
0 4
1 2
As3 =+ = (28 0)i=12
o 2
10 o ol [0 -10 2]
adj. A = |—10 5 o| - | 0 5 —4|
| | J
l 2 -4 2/ Ilo o 2l
1 [10 -10 2]
Al = adj. A = |0 5 —4‘.
|A| 10 | l
|Lo 0 2U
1 0 0
8. |3 3 0.
5 2 -1
1 (0] (0] 1 0 0
Sol. Let A=1i3 3 o0 ~lAal=1]3 3 o
5 2 -1l 5 2 -1
Expanding along firstrow | A | =1(-3-0)-0+0=—-3%0
Ass = +
An =+
A12=—
A13=+
A21:_
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1 0
Aoy = — =—(2-0)=-2
3 = 2 (2-0) 2
Ag = + 0 =(0—-0)=o0,
3
A 1 0 ( )
32 = 3 0 =—(0—-0)=0,
1 0
Agz = + =+(3-0=3
3 3
-3 3 -9 [-3 o ol
adj.A=|| 0o -1 —2|| =: 3 -1 O||
Lo o 3 [-9 -2 3
= 0O O
Al= 1 adj.A=—_1[% -1 o—|.
|A| 3 | I
-9 -2 3]
|F2 1 ﬂ
9.9 4 -1 o
| |
-7 2 1]
2 1 3
Sol. Let | A | = 4 -1 O
-7 2 1

Expanding by first row,
=2-1)-14) +38-7)=-2-4+3=-3%0

= A is non-singular o A7 exists.
-1 O (0}
A11 =+ = - 1, A12 = - 4 = - 4>
2 1 -7 1
A =+] 4 “1|=8-7=4, A _ _
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1 3 =3, A32:— 2 3 = 12,
A= |-1 o 4 0
2 1| =—6

ASS =
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adj. A

{1 -1 ZW
10. |0 2 -3
{3 -2 4J

[1 -1 2] 1 -1 2

Sol. Let A=’O 2 —3| 2 lal=]o 2 -3

L3 -2 4J 3 —2 4

Expanding along first row,
=18-6)—-(—1) (0 +9)+20-6)
=24+9-12=-1%0

. A" exists.

A=+ 2 _3‘=(8_6)=2’

A = — 0 -3 =_(0+9)=_9
3 4

As=+1% 2%l =10-6)=-6
3 -2

Aoy = — -tz =-(-4+4)=0

Aso = + Lz =(4-6)=-2
3 4
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1

A32 = -
(0]
1

Asz = +
(0]
[ 2
adj. A = | 0

|
-1

Chapter 4 - Determinants

=-(-3-0=3

=(2-0)=2
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_1—|
1 1 [ 2 0
At = adj. A = |—9 -2 3‘
|A| 1 | |
-6 -1 2J
[-2 o 1] (1 -1 )
_| | k = = —1,
=] 9 2 -3 .
L| 6 1 —2|J
[1 0 0 |
11. 0 cosa sin o
| |
LO sin o —cosocJ
(1 o 0 ] 1 o 0
Sol. Let A= 'O cosa sina ~lAl=10 coso sina
| |
LO sin o —cosocJ 0 sina -cosa
Expanding along first row
= 1(— cos®*a — sin*a) — 0 + 0 = — (cos®a + sin® )
or |A|]=-1=%#0
A7 exists.
A,y =+ |08 sina | = (- cos?o — sin®a)
sina -cosa
= — (cos®*a + sin*a) = — 1
0 sin a.
Ap = — =—(0-0)=o0,
0 -cosa
0 cos
A13=+ . <« =
0 sina
Aoy = — 0 0 :_(0_0):0>
sina -cosa
Avo =+ |1 o =(-cosa—0)=-cosa
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1 o)
A23:— o sin o =—(Sil‘10c—0)=—sin(x,
o} 0o
Az =+ =0-0=0
coso sina
A32=— 1 Y =—Sin0(,

0 sina
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1 (0]
Asz = + = COS o
0 cosa
-1 o o 1" -1 o o ]
.~.adj.A=|| 0 -cosa —sincx|| =“ 0 -—cosa —sma:
0 -sina cosall [l 0o -sina o l]
[—1 ) o —j
At= 1 adjA=-" 0 -cosa -sina
N I |
L| o -sina coso |
C. | A= - 1, obtained above)
(1 0 0 ﬂ

= 0 cosa sina .
| |
Lo sina - cos aJ

6 8
12. Let A = I3 7] and B = ] 1, verify that (AB)™! = B'A™.
[2 SJ [7 9J

Sol. Given: Matrix A = [2 7] ;

5
Therefore |A|=‘3 7‘=15_14=1¢0
2 5
L N [ 5 -71( [a bl [ d -b]

AR A e d e

6 8
Given: Matrix B =

7 9
S
IBl=", o =54-56=-2%0
_ 1
B adj‘B:_r9 -8 _ [ 9 -8l

24+631_ 67 87]
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L JL | |12+35 16+45| |47 61|
7L L J
67 8
|aB | = |7 6: = 67(61) - 87(47) = 4087 — 4089

=—-—2#0

L LHS.=(AB)* = —*  ,4i (AB)
AB
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Class 12
1 [ 61 -87] (D)
—o |-47 67
RHS. =B A" = —= ' 2 817 5 -7

2 [-7 6H—2 3|

_ =1l 45+16 -63-241 -1 61 -871  _(ip)
2 L— 35-12 49 + 18J 2 [— 47 67J
From (P a?:ld (1ii we have L.H.S. = R.H.S. ie, (AB)'=B1'A™.
13. IfA = , show that A% - 5A + 71 = O. Hence find A™.
[-1 2
[ 3 1]

Sol. Given: A =
[-1 2]
a=A A= 3 g 97 9-1 34217 8 5
P N B -3-2 -1+4 | |

|=_53
L JL L 1L

LHS. =A>-5A + 71 = A> — 5A + 7
(I is I here because A is 2 x 2)

8 51 [ 3 11 1 o
-5 + 7

L—S 3J -1 2] |

o 1]
_[ 8 51 _T15 51,17 ol [8-15 5-51_ [7 ol
5 3] T I s 3o10! | |
! 1 Lo 71 | 1 Lo 7]

[~7 o] . [7 ol _[-7+7 o+0]
oo —7+7

-7 o o
L r 1L ]
N
= =0 = RHS.
0O O
= A2 -5A +7I.=0 ..(D

Hence to find A™'. Multiplying both sides of eqn. (i) by A™,
A’A7 — 5AA + 7 AT = O.A7!
= A-5L+7A7'=Q

ng%lgnﬂ and AA™ =1, and IB = B]
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= 7A7=-A+5b

__[3 1] 1 o

ol Sl +5| |

0o 1

L I

= 7A"=[-3+5 -1+0] _[2
1+0 —2+5| |1

L 1L

Chapter 4 - Determinants

_ -3 -1 . [5 o]
| 1 —2| lo 5|
| L ]
12
-1] => At = 1]
N APt
] L ]

Caution. Because we were to find; Hence A ie, A from
A*—5A + 71 = O,
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so don’t use

ATl = adj. A to find A ' here.

| Al
3 2]

14. For the matrix A = L J , find numbers a and b such
1 1
that A%+ aA + bl = O.

. 3 2
Sol. Given: Matrix A = { }
1 1

o {3 2H3 2}[%2 6+2] {u st

1 1|1 1 3+1 2+1] 4 3

Putting values of A*and A in A® + aA + bl = O,
(Here I is I. because A is 2 x 2), we have

11 8 N 3 2 +bF1 o] o
ol 1 o
[11 8], [32 =2a) b of _fo ©]

I e L e e

[11+3a+b 8+2a+0] _[o o]

- \
4+a+0 3+a+b | [0 OJ
Equating corresponding entries, we have

11+3a+b=o0 (D)
8+20ad=0 (= 20=-8 = a=-4)
4+a=0 (= a=-4,3+a+b=0 (i)
Value of a = — 4 is same from both equations.
Therefore, a = — 4 is correct.
Puttinga = -4in (i), 11 —-12+b =0 orb—1=0 ie, b=1
Again puttinga = - 4in (i), 3 -4 +b =0
e, —1+b=0o0r b=1

The two values of b = 1 are same from both equations.
A% + aA + bl = 0 holds true when a = — 4 and b = 1.

|f1 1 ﬂ|
15. For the matrix A = r 2 - J , show that
2 -1 3

A3 - 6A% + 5A + 111 = O. Hence find A%

L

Sol. A>=A.A=|1 2 —SJ {1 2 —3J
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Performing row by column multiplication,

f1+1+2 1+2-1 1-3+3| f 4 2 1
='142-6 1+4+3 1—6—9 8 -14 (D)
|| |

L2—1+6 2-2-3 2+3+9J L 7 -3 14J

Call Now For Live Trainina 93100-87900
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IS S R F S
|

||
| 7 -3 14] |2 -1 3]
4+2+2 4+4-1 4—6+3—|‘
+

T AR=A% A=

=|(—3 8-28 -3+16+14 —3—24—42‘
|_| 7—3+ 28 7-6-14 7+9+42J|
8 7

= —23 27 —69

|

| 32 -13 58]
Now, putting values of A%, A% A and I3 in A3 — 6A* + 5A + 1113
(Here I is I3 because matrix A is of order 3 x 3)

I8 7 Gl gl ¢ 2 _1
=|—23 27 —69|—6|—3 8 —14|

| 32 -13 58] | 7 -3 14]

[ 8 7 1—|| ||— 24 12 6
= |—23 27 —69 —|—18 48 -84
L 32 -13 58J L 42 -18 84J
[5 5 5ﬂ ||—11 0 OW

+ | 5 10 _151 + | o 11 o|

ll1o0 -5 15|J ||_o o 11J|

[ 8-24+5 7-12+5 1-6+5] [11 o o]
| | o 11 0|
= |—23+18+5 27— 48 + 10 —69+84—15‘+| |

||_32—42+1o -13+18 -5 58—84+15U Lo o HU
[—11 0 ol 11 o o [0 o o]
- | o -11 o|+| o 11 o| =|o o) o|:03X3,
| | | |
o o -ull I[Lo o ull llo o ol
A3 — 6A% + 5A + 11l3 = O3 x 3 (proved above)

Hence find A~ 1.

