Class 12 Chapter 11 - Three Dimensional Geometry

Exercise 11.1

1. If aline makes angles 90°, 135°, 45° with the x, y and z-axes
respectively, find its direction cosines.

Sol. We know that direction cosines of a line making angles a«, B, v
with the x, y and z-axes respectively are cos a, cos [3, cos Y.
Here o = 90° [ = 135° and y = 45°.

Therefore, direction cosines of the required line are cos 90°,

-1 1
cos 135° and cos 45° = 0, —= and &= .
72 N

(cos 135°= cos (180°- 45°) = — cos 45°= —1 ]
! any Al

Result. cos? o + cos? B + cos? y = 1.
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Class 12 Chapter 11 - Three Dimensional Geometry

2. Find the direction cosines of a line which makes equal
angles with the co-ordinate axes.

Sol. Let a line make equal angles a, o, a with the co-ordinate axes.
. Direction cosines of the line are cos a, cos a, cos a ...(i)
cos? o + cos? o + cos’ =1 [ cos®a + cos® B + cos?y=1]

1 1 1
= 3cos?a=1 3coszoc=3 = cosa=% - =+ —

3 3

Putting cos o = * ﬁ in (7), direction cosines of the required line
making equal angles with the co-ordinate axes are
1 1 1
+ =, + =, + =
Bt B AR
Very Important Remark. Therefore, direction cosines of a line
making equal angles with the co-ordinate axes in the positive (ie.,
1 1 1
first) octantare =, =, —=.
) B BB
3. If a line has direction ratios - 18, 12, - 4, then what are its
direction cosines?

Sol. We know that if a, b, ¢ are direction ratios of a line, then
direction cosines of the line are

a b c
N Jaz +b2 42’ Ja? + b2 + ¢ -0

Here, direction ratios of the line are
-18,12, -4 =a, b, ¢

ez eb2ac? = (L1821 (122 + (-4 = 324+ 144+ 16
= 484 = 22

Putting these values in (i), direction cosines of the required line are
-18 12 -4 =9 6 -2

’ ’

2 22 22 11 11 1
4. Show that the points (2, 3, 4), (- 1, - 2, 1), (5, 8, 7) are
collinear.
Sol. The given points are A(2, 3, 4), B(- 1, - 2, 1) and C(5, 8, 7).
. Direction ratios of the line joining A and B are

-1-2,-2-3,1-4 | Xo =X, Vo = V1, 22 — 21
ie, -3 -5-3 (1)
=ay by, ¢ (say)
Again direction ratios of the line joining B and C are
5-(-1),8-(-2),7-1=6,10,6 (i)

= ay b, ¢, (say)
From (i) and (if) directiog ratios of AB and BC are proportional

; g CUET — -5 _ _
Le., gl Ql i | AcadMeIm _3 - _3 (each — _1)—|
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Class 12 Chapter 11 - Three Dimensional Geometry

a b c |_|6106 2|J

2 2
Therefore, AR? is parallel to BC. But point B is common to both
AB and BC. Hence, points A, B, C are collinear.
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Class 12 Chapter 11 - Three Dimensional Geometry

5. Find the direction cosines of the sides of the triangle whose
vertices are (3,5,-4),(-1,1,2) and (- 5, - 5, - 2).
Sol. Direction ratios of line ABare -1 -3,1-5,2 - (- 4)
Le, -4,-46 | Xo— X1, Y2—-Y1, 22 — Z4

Dividing each by \/a2 +b24+¢2 = \/(_ 4)2 + (- 4)2 + 62

= [16+16+36 = 68 = Jax17 =217.

direction cosines of line AB are N
-4 -4 6
2/17° 217" 217
B B B 1,1, 2)
e, =2 22 34 (-
177 177 17 c
Direction ratios of line BC are (-5-5-2

-5-(-1),-5-1,-2-2=-4,-6,-4
Dividing each by \/(—4)2+(—6)2+(—4)2 = /16 +36+16
= J68 = [4x17 =217

. 4 -6 -4
Direction cosines of line BC are Zm' zm, 2\/ﬁ

@ 3 Je

Le.,

Direction ratios of line CA are
3-(-5,5-(-5),-4-(-2)=28,10,-2

Dividing each by /(8)2 + (10)2 + (~2)2 = /64 +100 + 4
= 168 = Ja4x42 =242,

Direction ratios of line CA are

8 10 -2 4 5 -1

g2t iz e Va2’ a2’ a2

Note. If [, m, n are direction cosines of a line, then - I, - m, -n
are also direction cosines of the same line.