(See caution at the end of solution of Q. No. 13)
Now multiplying both sides by A™*.
(A"'A) A2 —6(A"TA) A£ S CURF 1A I3 =A™ '. O3 x3
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= A>-6IA+5l+11A ' =0 (-A"*A=TIand A 'o = 0)
= A*-6A+5l+11A =0
= 1A'= 6A — 51 — A?




Class 12

Chapter 4 - Determinants

||—1 1 1—|| [1 0 o—|
or 11A '=6 1 2 -3 -5'0 1 O
| | \ |
l2 -1 3] lo o 1]
EEEN
—‘—3 8 -14" (From (1)
L 7 -3 14}
||—6—5—4 6-2 6 -1
or 11A*1=| 6+3 12-5-8 —18+14‘
12-7 -6+3 18—5—14J
[-3 4 5l 1F—3 4 5]
or 11A*1=| 9 -1 _4| or A*1=_| 9 -1 _4|'
| | | |
5 -3 -1l s -3 -1
[ 2 -1 1]
16. If A= |—1 2 —1|,verifythatA3—6A2+9A—4I=O and
| |
1 -1 2l
hence find A
[ 2 -1 1]
Sol. Given: A= |_1 2 —1|
| |
|_| 1 -1 2|J
[ 2 -1 1] [ 2 -1 1]
A2=A.A=|—1 2 —1||—1 2 —1|
| || |
|_| 1 -1 2|J||_ 1 -1 2U
( 4+1+1 -2-2-1  2+41+2]
- A2= '—2-2-1 1+4+1 —-1-2-2
| \
24142 -1-2-2 1+1+4]
| 6 -5 5]
=TT
| 5 -5 6]
6 -5 511 2 —1 1]

(SACUET

&JAcademy
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A3=A2.A=|—5 6 -5 |—1 2 —1|

| || \
|5 -5 6/ [ 1 -1 2
[ 12+5+5 -6-10-5 6+5+10] [ 22 -21

=|—10—6—5 5+12+5 —-5-6-10 = —21 22

|
10+5+6 —-5-10-6 5+5+12|J L| 21 -21
L.H.S. = A3— 6A%+ 9A — 41 = A3 — 6A* + 9A — 413
(Here I is I3 because A is 3 x 3)

21]

- 21

22 U
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Putting values

| —21+3o|+

L 21-30 -21+30

A3 — 6A% + 9A — 4, = O

Hence to find A
(See caution at the end of solution of Q. No. 13)
Multiplying both sides of (i) by A™,

éﬁETI3

Call Now For Live Trainina 93100- 87900

T

[-14 9 -9/ [14 -9 9]

=: 9 -14 9||+||—9 14 —9:

| -9 o -14] | 9 -9 14]
S A I S 1R I I
| || N
L -9+9 9-9 —14+14J [o 0 oj

[ 22 -—21 21] [ 6 -5 51
=||—21 22 21||—6||—5 6 —5}
L 21 -21 22J L 5 -5 6J
[ 2 -1 1] [1
+9‘|—1 2 —1|—4||0
1 -1 2| o
[ 22 —21 21] [ 36 -30 30]
=||—21 22 21||—||—30 36 —30|
L21 - 21 22J [30 - 30 36J
[18 -9 9] [4
+|I 9 18 9}—'
Lo -9 18] |o
[ 22-36 -—21+30 21-30] [18-4 -9-0
=|—21+30 22— 36 ;] 18 -4

22—36J [9—0 -9-0

ASAT — 6A A7 + QA A7 — 4IA™ = O.AT!
or A?—6A +9l3—4A'=0
[ APA™ = A’AA™
= —4A™ = - A? + 6A — 9l;
Dividing by — 4, A~ = TA?

Chapter 4 - Determinants

0
4

(0]

9_

18—4J

= A®l = A? etc. and also IB = B]

1
= “[A% - 6A + 93]
4

(1)

ol
|
|
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—5|—6|—1 2 -1'+90 1 o||

|l
6J L1—1 2J L001JJ

Chapter 4 - Determinants

51 T2 -1t 11 [t o ofl
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M6 -5 5] 12 -6 6] [9 o ol

M_o ¢ _clI N |
5 5 6 12 6'+'0 9 0

> AT =
Al || | I
L5 -5 6 [ 6 -6 12] [o o off
1|—6—12+9 —-5+6+0 5—6+0] 1|— 3 1 -1
=_|—5+6+o 6-12+9 —5+6+0| =_| 13 1|
4| T, |
5-6+0 _5+6+0 6-12+9l -1 1 3]
17. Let A be a non-singular matrix of order 3 x 3. Then |||||ad]A|||||
is equal to
(Al B) Al © Al m3lAal

Sol. If A is a non-singular matrix of order n x n,
then | adj. A| = Aln-1
Putting n = 3, | adj. A = A
. Option (B) is the correct answer.

18. If A is an invertible matrix of order 2, then det (A™) is
equal to

(A) det A 1 (D) .

(B) det A

Sol. We know that AA™ =T for every invertible matrix A.
Taking determinants on both sides, we have

laa [ =1l = [Al[A]=1
1
Dividing by | A |, | A | = L ie, det(A™)=—-
|A| det A

Option (B) is the correct answer.
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Exercise 4.6

Examine the consistency of the system of equations in

Exercises 1 to 3.
1. x+2y=2
2x + 3y = 3.
Sol. Given linear equations are
x+ 2y=2
2x + 3y =3

[N
w DN
A
[
X
I
—
w DN
[E—

Their matrix form is {

C i A L 2 dB 2
omparing A = 9 BJ an = 3

1 2]
lal= =3 -4=-1=20
2 3

(Unique) solution and hence equations are consistent.

(= AX =DB)
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2. 2x-y=5
X+y=4.
Sol. Given linear equations are
2x -y =5
x+ty =4 ro
Their matrix form is -17 [x] _ [5] (= AX =DB)
b b
. 2 s
Comparing A = ~11 andB = 5]
e 4]
2= -1
al=" T ptas0

ER

(Unique) solution and hence equations are consistent.
3. x+3y=5
2x + 6y = 8.
Sol. Given linear equations are
x+ 3y=5
2x + 6y =8

1 3] [x 5
Their matrix form is = (= AX=DB)
2 6| |yl |8

, 1 3] ~[5] I DO
ComparlngA|:2 GJ andB7l8J||A| {2 6J—6 6 =0

So we are to find (adj. A) B

[6 -3] ( [a b]1_[ d -b]
adi. A= 12 1 vadig G, )
L | \ L 1L ]
- (adj. A) B:( 6 -37 [5] :F30—241 :F 61;&0
-2 1fis] [-104s8) | ]
-2

\

. The matrix ,7 6] has non-zero entries |
\ =2
. Given Equations are Inconsistent ie, have no common solution.
Examine the consistency of the system of equations in
Exercises 4 to 6.
4. x+y+z=1
2x+ 3y + 2z=2
ax + ay + 2az = 4
Sol. The given equations a
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x+ty+tz=1 )
2x + 3y + 2z =2 i)
ax + ay + 2az = 4 ... i)

[t 1 1] [xl T1]
| -1 = ax=1

F
Their matrix form is 2 3 2" |

| .
La a ZGJ LZJ L4J

y
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{1 1 1—’
Matrix A=|2 3 2 |Al=1]2 3 2
La a 2GJ a a 2a

Expanding along first row,

| A | =1(6a — 2a) — 1(4a — 2a) + 1(2a — 3a)
=40 -2a—-a=a

Casel.a=0 .. |A|=a¢o

. (Unique) solution and hence equations are consistent.
Casel.La=0. |Al=a=o.

Putting a = 0 in given equation (iii), we have 0 = 4 which is
impossible.

Given equations are inconsistent if a = 0.
5. 3x-y-2z=2
2y-z=-1
3x-5y=3
Sol. The given equations are
33X —y—2z=2
2y —z =-—1 lLe, O0X+2y —z=-—1
and 3x — 5/ =3 le, 3Xx—5/+0z=3
[3 -1 -2] [x] lf 2]

Their matrix form is | 0 2 - 1| |y| 1 (= AX =B)

| (I
5 -5 o) lz] | 3
[3

-1 -2] [ 2]
Comparing A= |0 2 —1| and B = |_1|
| | |
3 -5 ol I 3]
3 -1 -2
lAl=]o 2 -1
3 -5 o

Expanding along first row,
|Al=30-5-(-1D©+3)+(-2)(0-6)
=3(-5)+3+12=-15+15=0
So now we are to find (adj. A) B
3 -1 -2
To find adj. Afor | A| = |0 2 -1

Call Now For Live Trainina 93100-87900
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2
An =+

A12 = =

-1

Chapter 4 - Determinants

=(0-5)=-5

0

=-(0+3)=-3

o
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0 2
Az =+ =(0-6)=-6,
3 -5
Asy=—|"1 —2] = _ (0 -10) = 10,
3 -2
A =+ =(0+6)=6,
22 3 O
-1
A23=— 3 =_(_15+3)=12’
3 -5
-1 _—»o
Az = + =(1+4) =5,
2
-1
—0)
Aga = |3 =-(-3-0)=3,
0o -1
-1
Azz = + 8 =+ (6 —0)=6.
0 2

-5 -3 =61 [-5 10 5]
|

adj. A= ' 10 6 12' ='-3 6 3
s 5 o Lo
[—5 10 5—|||r 2—| [—10—1o+15
(adj. A)B= -3 6 3 -1 = -6-6+9
| | | |
L—6 12 6J[ 3J [—12—12+18J
-5 i 5]
|_3| |'.' The matrix‘—3‘has non-zero entries
=| |=20 | |
[-6] ] -6
. Given equations are inconsistent.
6. 5x-y + 4z = 52x
+3y +5z = 25x -
2y+6z=-1

Sol. The given equations are
S5X—y+ 4z =35
2Xx + 3y + 5z = 2

Call Now For Live Trainina 93100-87900
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5x — 2y + 6z=—1
wmatrix formis 12~ T Y Gax s
Their matrix form is |, 3 5liyl=l 2 = = B)

| I
5 -2 6][z] [-1]

- [ 5]
A= |Vg .?1) g] andB=| 2?

| | |
5 -2 ¢l [-1]
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Expanding along first row
=518 +10) - (- 1) (12 — 25) + 4(- 4 — 15)
= 5(28) + (- 13) + 4(- 19)
=140 — 13 — 76 = 140 — 89 = 51 # O
. Given system of equations has a (unique) solution and hence
equations are consistent.
Solve the system of linear equations, using matrix method, in
Exercises 7 to 10.

7.5x+ 2y =4
7x + 3y = 5.
Sol. The given equations are
5x + 2y =4
7X+ 3y =5
2] [x
Their matrix form is B 3}[} = {4] (= AX =B)
Y 5
X
Comparing A = {5 2},X= {} and B = {4}
7 3 y 5
2
lA |= ; ‘=15—14=1¢0
Solution is unique and X = A™'B
= o T_AI (adj. A) . B
i 1l =2l [ fa b1 T -5]
> = el =l
Lyl 1L Il L L J

- [x] [ 12-10] [ 2]
M L—28+25J [—3J

Equating corresponding entries, we have x= 2 and y = -3.
8. 2x-y=-2

3x + 4y = 3.
Sol. The given equations are
2Xx —y =-2
X+ 4y =3

Their matrix form is |2 —1] [x] _I-21 = ax=8)
| NI
2 44i24 L3

&SJAcademy
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_1—|,X= x| and B = Mo
| (. |

|34 y 3
L L)

2 -1

Comparing A =

|A ] = =8-(-3)=8+3=11%0

3 4
. Solution is unique and X = A™'B
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= X=—" dj.A).B = [x] _ 1l 1 [-2]
|A| I 11|41||3|

L | =3 2[] | |
[ 5]

\
L _1 (—8+3—|| _ 1 [—5—\= | ﬂ\
11| 6+6] 11 | 12] | |

[ 11
Equating corresponding entries, we have x = — S andy = 2
11 11
9.4x -3y =3
3x-5y=7.
Sol. The given equations are
4x -3y =3
3Xx—5 =7
P : . [a —-3/(x
Th trix f _ |3 -
elir matrix torm 1s |3 _5—’ [y—' — [7—’ (= AX =B)
L Il Ll
. [4 -3 X 3
Comparing A = ERIE X = [y—‘ and B = (7]
L ] L | L J
|A|=‘4 _3‘ =-20-(-9)=—-20+9=—11#0
3 =
Solution is unique and X = A™'B
1 .
= X = |A| (adj. A) B
- X_:_1|F—5 31 [3) __1 [~15+21
V] -1 -3 4J 7 —-11 -9+28
6]
- X _ 1 6 _ | 11|
y -11 |19 I_QJ
11
Equating corresponding entries, we have x = — 6 and y = 1

CUET 11
Academy

11
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10. 5x + 2y = 3

3x+ 2y =05.

Sol. The given equations are
5x + 2y =3
3x+2y =5

5 2)]x 3
Their matrix form is { } [ } = { } (= AX =B)
3 2]y 5

X
Comparing A = [5 2} , X = { } and B = {3}
3 2 y 5
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2
|A|=5 =10—-6=4+#0
3 2
Solution is unique and X = A™'B
= X -1 (adj. A)
= adj. B
| A
fx] 1l 2 -2] T31( [a b] [ d -b]
| | o
= - . adj. =
= | l=a =3 5 I lladi) 0= Tl

L J L IRRNAY L 1L 1)

[x] _ 1T 6-10] _1[-4] _[-1]
. | | el 1l
-0+ 2 16
A e B I B
Equating corresponding entries, we have x= — 1 and y = 4.
Solve the system of linear equations, using matrix method, in

Exercises 11 to 14.
11. 2x+y+z=1

2
3y-5z=09.

Sol. The given equations are
2x+y+z=1

X-2y-z=

X—2y-2z-=
2
3y —52=9 or OXx+3y—5Z=9

[2 1 1—| [] E‘—‘

Their matrix form is |1 -2 -1] |y|:\ |
2
llo 3 -5l (7] M
(= AX=B)
21 1] [ x] [1]
| |
1 -2 -1 | N
Comparing A = | |,X=1Y] andB =1 |

llo 3 -5l 2] BJ
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o 3 -5
Expanding along first row, = 2(10 + 3) — 1(—- 5 — 0) + 1(3 — 0)
or |[Al=2013)+5+3=26+5+3=34=%0

1
.. Solution is unique and X = A™'B = (adj. A) B ...(1)
| Al

Let us find adj. A

-2 -1
An =+ =10 + 3 = 13,

3 -5
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Equating correspondin tries, we have x = 1,
Hating corresp CUET
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1 -1
A = — =-(-5-0)=5
0 -5
1 -2
A + =(3-0) =3,
Y 3
1 1
Aoy = — =-(-5-3)=8
3 -5
Ao = + 2 1 =(-10 - 0) = — 10,
0 -5
Aoy = — 2 =-(6-0=-6
0
1 1
A = + =(-1+2)=1,
-2 -1
2 1
A32 - =_(_2_1)=3?
1 -1
2 1
A33 + =—-4-1=—-5.
1 -2
[13 5 31 [i3 8 1]
adia=l8 —10 -6 =I5 —10 3
| | I
1 3 -5 L3 -6 -5l
X 1|_13 8 1
Putting values in eqn. (i), | » _I 5 —10 3
34 S
2] LB
] 1
[13+12+91 [ 34] ‘ 1
15 + 27 1 17|:| 5
34 | | 4[ |
| 3-9-4l -5 |8
LU

Academy

[1]

|31
| 2]

o)
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12. xX-y+z=4
2x+y-3z=0
X+y+z=2.

Sol. The given equations are
X—y+z=4
2x+y-32=0
X+y+z=2
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1| [a] T
PR I

Their matrix form is 2 1 yl= \ o

I
11 e 2]

1 -1 1] [ x] [4]

Comparing A = |2 1 —3|,X= ‘y' and B = |0|

| . ||
AR N K1 2]

(= AX=B)

1 -1 1
[Al=]2 1 -3
1 1 1

Expanding along first row,
=11+3)-(-1D(@2+3)+12-1)
or |A|=4+5+1=10¢0

Solution is unique and X = A™B = 1 (adj. A) B ...(D)

| Al
To find adj. A
1 j—
Au = + p =(1+3)=4,
1 1
2 —
A = — 3 =_(2+3)=_5y
1 1
2 1
A = + =(2-1) =1,
1 1
-1 1
Aoy = — =—(-1-1) =2,
1 1
11
Ass = + =(1-1=o0,
11
As=—|" M =c@+n=-2
1 1
Az = + -1 1 :(3_1):2>
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2 -3
1 -1

Asgz = + =1+2=3
2 1
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Putting these values in eqn. (i), we have

[ x] 1F4 2 2] [4]

‘I_ 191
V=1 |75 © 5

2] [ 1 -2 3] [2]
[

1 16 +0 + 4] _1r 20] [x] [ 2]

=10 ||—20+0+10||=10‘—10‘ = ‘y(=‘_1‘
\ |

4—0+6|J U 10U LzJ L 1J

Equating corresponding entries, we have
x=2,y=—-12=1
13. 2x+ 3y +3z =5
X-2y+z=-4
3x-y-2z=3.
Sol. The given equations are
2x + 3y +3z2=5
X—2y+z=—4
¥y -—y—-2z2=3
|F2 3 3l [xl [ sl

Their matrix form is '1 -2 1" 'y = -4 (= AX =B)
| .
3 -1 -2] 2] | 3
2 3 3] [ x] [ 5l
ComparingA=|1 -2 1|’X=|y| andB=|_4|
| | || |
3 -1 -2 2] I3l
2 3 3
lAl=|1 -2 1
3 -1 -2
Expanding along first row, |A | = 204 + 1) — 3(-2 -3) +
3(-1+6)
=2(5) - 3(-5) +3(5) =10 +15 + 15 =40 # O
Solution is unique and X = A™'B = —+ (adj. A) B ()

| Al

Let us find adj. A EU%T
=) Acad
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-2 1
A=+