DS
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Exercise 11.2

1. Show that the three lines with direction cosines
12 -3 -4.4 12 3.3 -4 12
137137 13" 13 13" 13" 13" 13" 13
are mutually perpendicular.
Sol. Given: Directigfn cosines of three lines ar%

12 -3 __;=I,m,n, 4,1_,_;=I,m,n

bl >

13 13 13 ot 13 13 13 2202

and 3, ——,Q =1l, m

13 13 13

@CUE'{ ,
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For first two lines;
Il +mm +nn _12(4) (=3)(12) +(ﬁ\(_3\

12

_-48

T 169 169 169 169 ~ 169

.. The first two lines are perpendicular to each other.

For se

13

12-48+36 O

.. Second and third lines are perpendicular to each other.
For first and third line,

13

_36+12-48 0

Fir

. The three given lines are mutually perpendicular.

2. Show

perpendicular to the line through the points (0, 3, 2) and (3, 5, 6).
Sol. We know that direction ratios of the line joining the points

A,

ie, 3-1,4-(-1),-2-2=2,5 -4=a,b, c, (say)

Again,
C(

e,

For th

Given line AB is perpendicular to given line CD.

3. Show
parall

Sol. We know that directio
A(4, 7, 8) and B(2, 3,

402 12 (=4 3(12) 12 48 36

=E(_3\ (=3)(=4) (=4)(12) 36 12 48

Chapter 11 - Three Dimensional Geometry

veoae oqgligh fs fas) hs Jlas)

36 12 48-36-12 L_O

cond and third line,
Ll + mymg + nyng

+ = —
13) T13l93) T133) T 169 169 169

169 -~ 169

Ll, + mymg + n,ng

13) Tl hlas) Tz ilus ) T ee T 1ee T 169

169 - 169 °

st and third line are also perpendicular to each other.

that the line through the points (1, - 1, 2), (3, 4, - 2) is

—-1,2)and B(3, 4, —2) are X, — Xy, Yo — Vi, Zo— %

direction ratios of the line joining the points
O’ 3’ 2) and D(3’ 55 6) are X2_ Xl? y2_y17 ZQ_ Zl
3—0;5—3;6—2=3,2,4=02,b2,cg(sa}’)
ese lines AB and CD,
a,a, + bib, + i = 2(3) + 5(2) + (= 4)(4)
=6+10-16 =0

that the line through the points (4, 7, 8), (2, 3, 4) is
el to the line through the points (- 1, - 2, 1), (1, 2, 5).
Phigspirthe line joining the points

Academyy, — Vi, Z, — Z,
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ie, 2—-4,3-7,4—-8 e, —2,—4,—-4=a, b, c, (say)
Again, direction ratios of the line joining the points C(- 1, — 2, 1)
and D(1, 2,5)are1— (- 1),2-(-2),5—-1=2,4,4 = a,, b,, ¢,
(say)

For these lines AB and CD,
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Class 12 Chapter 11 - Three Dimensional Geometry

(asi:j:j(:ﬁeach)\
a1 _b _a
8% b G l 2 4 4 )

Given line AB is parallel to given line CD.
4. Find the equation of the line which passes through the
point (1, 2, 3) and is parallel to the vector
A A A AL, 2,3
3i +2) -2k.