-1 -2

1 1
A12=—

3 -2
A13=+ 1 -2

3 -1
A21=— 3 3

Chapter 4 - Determinants




Class 12
2
Ao = + 3 =—4—-9=-13,
3 -2
2
Aoy = — 3le-(c2-9 =1,
3 -1
A31=+ 3 3 =3+6=9,
-2 1
Ap=-12 3o @-3) =1
1 1
A=+ |2 3‘=—4—3=—7.
1 -2
5 5 5 [5 3 o9l
adj.A=|3 -13 11| =|5 -13 1I
| | I
lo 1 -7 5 11 -7l
[x]
y
Putting these values in eqn. (i), ‘ }
: 2]
1 1T 5l )
| 2 39 |—4| =
N 5 —13 1
slls 11 711 | 40
L 3]
x] [ o] [ 1]
. [y| 1 éo =' 2
. |
2] [-40]  [-1]
Equating corresponding entries, we have x = 1,
14. X-y+2z=7

3x+4y-5z=-5
2x -y + 3z = 12.
Sol. The given equations are

x—y+2z=7§
(o)

Chapter 4 - Determinants

[25 —12 + 27|
| 25+52+3|

|25 - 44 - 21

y=2,z=-1
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Class 12 Chapter 4 - Determinants

3x+4y-52=-5
2x— y+ 3z= 12

[1 -1 2] [x] [} 7]
Their matrix form is|3 4 —5—’ fy—’:‘—5‘ (= AX =B)

|
l2 -1 3] [z] [12]
|F1 -1 2] [ x] [ 7]

Comparing, A= '3 4 —5|,X= y| and B = |_5|

| . |
2 -1 sl (4] L]
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1 -1 2
lAl=]3 4 -5
2 -1 3
Expanding along first row,
|Al=102-5) - (-1 (9 +10) +2(- 3 - 8)
=7+4+19-22=4#%0

~. Solution is unique and X = A"'B = —— (adj. A) B (D

| A

Let us find adj. A

A11=+ 4 _5 =12 -5=7,
An=-|3 79 = - (9 +10) = - 19,
2 3
Az = + 3 4 =-3-8=-11,
2 -1
-1 2
Ao = - =-(-3+2) =1,
-1 3
1 2
Azo = + =3-4=-1
2 3
1
Asg = — |1 =-(-1+2)=-1,
2 -1
Ag = + -1 2 =5-8=-3,
4 -5
1 2
Azz = — =-(-5-6) =11,
3 -5
1 -1
A =+ =4+3=7.
% 3 4
[7 -19 -ul" [ 7 1 -3
adj.A=| 1 -1 —1| =|—19 -1 11|

| |
-3 1 7]
Putting values in eqn. (i),

[ x] 7 1 =31 7

1
-

——

-1 -1 7l
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Chapter 4 - Determinants

| .
|-11 -1 7] [ 12]

[ 49-5-36] 8] [2]
1 1

\—133+5+132||= _} 4} = M

Yl —7pesesal Vel (3]

Equating corresponding entries, we have x= 2, y = 1, z = 3.
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2 -3 5]
15. IfA= |3 2 —4|,findA-1
1 1 -zJ
equations
2x -3y +5z=11
3x+2y-4z=-5
X+y-2z=-3.
2 -3
Sol. Given: Matrix A = | 3 2
1 1
2 -3
To find A™! Al=1]3 2
1 1

Expanding along first row,
|Al=2(-4+4)-(-3)(-6+4)+53-2)

Chapter 4 - Determinants

. Using A%, solve the system of

5]
_4|
— 2

5

-4

-2

=0+3-2)+5=—-6+5=—-1%#0
A~ exists and A" = - (adj. A) 0)
adj. (i
| Al
2 -3 5
To find adj. A from | A | = |3 2 —4
1 iL_a—0)
2
Aun =+ _4 =(-4+4) =0,
ID_2
Ae=-|3 T =-(G6+a=2
1 -2
3 2
Az = + =3-2=1,
1 1
A21:— _3 5:—(6—5):—1,
A —
Axr = +

Aog
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1 -2
2
2,4
11972
2 -3
sLl(e4
3)—=3—5,5
2 -4
2 5
L4
2
1
(0]
)
2

TWN IR o
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- -3 _ _
Agz = + =(4+9) =13
3 2
[ 0 2 1—||' [o -1 2—|
adj A= '-1 -9 -5 ='2 -9 23
| |
2 23 13J '_1 -5 13J
Putting this va]]ue of adj. A in (i),
0
1 -1 2l [ o1 -2 (1 )
A= o —g 23l-lia o —aglianl™ 1
-1 | | l | k -1 }
[+ -5 13] [-1 5 -13]
Now using (this) A™, we are to solve the equations
2x — 3y + 5z = 11
3x+2)-42=-5
X+y—2z2=-3
[2 -3 5|[x]| | 1]
Their matrix form is '3 2 - 4—l [y—‘ = | = 5| (= AX =B)
| (I
[t 1 -2flz] [-3]
{2 -3 5—\ X 11
Comparing A = }3 2 —4|,X= y| and B = | -5
11 -2l z] -]

Solution is unique and X = A™'B (.

A7 exists by (i)

[x] [ o 1 —2] 1]
Putting values, }y‘ = |—2 9 —23% {_5|
2 Mt s -l o)
M« I o-5+6] [1]
= ‘y‘ = |—22—45+69“ = |2|

El

LZJ |_—11—25+39U

Equating corresponding entries, we have x =1,y =2,z =3.

The cost of 4 kg onion, 3 kg wheat and 2 kg rice is " 60. The

cost of 2 kg onion, 4 kg wheat and 6 kg rice is * 90. The cost

of 6 kg onion, 2 Kk RMEZX kg rice is ° 70. Find cost of
& & Rite

16.
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each item per kg by matrix method.

Sol. Let " x, "y, " z per kg be the prices of onion, wheat and rice
respectively.
.. According to the given data, we have the following three
equations

4x + 3y + 2z = 60,
2X + 4y + 6z = 90,
and 6x + 2y + 3z = 70.
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We know that these equations can be expressed in the matrix

Ao

{43

2 4 6 -
L6 2 SJ lz| |70]
or AX = B,
[4 3 2] X {60] 4 3 2
whereA=~2 4 6’,X= y| andB = |90 |A|=|2 4 6
6 2 3] | | t7OJ 6 2 3
Expanding along first row,
|A [ = 4012 - 12) - 3(6 - 36) + 2(4 — 24)
=0-3(-30) +2(—20) =90 — 40 = 50 # O
Hence A is non-singular
. A ' exists.
. Unique solution is X = A" ' B ..

Aun =+ (12 — 12) = o, A =—(6-36) =30,

Aiz=+(4—-24) =-20
Asi=—-(9—4) =-5, A = + (12 — 12) = O,
Asz = - (8 -18) =10 Az = + (18 — 8) = 10,
Az = — (24 — 4) = - 20, Ags = + (16 — 6) = 10
o 30 -201" [ o -5 10]
adj. A = |—5 o 10| =| 30 0 —20‘
| | |
llto —20 ol [-20 10 10|
~. adjiA 1 o -5 10]
A = = | 30 o) —20‘
| Al

50
-20 10 10

Putting values of ?(, A(‘) *and B in (i), we have
-5

[x] 10] [60]
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-

Chapter 4 - Determinants

— 450 + 700 —| ( 2507‘
1 [ 1800 - 1400 =1 |400‘

50 L— 1200 + 900 + 700J| 50 L400J

-l

Lz 8]
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= x=5y=8 z=8.
-. The cost of onion, wheat and rice are respectively *5, '8
and * 8 per kg.
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MISCELLANEOUS EXERCISE

X sin® coso
1. Prove that the determinant |-sin® - X 1 is
cos 0 1 X
independent of 0
X sin©® cos 0
Sol. et A = |-sin® -x L
cos 0 L X
Expanding along first row
- X . .
A=x _sing |-sin® | L g9 |-sine —x
L x cosO X cos 0 L

=x(—x2—1) —sin 6 (— x sin O — cos 0) + cos O
(= sin O + x cos 0)
= —x3—Xx+ xsin”0 + sin 0 cos O - sin 0 cos 0
+ xcos® 0
=—x3—x+x(sin®0 + cos*0) = —x3—x +x
= — x3 which is free from 6 ie, independent of 0.

2. Without expanding the determinants, prove that

a @ bc 1 a?

b b2 ca|=|1 b2 b3

cC ¢2 ab T 2 3
a a bc
Sol. LHS. = |b b* ca
c ¢2 ab

Multiplying R: by a, R. by b and Rj by ¢ (by looking at the
partial products in third column)
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a @ 1
. abc | ., 4
Taking abc common from Cs, = abe b> b 1
¢ 3 1
. a® a
Interchanging C; and C3, = —| 1 b*> b?
1 3 ¢

Interchanging C. and Cs, = |1 b2 B3| (—1) (—1) =1)

1 2 3
= R.H.S.
cosacosf3 cosasinf3 -sina
3. Evaluate -sin B cos B 0

sinacosf3 sinoasinf3 cosa

cosacosp cosasinf —sina
Sol. Let A = —sin B cos B 0
sino cosp sinasinpf  cosa

Expanding along R,

cos B

= cos @ cos B - cos o sin B

sina sin B cosa

- sinp cos B
sin o cosfB  sin o sin B

- sinp 0 ‘
sin o cospB  cosa

= cos a cos B (cosacos B—0) — cos a sin B (— cos o sin B
— 0) — sin a (- sin a sin®*B — sin a cos® )
= cos® a cos® B + cos® a sin® B + sin® a (sin® B + cos® B)
= cos®* a (cos®*B + sin® B) + sin® a (sin® B + cos® B)
= cos’a + sin® o = 1.
4. If a, b and c are real numbers and

b+c c+a a+b

A=|c+a a+b b+c| =0.
a+b
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Show that either a + b+ c=0 or a=b =c.
b+c c+a a+b

Sol. Given: (A =) |c+a a+b b+c| =0

a+b b+c c+a
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Operate R; - R + R2 + Ry

(*.- Sum of entries of each column is same and
=2a+2b+2c=2(a+ b+ c))

2(a+b+c) 2(a+b+c) 2(a+b+c)
= c+a a+b b+c =0
a+b b+ c c+a
Taking out 2(a + b + ¢) common from Ri.
1 1 1

= 20a+b+c)|c+a a+b b+cl =0
a+b b+c c+a

E ther 2(a + b + ¢) =0 e, a+b+c=§=o (D
1 1 1
or c+a a+b b+c| =0

a+b b+c c+a
Now each entry of first row is 1.