Sol. A point on the required line is
A1, 2, 3) = (Xla Yo Zl)

. . . a >S5 A A A
ie, Position vector of a point . b=3i+2j-2k
on the required line is 0f(origin)
- A j R
H
a =0A =(,23)= +27 43
— A A A

The required line is parallel to the vector b =31 +2J - 2k
(and hence direction ratios of the required line are coefficient of
AN A -

i, j, kin b e, 3,2,—2=a,b,c)

. Vector equation of required line is
- N - N A A AN A\ A N

r=a+ib ier =0 +2j +3k)+A31 +2j -2k)

where A is a real number.
Remark. Also cartesian equation of the required line in this Q.
No. 4 is
X = X1 Y-Vi _ Z-2y z-1 y-2 x=3
a b C ’ 3 2 -2

5. Find the equation of the line in vector and in cartesian

form that passes through the point with position vector
A AN A A

A AN
2i - j +4k and is in the direction i +2j - k.
Sol. Position vector of a point on the required line is
N A A A
a =21 —j+4k =(2,-1,4) = (x, 5, 2)

The required line is in the direction of the vector

- A NN
b =1i+2) -k
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= direction ratios of required line are coefficients of i, A A
- js Kk
in b je,1,2,—1=a,b,c)
- - -
Equation of the required line in vector formisr = a +i b
—> N AN A\ A AN AN
ie., r=(2i—-j +4k)+x(i +2j - k)
where A is a real number and equation of line in cartesian form is
Z-2Z1 _ Y=Vi _ X=X z-2 __y+1 _ x4

= = I = =

a b c 1 2 -1
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6. Find the cartesian equation of the line which passes
through the point (- 2, 4, - 5) and parallel to the line given
by

x+3 _y-4 _ z+8

3 5 6

Sol. Given: A point on the required line is
(_ 2,4, — 5) = (Xv Yo Zl)’
Equations of the given line in cartesian
form are

z+3 _y-4 x+8

3 5 6

(Tt is standard form because coefficients

of x, y, z are unity each)

.. Direction ratios (D.R.’s) of the given line are its denominatorss,
5, 6 and hence d.r.’s of the required parallel line are also 3, 5,6 =

a, b, c.
Eqations of the required line are

2-2y _y-Vq _ X=Xy . Z=(=2) _y-4 x-(=5)
a b = e 3 5 6

zZ+2 _ y—-4 _ X+5
3 5 6

x-5 _ y+4 _z-6
7 2

7. The cartesian equation of a line is

Write its vector form.

Sol. Given: The cartesian equation of a line is

z-5 v+4 =x—6

3 7 2

3 7 2
compairing the given equation with the standard form
X=X _ Y=Vi _2-1
a b c

wehavex1=5,y1=—4, Z1:6; a=3, b= 7,€=2
Hence the given line passes through the point
AN AN

- N
a :(leylyzl):(& _4;6):5.I _4] +6k

and is parallel (or col]@gyﬁw vector
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— N A A A A A
b=al +bj +ck=31 +7j +2k,
. Vector equation of the given line is = + A
r a b
N N A AN AN A AN

ier = (5i—-4j+6k)+A@i+7j+2k)
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8. Find the vector and cartesian equations of the line that
passes through the origin and (5, - 2, 3).
Sol. Vector equation of the line

%
a = Position vector of a point here O (say) on the line
A A A D 0(0,0,0)
=(0,0,0) =01 +0j +0ok =0

_)

A5,
b = A vector along the line -2,3)
_)

= OA = Position vector of point A — Position vector of point O
A AN

N
=(5,-23)-(0,0,0)=(5-2,3) =51 —-2j +3k

+ A

. T
Vector equation of the line is = a b
-
-

- - A A A A A A

ie, r =0 +A5i —2j +3k)ie.r =x(5i —2j +3k).
Cartesian equation of the line
Direction ratios of line OA are 5 — 0, — 2 — 0,3 — 0O
ie, 5,—2,3 | xo— %X, Vo— Y1, 2o — 2, =a, b,
A point on the line O is (0, 0, 0) = (X, Vi, Z,)-

Cartesian equation of the line is
Y—=VY1 X=Xq z-0 y=-0 x=0

- = - = - Le, = =

a b C 5 -2 3

Remark. In the solution of the above question we can also take:
- . . N A A
a = Position vector of point A= (5, -2,3) =51 —2j + 3k
for vector form and point A as (x,, y,, z,) = (5, — 2, 3) for
Cartesian form.