So operate C- — C> — C; and C3 — C; — C; (to create two
zeros in first row)

1 (o} 0
= c+a a+b-c-a b+c-c-a| =0
a+b b+c—a-b c+a-a-b

. b-c b-a

Expanding along R;, = o ae=piaitl

= b-c)c—-b)—-(b-a)c—a)=0

= bc—b2—c2+ bc—bc+ab+ac—a=0

= —a2—b2 — c2+ ab + bc + ac = 0O
Multiplying by — 2, 2a2 + 2b2 + 2¢2 — 2ab — 2bc — 2ac =0
or az + a2 + b2 + b2 + ¢2 + ¢2 — 2ab — 2bc — 2ac = 0O
or (a2 + b2 — 2ab) + (b2 + ¢2 — 2bc) + (a2 + ¢2 — 2ac) = 0O
= @a=-b)P+b-c+(c-a)’=o0

= a-b=0and b-c=0 and c-a=0
[ x+y2+22=0 and x,y, z € R
= x=0,y=0and z = 0]
= a=bandb=candc=a = a=b=c ..(ii)
From (i) and (i) eithera + b +c=0o0ora=>b = c.
Note. We can also start doing this question by operating

C1—)C1+C2+C3.

CUET
Acad
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X+d X X
5. Solve the equation b'e x+a b'e =0, a=0.
X X xX+a
X+ a X X
Sol. Given: The equation X x+a x | =0
X X X+ a
Sum of entries of each column is same and = (3x + a), so
let us operate Ri — R: + R> + R;
3x+a 3x+a 3x+a
= X X+ a X =0
X X X+ a
Taking out (3x + a) common from R,
1 1 1
= (3x+a) |x Xx+a X =0
X X X+a
Either 3x + a =0 ie, 3x=-—a le, Xx=-— a (D
1 1 1 3
or X Xx+a X =0
X X X+ a

Now each entry of first row is 1,
so operate C. —» C. — C; and C3 — C3 — C: (to create two
zeros in first row)

1 0 O
= x a o =0
X 0 a

Expanding along first row 1(a2 — 0) = 0 ie, a2 =0
= a = 0. But this is contrary to given that a = o.

From (i) x = — € is the only solution (root).

Note. We can also start doing this question by operating
Cl—)C1+C2+C3.

2

a bc ac + c2
6. Prove that | a? +ab b2 ac = 4azb2cz.
ab b2 + bc cz

(YA CUET

Call Now For Live Trainina 93100-87900




Class 12 Chapter 4 - Determinants

a* bc ac + c2
Sol. LH.S. = |a>+ab b2 ac

ab b2 + bc c?




Class 12

We know that

B | =

a? bc cla+c)
= |ala+b) b2 ac
ab b(b+c) c2
Taking a, b, c common from C,, C., C3 respectively
a c a+c
=abc |a+b b a
b b+c c
Operate R —» R: — R: — Rj3 (to create one zero in Ri)
a-a-b-b c—-b-b-c a+c-a-c
= abc a+b b a
b b+c c
-2b -2b O
=abc |a+b b a
b b+c ¢
Operate C. — C. — C; (to create another zero in R:)
-2b o o
=abc |a+b -a a
b c ¢

Expanding along R: = abc(— 2b) } —Ca CCI

= abc(— 2b) (- ac — ac)
= abc(— 2b) (— 2ac) = 4a2b2c2 = R.H.S.
[ 3 -1 11| [ 1 2 - 21|
7. IfA 1= - 15 6 - |and B= N 1 3 o0 ‘,find (AB) ™.
| 5 -2 2| lo -2 1]
[ 3 -1 1] [ 1 2 -2
Sol. Given: A= '-15 6 -5 andB= -1 3 o
| | | |
|_| 5 -2 2 U |_| o -2 1] |

Now A™'is given, so let us find B7.

Expanding along fir

Chapter 4 - Determinants

(AB)! = B1 A1 (Reversal Law)

1 2 -2
-1 3 0
o -2 1
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IBl=13-0)-2(-1-0) + (- 2)(2 - 0)
=3+4+2-4=1#0
. B! exists.
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To find adj. B
Buiui=+ | O =(3-0)=3,
-1 0
12 = — o 1 =—(-1-0)=1
B =+ |-1 3| =2,
3 0o -2
B21=—\ 2 2| = _(2-4) =2,
-2 1
Box = + too2 =1—-0 =1,
o 1
Boz = — ! 2 =—(—2—O)=2,
o 2
2 -2
Bs: = + = (0 + 6) =6,
3 0]
B3 = — L 2 =_(0_2)=2;
-1 0
1 2
B3z = + ~1 3 =(3+2)=5.
3 1 2l |F3 61|
adj. B= |2 1 2| =1 2
6 2 S‘J {2 SJ
[3 2 6]
1 .
B‘lza(adj.B)z 11 2| ¢ |Bl=1
P
Putting values of B™'and A™ in eqn. (i), we have
r3 2 6 1
(AB)‘1=| 1 1 2 3515 + 10
2 2 5 b -0 + 25
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-3+12—-12 3-10+

-1+6-4 12 |
—2+12-101
5
+
2
1
0
+
1
0
|
]
[ 9 -3 5]
=|-2 1 0
L| 1 o 2l
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[ 1 -2 1]
8. Let A = |—2 3 1|,verify that

s

() (adj. A)* = adj. (A (i) (A7 = A,
[T1 -2 1]

1 -2 1

Sol. Given: Matrix A = |—2 3 1| Al =]=-2 3 1
| |

L| 1 1 5|J 1 1 5

=115-1)-(-2)(-10-1)+1(—-2-13)

=14 —-—22—-5=-13 # 0
To find adj. A
_ 3 _ =
An =+ 1 5‘—15 1= 14,
-2 1
A12=—‘ - =—(-10-1) =11
—2
Az =+ & =(-2-3)=-5,
1 1
Ao = — -2 =—-—(-10-1)=11
1 5
A=+ |1 M =(5-1=34
5
1 -2
Aoy = — =-—(1+2)=-3
1 1
A31=+_2 ! =—-2-3=-5
3 1
11
A32=—_2 L =-—(1+2)=-3
Ay = + 1 =21 =3-4=-1
fi4 11 -5l
adj.A(=B(sayMbULET4 —3|
5/ Academy
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-5 -3 -1l
g g
| |
-5 -3 -1
L, A —1[14 11 -5]
A = adj. A = |11 4 —3| ..(0)
|A|
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Now let us find (adj. A)' = B!
14 11 -5
Bl=|1u 4 -3
-5 -3 -1
Expanding along first row,
| B | = 14(- 4 - 9) — 11(~ 11 - 15) - 5(- 33 + 20)
= 14(- 13) — 11(- 26) — 5(- 13)
=—182 + 286 + 65 = — 182 + 351 = 169 # O
To find adj. B
B11=+ 4 _3=(_4_9)=_137
-3 -1
1 -3
B = — = — (— 11 — 15) = 26,
5 s ( 5)
Big =+ | 1 4L+(—33+20)=—13,
-5 -3
1 -
Bai = — . _i’ = — (- 11 - 15) = 26,
1 -
Bax = + 5 S =(_14_25)=_39a
Byy=— 14 M =—(-42+55=-13
-5 -3
By= + | _5‘=—33+20=—13,
4 -3
__ |14 -5 _ . _
Bia=—1 ), 3| =~ (42+55)=-13
B 14 11| B _
Bss = + no4 (56 — 121) = — 65.
—13 26 -131" [-13 26 —13]
adj.B=|| 26 -39 13|| =: 26 -39 —13||
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Taking — 13 common from this matrix adj. B

[ 1 -2 1]

=—13 -2 3 1

| |
|_| 11 5|J

1
B 'ie, (adj. A)™' =7 adj. B
! IB|
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[ 1
1 -2 1]

160 (1) -2 3 1|

|_| 1 1 5 U
1 -2 1]
-1
T 13 *—2 3 1” (i)
4 L| 1 1 5 U
Now let us find ('1) - (say) where
A =C
14 11 5]
c=A"= In 4 —3| [By (1]
| |
-5 -3 -1]
(14 11 5]
3
or C=A"1= }_ 3 ¥ P ‘

=
13 13)

|
1 1 1
dg 33 13|
13

(4 _9)

|
|
L
lcl=]at]=-%
13 k 169 169J
_(_m(_ m 15) 5 (=33 _20)
13Jk 169 169J 13 l\169 169/]
__ 14 (_13)  u (_26) 5 (_13)

13|K 169J 13 I 169J 13 I\ 169J

_ 14 22 5 _ 14-22-5 __ A3 _ =t

169 169 169 169 169 13

Let us now find adj. C i.e, adj. (A™})
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Cu =+ 13

Ciz =+ 13

- 169 - 169

Chapter 4 - Determinants

= 169 =
|j 9 13
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C =-
21
Co = +
C =-
23
C31=+
ng=—
033=+

_14

13

13

Chapter 4 - Determinants

5
13| __(_1_15) _ 26
1 k 169 169J 169
13
5
13| - _ 14 _ 25 _ _ 39
1 169 169 169
13
11
T13|_ _ [ 42 +_55_\ __ 13
3 k 169 169J 169
13
5
13 - _-33 , 20 _ 13
3 169 169 169
13
5
13=_|(__42+55_\|=_ 13 _
3 \ 169 169) 169
13
_ 56 121 65
1 _ — = =
3| = 169
4 169 169

13
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‘ 13 13
-/ 2 3
3B
[ 13 13
Taking -+ common,

13

Chapter 4 - Determinants

13
1
" 13|
5

13
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M1 -2 1]
-1 1
= adj.C=adj. (A )=- 3 ‘|—2 3 1|‘ ... (ifN)
|_| 11 5|J

From (ii) and (iii), we can say that (adj. A)™' = adj. (A™)
(".* R.H.Sides of eqns. (ii) and (iii) same)
Hence first part is verified.

Again (1A_1)_1 = Ct! ( C = A—1)
a 1 ( 1) -2 1]
coa Ul e s dley ain)
| |
- 13J 1 1 5]
1 -2 1]

|—2 3 1| = A (given)

! |
L| 1 1 5 U
Hence second part is verified.
b'¢ y X+y
9. Evaluate y xX+y X

xX+Yy X y

= adj. C =
ICI

= (A)'=

X y X+y
Sol. Let A = y X+y X
X+_y X y

Operate R — R: + R> + R3 (because sum of entries of
each columnis same and = 2x+ 2y = 2(x + y))

2x+y) 2x+y) 20x+y)

= y X+y X
X+y X y
Taking out 2(x + y) common from Ry,
1 1 1

=2(x +y) y Xty X

xX+y X y

Now each entry of first row is 1, so let us operate C- — C=
— Cy and C3 — C3 — C; (to create two zeros in first row)

=2(x +y)
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=2(x +y)

X+y

X+y

X+y—y
X—X—-Yy
(6] (6]
X x-Yy

-y

- X

Chapter 4 - Determinants

xX=y
y—x=y
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Expanding along R, A = 2(x + y) . 1 X Xx-y

1

—y  -x
=2 +y) (- x2+ ylx - y)) = 2(x + y) (- x> +xy - y?)
-2 +y) (@ + )2 - xy) = — 2(x3 + y3)
[+ =K&+y) x+y2 - x)]
Remark. This question can also be done by operating
Ci—> C + Ce + Cs.

1 X y
10. Evaluate |1 x+y y
1 X X+y
1 X y

Sol. LetA=|1 x+y y
1 X X+y

Each entry of one column (here first) is 1.
Sol let us operate R- — R> — R:and R; — Rz — R: (to
create two zeros in first column)

1 x y 1 x y
=0 x+y—-x (o] =0 y o
o) o X+y-—y 0 0 x
. g Yy
Expanding along first column, A = 1 o = xy.

Using properties of determinants in Exercises 11 to
15, prove that:

o @ Bay

11. |B B2 v+a| = (B -9 - o)(a - B)(a + B + v).
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Operate C3 — C3 + C; to make all entries of third column
equal

2
o o a+B+y

=|B B* oa+P+y

Y o oy2 a+B+y
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Taking out (oo + B + y) common from Cs,

o o? 1
=(a+B+v)|p B2 1
Yy ¢y 1

Now each entry of one column (here third is 1), so let us
operate R: — R — Ry and R3 — R; — R, to create two zeros
in third column

[ a®

=(a+p+7y) |[B-a P2-az o
y-o y2-o* O

Expanding along third column,
B—o Pp2-a2
Y-0 y2_g2
B-a) B-)B+a)
y-o) (G-o)+a)

=(a+B+7)

=(0€+B+Y)‘

Taking (B — o) common from R; and (y — o) common from
R-

1 B+a
1 y+a

=(@+B+7B-a)y-a)

=(a+p+PP-ay-a)y+a—-p-a)
=(a+B+7)PB - )y —a)y-P)
=(a+B+Y[-(@-Pl - [-@ -]
=(@-BB-NE-a)(@+p+7)

= R.H.S.

x X* 1+ px3

12. |y Y* 1+py¥ | = (1 + pxyz)(x - y)(y - 2)(z - X).
Z 22 1+ pz

Sol. LHS. = |y y?> 1+ py3

(Here each entry of g:y;%-g}ﬁyls the sum of two entries,

Call Now For Live Trainina 93100-87900
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so we can write this determinant as sum of two
determinants, the first two columns being same in both
determinants)
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x X px3

zZ zz 1 Z g2 pz3
T 0
=A + Ao (D

NowAx = |y y2 py3

In an effort to make Az similar to Aj,
taking x, y, zcommon from R, R., R; respectively and p
common from Cs,

1 x X
Ao =pxyz |1y y2
1 z z2
¥ x o1
Operate C, <> C;, = — pxyz | y?
72 z
x X 1
Operate C: <> Co, Ao = pxyz |V YV* 1| = pxyz/As
VA 72 1
Putting this value of A- in (i), L.H.S. = A1 + pxyzA:
= (1 + pxyz) A\ .. (i)
b'¢ x? 1
Now Ar = |y y2 1
z z2 1

Operate R - R> — Ry and R3 —» Rz — R: (to create two

zeros in third colum EUF&T
cad

Call Now For Live Trainina 93100-87900
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Expanding along third column

X

Z—-X

2

y_X y2_X2
72 - x?

Chapter 4 - Determinants
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y-x -xy+x

(z-x) (Z-x(z+x)

y—x y2_X2
Z—X ZQ—XQ

A1 =

Taking (y — x) common from R; and (z — x) common from R,

A= -0z-xn]| 2

1 Z+X

=(y-0z-xz+x-y-x
=(-0z-Xz-y)=-x-y)z -3 (y-2)
or A=x-y)(y-2(z-x)
Putting this value of A in (ii),

LH.S. = (1 + pxyz)(x — y)(y — 2)(z — x) = R.H.S.
3a -a+b -a+c
13. |-b+a 3b -b+c|=3(a + b + c)(ab + bc + ca).
-c+a -c+b 3c
3a -a+b -a+c
Sol. LH.S.= |-b+a 3b -b+c
-c+a -c+b 3c

Here the sum of entries of each row is same and
=a+b + c. So let us operate C; - C: + C> + C;

a+b+c -a+b -a+c
LHS.= |a+b+c 3b -b+c
a+b+c -c+b 3c

Taking out (@ + b + ¢) common from Ci,

1 —a+b -a+c
=(a+b+c) |1 3b -b+c
1 -—-c+b 3c

Now each entry of first column is 1. So let us operate R> —
R. — R; and R3 — R3 — R; to create two zeros in first column,

1 —a+b —a+c
LHS.=(a+b+ 0 0o 3b+a->b —-b+c+a-c
0O —-c+b+a-»b 3c+a-c
Expanding along firsteolumn
panding along CUET

Academy
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2b+a a-b>b
=(@a+b+c).1

a—c¢ 2c+al
S LHS.=(a+b+¢)[(2b+ a)(2c + a) — (a — b)(a - ¢)]
=(a + b + ¢) [4bc + 2ab + 2ac + a2 — a2 + ac + ab — bc]
=(a + b + c)(3ab + 3bc + 3ac)
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3(a + b + c)(ab + bc + ac)
R.H.S.

1 1+p 1+p+p
14. |2 3+2p 4+3p+2p | = 1.

3 6+3p 10+6p+3p

1 1+p 1+p+q
Sol. LHS. = |2 3+2p 4+3p+2q
3 6+3p 10+6p+3q

On looking at au: = 1,
Operate R. — R» — 2R; and R3; — R; — 3R: (to make
entries a,, and as, of first column as zeros)

1 1+p 1+p+gq Ra ¢ 2 3+2p0 4+3p+2q
=10 1 2+p 2R; : 2 24+ 2p 2+ 2p+ 2q
0 3 7+3p = - = =
Ro—2R:: o0 1 2+p

Rs: 3 6 +3p 10+6p+3q

3R: 3 3+3p 3+3p+3q
R3; —3R: 0o 3 7 + 3p
Expanding along first column,
LHS. < 1 2+p
HS. =1/, 743p -0+0

7+3p—-3(2+p)=7+3p—-6—-3p=1=RHS.

sina cosa cos (o + 3
15. sinfp cosB cos(B+5| =g
siny cosy cos(y+3d)
sina  coso cos (o +d)
sinf cosp cos(B+39)
siny cosy cos(y +9d)

Sol. L.H.S.

sino  €os o €OS o cos d—sina sind
sinf3 cosp cospcosd—sinfsind
siny cosy €Osycosd—sinysind

Operate C; — C3 + (sin 8) C:

sina = sin gga]::iT B

Call Now For Live Trainina 93100-87900
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siny