> > -
The equation of line in vector form is = + X

- N N N AN AN A

ie, r =5i —-2j +3k +M5i —2j +3k)

- 2 -3
and equation of line in@ﬁ%ﬁbﬁ? is z 55 = V+2 = X 3 -
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9. Find vector and cartesian equations of the line that passes
through the points (3, - 2, - 5) and (3, - 2, 6).
Sol. Vector Equation

Let 3 and —b> be the position vectors of the points
A(3, — 2, — 5) and B(3, — 2, 6).

N A A A - N A A

a =31 -2j —-5kand b =3i —2j +6k
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%
. A vector a]ong the line = AB = pOSitiOH vector of point B -
position vector of point A

- > A A A A A A A
=b - a =3i-2] +6k —-3i +2] +5k =11k

Vector equation of the line is

O — - N A A A A

r = a + L\AB ie., r =3i —2j —5k +a(11k)
—> A A A A

ie., r =3i -2j -5k + 1xk.

Note. Another vector equation for the same line is
- > = - A N A A
r = b +1AB ie. r =3i -2J +6k + 11xk.

Cartesian Equation
Direction ratios of line AB are 3 — 3, — 2+ 2,6 + 5

ie., o, O, 11 | Xo= Xp Vo=V 25 — 24
. . — y-y X=X
. Equations of the line are -4 - b 1= .
a C

. z-3 _ y+2 a X+5
Le., 0 O 11

10. Find the angle between the following pairs of lines:
- A A A A A A
@ r =2i-5j +k +23i +2j +6k) and

- A A A A A
r=7i-6k +pu(i +2j +2k)
- A A A A A A

@ r =3i+j -2k +A(i - j -2k) and
- A A A A A A
rr =2i-j -56k +u@Bi -5j -4k).

Sol. (i) Given: Equation of one line is

- A A A A A A
rr =29 -5J +k +x3i +2] +6k)

> - -

Comparing with r = a; + b1,

. @cmﬁ =

— Academy

AN
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1 =31 A A and a vector along the line is
-5) + K
A A
+2) +6Kk - (D)

(It may be noted that vector a1 is the position vector of

a point on the line and not a vector along the line).
Given: Equation of second line is

- A A A A A
r=7i -6k +u(i +2J +2k)

- - —
Comparing with r = a, +pub, we have
—> AN A\
a2 =7i — 6k and a vector along the second line is
- A A A
b, =i +2] +2k (i)
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Let 6 be the angle between the two lines.

- —
We know that cos 0 = by .by
- -
Ib b1
_ 3(1) +2(2) + 6(2) _ 3+4+12
JOT4136 [T+4+4 4909
1 19
cos0=—"— _19 0 =cos! — .
) 7(3) 21 1
(ify Comparing the equations of the two given lines with

- > — - > —
r =a; +abt and r =a, +puby, we have

A —> A A A
-2k and by, =31 -5] -4k.

—> A /\
b i=]

Let 6 be the angle between the two lines

- >
b, .b, - (ME) +EN)(=5) + (=2)(=4)
cos 0= —————=
- - J1+1+4./9+25+16
b 1lby 1
_ 3+5+8
J6 50
1€ _ 16 16

T 300 J3x100 1043
or 0056:% .. 0 =cos™ %

11. Find the angle between the following pairs of lines:

@ X2 -y oz g x*2 _y-4_ z-5
2 5 -3 -1 8 4
y 2 x-5 y-2 z-3
(")—=§=Tand 4 1~ 8

Sol. (i) Given: Equation of one line is Z=2 y-1 x43

(It is standard f(‘f)é
each) @ Aca

2 5 -3
§¢ coefficients of x, y, z are unity
demy
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. Denominators 2, 5, — 3 are direction ratios of this line
ie, a vector along the line is

- A A A
by =(2,5-3)=2i +5] -3k ()

Given: Equation of second line is £+ 2_y-4 x-5

-1 8 4
(It is also standard form)

. Denominators — 1, 8, 4 are direction ratios of this line
ie, a vector along the line is
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Chapter 11 - Three Dimensional Geometry

A A
- N 48j +4Kk

b, =(-1,8,4) =-1i ..(id)