Ccos o
cos B
cos y

Chapter 4 - Determinants

COS a coS & — sin a sin & + sin a sin &
cos P cos & — sin B sin 3 + sin B sin &
COS y €0S & — sin y sin & + sin y sin &
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sin o coso  Ccos c cos d
= | sinfp cosf cosp cosd
siny cosy cosy cosd

Taking cos 6 common from Cs,
sina cosa cosa

cos & |sin B cosp cosp
siny cosy cosy

= cos & (0) ['.- C:. and C3 have become identical]
=0
= R.H.S.
16. Solve the system of the following equations: (Using
matrices)
Z+3+m=4'i_§+§=1,§ +2—m=2_
X y z X y z y z
Sol. Put * = u, 4 =v,k = w.
X

.. The given equations become
2u + 3V + 10w = 4, 4u — 6v + 5w = 1, 6U + 9v — 20w = 2
The matrix form of these equations is

2 3 10l [ul [4]
s 6 51,0 _ 1l
| I
6 o -20] [w] [2]

It is of the form AX = B
[2 3 10] [ul [4]

whereA=:4 -6 5|,X= ‘v',B=
[6 9 - [w) 2]

2 3 10
|A ] = 4 -6 5
6 9 -20
Expanding by first row
= 2(120 — 45) — 3(— 80 — 30) + 10(36 + 36)
= 2(75) — 3(— 110) +{WlH2

Call Now For Live Trainina 93100-87900
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. Matrix A is non-singular

o A”'exists. .. Unique solution is X = A" ' B (D)

Now let us find adj. A.

Now Au = +(120-45) = 75, A1 = — (- 80 — 30) = 110,
Az =+(36+36) =72 As =— (- 60 — 90) = 150,

Azo = + (-40-60) = — 100, Aoz = — (18 —18) = 0
Ay =+ (15 +60) =75  Ag = - (10 - 40) = 30,
+(-12-12)=-24

'S
Il
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s 110 721 [ 75 150  75]

adj. A= I150 -100 O| =‘110 —-100 30|

75 30 -4 |72 0 -24]

75 150 75

_ adj. A 1
A" = "TAT =200 |110 -100 30
| 72 0 -24]
Putting these values of X, A~ 'and B in (i), we have
[n] [ 75 150 75] [4]

1 | L]
‘ ‘= 1200 |110 - 100 30| |1|

|w] | 72 0 -24] [2]
[300 +150 + 150 [600“
_ 1 '440-100+60 = _1 '400' _
1200 | I 1200 1
288+ 0 - 48 | 240 I
|
Equating corresponding entries, u= =, v = l, w = 1
2 3 5
1_,1_ 1
n - b - 3’ - 5
w
. 1
Le, X _ :2’y=l=3’Z=_1 :5_

n
w
Choose the correct answer in Exercises 17 to 19.

17. If a, b, c, are in A.P., then the determinant
X+2 X+3 Xx+2a
X+3 x+4 x+2b| is
X+4 x+5 X+2cC
A) o (B) 1 (C) x (D) 2x.
Sol. " a, b and ¢ are in A.P. . b—a=c-b

..(1)
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X+5 X
+
2
a
X
+
2
b
X
+
2
lo
Operating R> — R> — R; and R; — R3 — R, [By looking at (i)],
we have

X+2 X+3 X+2a
1 1 2(b-a)
1 1 2(c-b)

A:
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X+3 Xx+2a
X+2

Putting ¢ — b = b — a from (i), A = 1 1 2(b—a)
1 1 2(b—-a)
=0 (.- Rz and Rj are identical)

Alternative Method
Operate R; — Ri: + R3 — 2R..

18. If x, y, z are n(|)_n zero real numbers, then the inverse
x 0 O
of matrix A= '0 y O0is

I_OOZJ

[yt 0 0] (¥t 0 o]
| |
(A 0 1 | B wz 0 1 |
‘ 0 0 1 ‘ ‘ 0 0 71 ’
L i L i
x 0 0 [1 0 o]
Q1 o0 y o () 1 0 1 0.
xyz | | xyz | |
lo o z] lo o 1]
[x o o] X 0 O
Sol. Given: Matrix A = |o y o| S lAal=]o y o
| |
LO (0] ZJ 0O 0 2z

Expanding along first row,
|Al=x(yz—0)—0+0=xyz#0
(.- It is given that x, y, z are non-zero real numbers)

A™! exists and A™! = il adj. A (D

To find adj. A
Y o
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13

22

0o o
=+ |X o0 = Xz, A =- =-(0-0)=0,
o z 23 0o o
0 o X O
=+ =(0-0)=0, A =- =-(0-0) =0,
y o 32 0 o
_ X
=+ = Xy.
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0 o] 0 0
adj. A = {yé XX 0—} = [yé XX O—l|
o 0 «xyl |0 0 xyl
1 |Fyx 0 0—‘
Putting values in eqn. (i), A™ = — | 0 xx 0|
XyX
\LO 0 XyJ
1
w0 o f% 0 o]
\ i | 1 |
— XX = _y
=10 Xy 0 ,0 y 0}
0 0 —’%4 \ —‘
xyx || 100l
[t 0 ol
|
= ‘ 0 y' 0]
o o x'

. Option (A) is the correct answer.

Remark. The answer of this Q. No. 18 should be used
as a formula for one mark questions and Entrance

Examinations.
For example, inverse matrix of diagonal matrix
5 ol
[2 0 0] \2 [
1
03 0|| is diagonal matrix | 0 ~ ol.
10 0 5] . 1 }
o o |
] 5]
[ 1 sin 0 1 1|
19. Let A = '-sin® 1 sin0', where 0 < 0 < 2n
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(A) Det (A) = 0 (B) Det (A) € (2, )
(C) Det (A) € (2, 4) (D) Det (A) < [2, 4].
[ 1 sin 6 1 T|
Sol. Given: Matrix A = -sin6 1 sin 0

| |
I -1 -sine 11
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1 sin 0 1

-sin 0 1 sin ©
A=

-1 -sin@ 1
Expanding along first row
detAie, |A|=1(1+sin20) - sin 0

(- sin 0 + sin 0) + 1 (sin®0 + 1)
=1+ sin*°0 +1 + sin®?0=2 +2 sin®0 ...(i)

We know that — 1 < sin 6 < 1
S 0 <sin*0<1
(".* sin® 0 can never be negative)
Multiplying by 2, 0 < 2 sin®* 6 < 2
Adding 2 to all sides 2 < 2 + 2 sin®*0 < 4
ie, 2 < det. A< 4 (By (1)
. (Value of) det A e closed interval [2, 4].
Therefore option (D) is correct answer.
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	Exercise 4.1
	2 4
	2. (i)

	sin 
	cos 
	sin 
	cos 
	8 4
	4 2
	5. Evaluate the determinants:

	3 1 2 1 2 3
	6. If A =

	1
	7. Find values of x, if


	4 5
	5 1 6 x

	2 6 2
	, then x is equal to


	Exercise 4.2
	Using the properties of determinants and without expanding in Exercises 1 to 5, prove that:
	= 0.
	= 0. (1)
	By using properties of determinants, in Exercise 6 to 14, show that:
	xyz 2
	10.   (i)
	11. (i)
	0
	1 1 1
	x

	1 0 0
	x
	13.


	1– a2 – b2
	= (1 + a2 + b2)3.
	14.
	= 1 + a2 + b2 + c2.
	Choose the correct answer in Exercises 15 and 16:
	16. Which of the following is correct:
	(B) Determinant is a number associated to a matrix.
	(D) None of these.



	Exercise 4.3
	1. Find the area of the triangle with vertices at the points given in each of the following:
	(iii) (– 2, – 3), (3, 2), (– 1, – 8).
	2. Show that the points A(a, b + c), B(b, c + a), C(c, a + b) are collinear.
	3. Find values of k if area of triangle is 4 sq. units and vertices are:
	4. (i) Find the equation of the line joining (1, 2) and (3, 6) using determinants.
	5. If  area  of  triangle  is  35  sq.  units  with  vertices (2, – 6), (5, 4) and (k, 4). Then k is

	Exercise 4.4
	1. Write minors and cofactors of the elements of the following determinants:
	0 3
	2. Write Minors and Cofactors of the elements of the following determinants:

	0 1
	0 0
	0 2
	0 1 (1)
	1 2
	0 2 (1)
	0 1 (2)
	3 5
	Note. Two Most Important Results
	3. Using Cofactors of elements of second row, evaluate
	4. Using Cofactors of elements of third column, evaluate
	and Aij is Cofactor of aij, then value


	Exercise 4.5
	Find adjoint of each of the matrices in Exercises 1 and 2.
	2.   
	0 1
	0 1 (1)
	3 5
	2 5 2 3
	1 5 2
	Note. 1. Adjoint of matrix  a   b
	Verify A(adj. A) = (adj. A)A =  A  I in Exercises 3 and 4:

	0 3
	1 3
	3 0
	Find the inverse of the matrix (if it exists) given in Exercises 5 to 11.

	2 – 2
	–1 5
	|A|
	|A| (1)
	|A| (2)
	9.   

	2 1
	2 3
	2 1 (1)
	2 1 (2)
	4 0
	3 12
	1
	10.

	3 4
	1 2
	0 2
	|A| (3)
	11.