Let 0 be the angle between the two given lines.
-> >

We know that cos 0 = _by.by
- -

Iby by |
| 2(-1)+5(8) + (= 3)(4)
 J4+25+9 [1+64+16

(From (i) and (ii))

= cos0= —2+40-12 26 — 0=cos™ (_26 \

9
/38 BT /38 38 \9 }
(if) Given: Equation of one line is
Z Yy X
vl = 5 = T (Standard Form)

Denominators 2, 2, 1 are direction ratios of this line
i.e, a vector along this line is

- A A A
by =(2,2,1) =27 +2j + k ()

Given: Equation of second line is

z-5 -2 x=3
T =_y1— = g (Standard Form)

Denominators 4, 1, 8 are direction ratios of this line
i.e, a vector along this line is
- N N A

b, =4, 1,8) =4i + J +8k .. (i)

Let 0 be the angle between the two lines.

- -
We know that cos 0 = _bi.by
- =
Ib b, I
_ 24 +2(1)+1(8) _8+2+8 18 _2
JA+4+1/16+1+64 Jo9B81 3x9 3
0=cos' .
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- 7y-14
12. Find the values of p so that the lines 1-x = =12 =
3 2p

z-3 and /-7X = y=2 = 6-2 are at right angles.

2 3p 1 5
Sol. Let us put the equations of these lines in standard form (i.e.,
making coeff. of x, y, z unity in each of them)
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The first line can be written as
(z-1) 7(y-2) x-3 z-1 y-2 Xx=3
T3 T 2p T o2 Y 3 TT72p)y T 2

U7

direction ratios of this line are — 3, 29, 2 =a, b, c.

And the equation of 2nd line can be written as
~7z-1) _y-5 _ -(x-6) _ z-1 _y-5 _x-6

3p 1 5 _

g
—
|
a1

, 1, = 5 = ay, by, C,.

-

.. The direction ratios of 2nd line are

. The two lines are perpendicular, therefore

2+ + =0
30\0 + ﬁgﬁ\(slizz x (-5 =0

—_3 (=
7 7
9 2
:>_E+ - 10 =0 :m=1o :p—m.
77 7 1
. X-5 y+2 _Z X _y _z
13. Show that the lines 7 = 5 = T and 1 = 2 =3

are perpendicular to each other.
Sol. Given: Equation of one line is

z-5 _y+2 _ i( (Standard form)
7 -5 1

Direction ratios of this line are its denominators 7, — 5, 1
- A A A
=ay, b, = b1 =7i -5)] +k)

. . R 4 y X
Given: Equation of second line is T = E = 3 (Standard form)

Direction ratios of this line are its denominators 1, 2, 3

P CUET - >
=a, cademy b, =i
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A A
+2] + 3k)

b1 . b, = ma= + bibo + cic2 = 7(1) + (- 5)(2) + 1(3)
=7-10+3=0
. The two given lines are perpendicular to each other.
14. Find the shortest distance between the lines

—> A AN A A A A
rr=(Ci +2j + k)+2(i -j + k) and
e A AN A A N A
r=2i-j -k +p2i+j +2k).
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Sol. Comparing the equations of the given lines with

- N - - - -
r =a; +Abr and r =a, +pby, wehave

N A 7a\ A > N A N
a; =i +2] +k,by =i-3 +Kk
- A A A > A N A
and a =27 - J -k, by, =2i+ j +2k

We know that the S.D. between the two skew lines is given by
e

I(az —a). (b xby)l

d= (1)
- -
Ib xb |
- > A AR A A A A A A
Now ag— ar=@2i-j - k) - (i +2J + k)= i-3j —2k
N | A A A

bi x by = |4 11 =(-2-1i —(2-2)] +@+2)k

2 1 2 A o3 A
=-3i —0j +3k

b, x b,

b, x = =3

—>1 —>2|=4(_3)—2>+02ﬁ32 /\m/\ V2, A

Again (" - ").( x

a, a4 b, b,)=(i —3j —2k).(=3i +3k)
=(1)(=3)+(=3)0)+(-2)(3) =~

Putting these Values in eqn. (1),

SD(d)_ =91 _ 9 _ 3 _32Z

32 32 2 2

15. Find the shortest distance between the lines
z+1

x+1 _ y+1 _ 5 5pq X=3 _ y-5 _ z-7
7 -6 1 1 -2 1

Sol. Equation of one line is Z+1_y+1_x+1

UET
hademy y—Vq
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b X
—X1
b
we
have
c
1
x,=—-1,y,=—-1,z =-1;a,=7,b,=-6,c, =1
e g -
vector form of this lineis r = 5 + Ab;
—> A\ A A
where a = (x,y,2) =(1-1,-1)=-i - j -k
- A A A A A A

and bi=qa i +bj +ck =71 -6j + Kk
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2—3:v—5:x—7

Equation of second line is

1 -2 1
. . Z—-Z - X=Xy
Comparing with 2 Y=Y - ; we have
a b2 Co
X, =3, V=52, =7,0, =1, b2=—2,C2=1

. . > - =
vector form of this second lineis r = a, + pub,
_)
where =x,y,2) A A
a, 2 5, o, =057 =3i+t5] k
RN A A A AN A A
and b,=a,i +b,j] +c,k = i-2j + Kk

we know that S.D. between two skew lines is given by
e

_ 1@ —a) . (b xby)l

d L
. 0]
Ib xb |
> > A A A AAA

Now a,—a =3i +5j +7k—(=1-j— k)

AN N A
= 41 +6j +8k
- - I
bp X b2 = |7 -6 1
1 -2 1
N A AN

=(-6+2)i —(7-1j +(-14+6)k

A A A
=-4i-6j -8k
- -
b x bl = \/(—4)2+(—6)2+(—8)2

= J16+36+64 =+/116
- - - -
again (a; — ay).(by x b2) =4(-4) + 6 (-6) + 8 (-8)
=-16 — 36 — 64 = —116

Putting these values in| ﬁya%]e?my
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SD. (@) |-116] _ = 116
N (LT
J4x29=229

16. Find the shortest distance between the lines whose vector

equations are
i A A A A A A A

r (i +2) +3k)+A(i -3j +2k) and
- A A A A A A

r 4i+5j+6k+ﬁj(2i+3j+k).
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Sol. Equation of the first line is
- A A A A A A N -
rr=(Ci +2j +3k)+a(i —3j +2k) =a; +1rby
N A A A - A A A

Comparing, a; = i +2j +3k and bi=1i -3j +2k

Equation of second line is

- A A A A A A N —
r=@i+5j +6k)+ui +3j + k)=2a +pub
A AN AN 4 A A\ A

Comparinggz =4i +5j +6K and b, =21 +3j + kK

We know that length of S.D. between two (skew) lines is

> 5> oS> o

1(@2—ai1). (b x bp)l

B (D)
1br x b2 1
N N A A N A A A
Now a, —a; =41 +5j +6k —(i +2j +3k)
A AN AN AN AN A AN A N
=4i +5j +6k — i -2j -3k =3i +3j +3k
I '

-
Again by x b, =1 -3 2

2 3 1
Expanding along first row,
d - A A A A A AN
bix by=i(-3-6)—- ja-4)+k@B+6)=-9i +3j +9k

- N d e
o (a2 = ay). (b1 x by) =3(-9) +3(3) + 3(9)
=-27+9+27=9
-> >
and [bi by, | = V(=92 +(32+(9)?2 = 81+9+81
= 171 = f9x19 =319

Putting these values in (i),

length of shortest distanc :u :fgﬁ = % .
&. C U]ﬂi 1 19
@Aca 319
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17. Find the shortest distance between the lines whose vector
equations are

- N A AN
r=1-8i +(-2)j +(3-2t)k and
- A A A
r=@E+1)i +2s-1j -(2s +1)k.