	0 sin 
	0 sin  (1)
	1 0
	0 sin  (2)
	0 cos 
	0
	|A| (4)
	6 8
	|B|
	67 87
	|AB|
	– 2   – 47 67
	13. If A =    3 1 , show that A2 – 5A + 7I = O. Hence find A–1.

	|A| (5)
	14. For  the  matrix  A  =   3 2 , find  numbers  a  and  b  such
	15. For the matrix A =
	A3 – 6A2 + 5A + 11I = O. Hence find A–1.
	Hence find A– 1.
	16. If  A =
	hence find A–1.
	Sol.   Given: A =
	Hence to find A–1
	17. Let A be a non-singular matrix of order 3 × 3. Then  adj. A  is equal to
	18. If A is an invertible matrix of order 2, then det (A–1)  is equal to
	(C) 1 (D) 0.

	|A| (6)

	Exercise 4.6
	Examine the consistency of the system of equations in Exercises 1 to 3.
	So we are to find (adj. A) B
	So now we are to find (adj. A) B
	0 2
	Solve the system of linear equations, using matrix method, in Exercises 7 to 10.

	7 3
	|A|
	3 4
	|A| (1)
	3
	3 (1)
	5
	1
	3 2
	|A| (2)
	Solve the system of linear equations, using matrix method, in Exercises 11 to 14.
	Let us find adj. A

	3 (2)
	|A| (3)
	To find adj. A

	1 1
	2 1
	|A| (4)
	Let us find adj. A

	3 3
	3 3 (1)
	2 3
	2 3 (1)
	|A| (5)
	Let us find adj. A

	2 3 (2)
	1 2
	15. If A =
	3 2 – 4 , find A–1. Using A–1, solve the system of
	equations

	|A| (6)
	1 1 (1)
	3 2 (1)
	16. The cost of 4 kg onion, 3  kg  wheat  and  2  kg  rice  is  ` 60. The cost of 2 kg onion, 4  kg  wheat  and  6  kg  rice  is  ` 90. The cost of 6 kg onion, 2 kg  wheat  and  3  kg  rice  is  ` 70. Find cost of each item per kg by matrix method.

	– 1 adj. A
	|A| (7)
	Expanding along first row
	–  sin 
	+ cos 
	= x(– x2 – 1) – sin  (– x sin  – cos ) + cos 
	Multiplying R1 by a, R2 by b and R3 by c (by looking at the partial products in third column)
	Taking abc common from C3, = 1
	Interchanging C1 and C3, = –  1
	Interchanging C2 and C3, =   1 b2
	b3 (... (– 1) (– 1) = 1)
	3. Evaluate
	Expanding along R1,
	0

	– cos  sin 
	 sin 

	–  sin 
	  sin 

	= cos  cos  (cos  cos  – 0) – cos  sin  (– cos  sin 

	4. If a, b and c are real numbers and
	= 0.
	Operate R1  R1 + R2 + R3
	Taking out 2(a + b + c) common from R1.
	Now each entry of first row is 1.
	Expanding along R1, 
	[...    x2 + y2 + z2 = 0    and x, y, z  R
	Note. We can also start doing this question by operating C1  C1 + C2 + C3.
	Taking out (3x + a) common from R1
	or
	= 0
	so operate C2  C2 – C1 and C3  C3 – C1 (to create two zeros in first row)
	Expanding along first row 1(a2 – 0) = 0   i.e.,    a2 = 0
	   From (i) x = –
	Note. We can also start doing this question by operating C1  C1 + C2 + C3. (1)

	6. Prove that
	Taking a, b, c common from C1, C2, C3 respectively
	Operate R1  R1 – R2 – R3 (to create one zero in R1)
	Operate C2  C2 – C1 (to create another zero in R1)
	Expanding along R1
	  a a

	 B  =
	Expanding along first row,
	= 3 + 2 – 4 = 1  0

	To find adj. B
	= (3 – 0) = 3,
	B12 = –
	= – (– 1 – 0) = 1
	= 2,
	B21 = –
	= – (2 – 4) = 2,
	B23 = – 1  2 = – (– 2 – 0) = 2,
	0 2

	B32 = –
	= – (0 – 2) = 2,
	1 2

	= (3 + 2) = 5.
	1

	(adj. B) =
	(...    B  = 1)
	=

	8. Let A =
	To find adj. A
	= 1(15 – 1) – (– 2) (– 10 – 1) + 1(– 2 – 3)
	= 15 – 1 = 14,
	= – (– 10 – 1) = 11
	A21 = – A22 = +
	1 1
	1 5

	= (– 2 – 3) = – 5,
	= (5 – 1) = 4,
	A31 = + A32 = –
	3 1

	= – 2 – 3 = – 5,
	A33 = +
	= 3 – 4 = – 1.
	A = adj. A =
	|A|


	Now let us find (adj. A)–1 = B–1
	 B   =
	Expanding along first row,
	= 14(– 13) – 11(– 26) – 5(– 13)

	To find adj. B (1)
	B12 = – 11
	B13 = +
	= + (– 33 + 20) = – 13,
	B21 = – 11
	B23 = –
	= – (– 42 + 55) = – 13,
	= – 33 + 20 = – 13,
	B33 = +
	14 11

	= (56 – 121) = – 65.
	Taking – 13 common from this matrix adj. B
	= – 13
	adj. B
	(– 13)
	C11 = +
	C13 = +
	C = –
	C22 = +
	C = – (1)
	C31 = +
	C32 = –
	C33 = +
	 adj. C = adj. (A–1) =
	Taking –  1
	common,
	   adj. C = adj. (A
	From (ii) and (iii), we can say that (adj. A)–1 = adj. (A–1) (... R.H.Sides of eqns. (ii) and (iii) same)
	1 1 

	= A (given)

	9. Evaluate
	y x + y x .
	Operate R1  R1 + R2 + R3 (because sum of entries of each column is same and = 2x + 2y = 2(x + y))
	Taking out 2(x + y) common from R1,
	Now each entry of first row is 1, so let us operate C2  C2
	Expanding along R ,  = 2(x + y) . 1
	Each entry of one column (here first) is 1.
	Using properties of determinants in Exercises  11  to 15, prove that:
	Operate C3  C3 + C1 to make all entries of third column equal
	Taking out ( +  + ) common from C3,
	= ( +  + )
	Now each entry of one column (here third is 1), so let us operate R2  R2 – R1 and R3   R3  –  R1  to  create  two zeros in third column
	= ( +  + ) (1)
	Expanding along third column,
	= ( +  + ) (2)
	Taking ( – ) common from R1 and ( – ) common from R2
	= ( +  + )( – )( – )( +  –  – )
	= ( +  + ) [– ( – )] ( – ) [– ( – )]
	= R.H.S.
	(Here each entry of third column is the sum of two entries, so we can write this determinant as sum of two determinants, the first two columns being same in both determinants)
	
	 (1)
	= 1 +   2 ...(i)
	Now 2 =

	In an effort to make 2 similar to 1,
	taking x, y, z common from R1, R2, R3 respectively and p
	Operate C1  C2, 2 = pxyz
	Putting this value of 2 in (i), L.H.S. = 1 + pxyz1
	Now 1 =
	Operate R2  R2 – R1 and R3  R3 – R1 (to create two zeros in third column)
	Expanding along third column
	Taking ( y – x) common from R1 and (z – x) common from R2,
	Putting this value of 1 in (ii),
	Here the  sum  of  entries  of  each  row  is  same  and
	 L.H.S. =
	Taking out (a + b + c) common from C1,
	Now each entry of first column is 1. So let us operate R2  R2 – R1 and R3  R3 – R1 to create two  zeros  in  first column,
	Expanding along first column,
	= R.H.S.

	= 1.
	On looking at a11 = 1,
	Expanding along first column,
	– 0 + 0

	15. = 0
	=
	Operate C3  C3 + (sin ) C1
	Taking cos  common from C3,
	= cos  (0) [...  C2 and C3 have become identical]

	16. Solve the system of the following equations: (Using matrices)
	= 2.
	 The given equations become
	The matrix form of these equations is
	It is of the form AX = B
	Expanding by first row
	= 2(75) – 3(– 110) + 10(72) = 150 + 330 + 720 = 1200  0
	  A– 1  exists.      Unique solution is X = A– 1  B ...(i) Now let us find adj. A.
	A13 = + (36 + 36) = 72 A21 = – (– 60 – 90) = 150,
	A31 = + (15 + 60) = 75 A32 = – (10 – 40) = 30, A33 = + (– 12 – 12) = – 24
	   adj. A =
	IAI

	Putting these values of X, A– 1 and B in (i), we have

	Choose the correct answer in Exercises 17 to 19.
	Let  =
	Operating R2  R2 – R1 and R3  R3 – R2, [By looking at (i)], we have

	Alternative Method
	18. If x, y, z are non zero real numbers, then the inverse
	0 0 
	0 0  (1)
	(...  It is given that x, y, z are non-zero real numbers)

	To find adj. A
	A = + 0
	= 0 – 0 = 0, A
	= – (0 – 0) = 0,
	A = + = xz, A = – = – (0 – 0) = 0,
	= (0 – 0) = 0,   A
	0 = – (0 – 0) = 0,
	  Option (A) is the correct answer.
	For  example,  inverse  matrix  of   diagonal  matrix
	1   0   0

	is diagonal matrix  

	19. Let A =
	Then
	(A) Det (A) = 0 (B) Det (A)  (2, )
	  A  =
	det A i.e.,  A  = 1 (1 + sin2 ) – sin 
	= 1 + sin2  + 1 + sin2  =2 +2 sin2  ...(i) We know that – 1  sin   1
	(...   sin2   can never be negative)
	Adding 2 to all sides 2  2 + 2 sin2   4
	 (Value of ) det A  closed interval [2, 4]. Therefore option (D) is correct answer.