- A A A

Sol. The first lineis r =@ -0i +(-2)j + (@3 -2tk
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A A A AN A AN
:i_ti+tj—2j+3k—2tk
A N N
=(/\_2/\ A ="+ A +t
i j +3k)+ i i —2k) = a b,
N A A N > A A A
Comparing a; =1 -2j +3k, bt =—1 4+ j ok
- A A A
The second lineis r =(s+ 1)i + (2s — Dj - (2s + 1k
A A A A AN A
=Si+i+25‘j—j—25k—k
A A A A A A N -

=0 - j - k) +s(i +2j —2k)=a; +sb,

A A

S A A A A
Comparing a, = j - j — k j

%
b =i +2j -2k

’

We know that the S.D. between the two (skew) lines is given by

> > oS> >

_ Nae —ar). (b x b)l

d (D)

SN
Ibi x bz 1
N N A A A A A A A A

Now a2 —a; =(i — j —k)—-(i -2j +3k)=j —4k

- > ] :
bix by=|-1 1 -2
1.2 -2

AN A A\ N A N

=(-2+4)i -(2+2)j +(2-1Dk =2i —4j -3k

- >
w 1B by [ =2z (- 4R+ (32 = V29

— N —> - AN A A\ A N

Again (a; — a;) . (by x %:: i
o5
Call Now For Live Training 93100-87900
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Putting these values in eqn. (i),

181 8
S.D. (d) = E = @
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Exercise 11.3

Note: Formula for question numbers 1 and 2.
If p is the length of perpendicular from the origin to a
N

plane and m is a unit normal vector to the plane, then
- A

equation of the plane is . m = p (where of course p

being length is > 0).

@CUE'{ ,
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1. In each of the following cases, determine the direction
cosines of the normal to the plane and the distance from

the origin.

(a z=2 b)x+y+z=1

(c) 2x+3y—-z=5 d5y+8=0
Sol. (a) Given: Equation of the plane is z = 2

- o
Let us first reduce it to vector form r n
where d > 0

=d

or ox+ 0y +1z=2 (Hered =2 > 0)
A A A A A A

= (xi +yj +zk).(0i +0j + k)=2
(- aa +bb +cc =@ +b AN +c™). @™ +b N +c M)

12 12 12 1 i 1 ] 1 k 2 ] 2 J 2 k
> >
= r n = 2 where we know that
- A A A
r =xi +yj +zk = (Position vector of point P(x, y, z))
- A A A
and here N =o0i +0j + k
- - - A

Now let usreduce r . n =d tor . n =p

O
Dividing both sides by | n |, rﬁ'“ =2
InI
—> A AA
ie., ?.;1\:2=p wherea\:i_m
I:I JO0+0+1=1

AN A\ AN AN
ie, Nn=0i +0j +k andp =2
By definition, direction cosines of normal to the plane
AN AN AN A
are coefficients of i, j, k in n ie, 0, 0,1 and length

of perpendicular from the origin to the plane is p = 2.
(b) Given: Equation ﬁ& isx+y+z=1
= 1IXx + 1y + 1z, d=1>0)
ﬁAc/\

/\ A /\
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= i +yj +zk).(i +j +k)=1

RN - - A AN AN
ie, T .n =1 where n =i + j + k
N V12 +12 412
Dividing both sides by | n | = = , we have
3

> 1
ro D=
N -
InI InI
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A A A

_)
A n i+j+k

H
r = p where n ~ T
Inl Inl=+3

A 1
.n = —&—
e B3
A 1/\ AN

]

ie, 3=ii+—'+ik and p =
3 3 V3

3
By definition, direction cosines of the normal to the
AACA A 1 1

lane are the coefficients of i, j, k in n ie, =, —,
p ] BB

L and length of perpendicular from the origin to the plane

3
. 1
1S p = ﬁ

(¢c) Given: Equation of the plane is 2x+ 3y — z = 5
= 2x+3y+(—1z=5 (Here d = 5 > 0)
AN A AN AN A AN
= (xi +yj +zk).(2i +3jJ — k) =5

/ — - A AN
ie, r ‘ﬁ)=5 where n =2i +3] — k

Dividing both sides by | nl = #+9+1 = Ji4,
5o

n 5
we have r . — = —
— —
InI 1InI
_) ﬁ A A A
ie, r - =pwhere = n 2i+3j-k
5 =
" 14 : IE)I J4+9+1=414
A 2 A 3 A 1 A
Le., n = 14 i + 14 j - ? k
By definition, direction cosines of the normal to the
| i ¢ NN A 2 3
ane are coefficients of i, j, k in ie, —, —,
P J Nt e 714

-1
T and length of perpendicular from the origin to the

lane is =N
P Jia
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Dividing both sides by — 1 to make R.H.S. (= d) as positive,
—57=8 or ox+(—5)y+0z=8 |[Nowd=8 >0
AN

A A AN A AN

= (xi +yj +zk).(0i —-5j +0k)=38
- - - A A A
where n =0i -5j + o0k

ie, r . n =8
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Dividing both sides by | _)n| = 02+ (-5)2+02

_)
ie., |n|=J2_5=5
- _n> 8 - A 8
we have r — = _ je, r .n-—=—"7=P
— 5 5
InI
- Y
where?\=—"—=w
N 5
InI

0% _ 55,0

A A
- "]+ >k =0i

A A
- j +ok andp =~

5 - . 5
. "By defslmtlon, direction cosines of the normial to the
A AN A A
plane are coefficients of i, j, k in n ie, 0, — 1, 0 and

length of perpendicular from the origin to the plane is §'
5
2. Find the vector equation of a plane which is at a distance

of 7 units from the origin and normal to the vector
A A A

3i +5j - 6k-

- A A A
Sol. Here n =3i +5j —6k

.. The unit vector perpendicular to plane is

_> A A A A A A
;\zn— 3 3i+5j-6k _ 3i+5j-6k
fnr VEP 6P (-6 V70
Also p =7 (given)
- A
Hence, the equation of the required planeis r .n =p

7 (Bi+5j-6K) _

ie., 770
—> AN A AN
or r .31 +5j —6k):7\/7_0.

3. Find the Cartesian eﬁtion of the following planes:

d A A

CUET » A A A
@Aca%ﬁ;y
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@ r .(i+j-—Kk=2(®m r.@i+3j -4k)=1
- N A AN

@ r . [s-200i +3-8j +@2s+tk] =15
Sol. (a) Vector equation of the plane is
> A N A
r .(i +j —-k)=2 (D)
- A A A

Illtting rr=xi +yj +zk in (i) (we know that in 3-D,

r is the position vector of any point, P(x, y, 2)),
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Cartesian equation of the plane is
AN N AN AN A\ AN

xi +yj +zk).(i +jJ —k)=2
= x()+y()+z(-1)=2 = x+y-z=2.
(b) We know that r is the position vector of any arbitrary
point P(x, y, z) on the plane.

— A A A
r=xi +yj +zk,
—> A N A
r .(2i +3j —4k) =1 (given)
A A A A N A
= i+yj +zk).(2i +3] —4k)=1
= o2x+ 3y — 4z = 1

which is the required Cartesian equation of the plane.
(¢) Vector equation of the plane is

- A A A
r ‘[(S_Ef)i +(3-0j +(@s+0k]=15 (D)

We know that r is the position vector of any point P(x, y, z) on

plane (7).
N A A A
r =xi +yj +zk
— A A A

Putting r =xi +yj + zk in (i), Cartesian equation of
the require d plane is
N AN N

VAN
(xi +yj +zﬁ).[(s—2t)i +@B3-0j+@s+8k]l=15

ie, x(s —2t) +y(3 — t) + z(2s + t) = 15.
4. In the following cases, find the coordinates of the foot of
the perpendicular drawn from the origin.
(@ 2x+3y+4z-12=0 (b)3y+4z-6=0
@x+y+z=1 0(0,0,0)
(d) 5y +8=0.
Sol. (a) Given: Equation of the plane is
2X+ 3y +42—-12=0 LD
Given point is O(o, 0, 0)
Let M be the foot of perpendicular drawn i
from the origin (0, o, 0) to plane (i).
By definition, direction ratios of 2x+ 3y+ 4z-12=0
perpendicular OM to plane (i) are coefficients of x, y, z in (i)
ie, 2,3, 4 =a,b, c.
. Equations of perpendicular OM are

z-0 y-0 x-=0 _ h(say)

2 3 @éUET

Academy
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- Z_Y_X_y = =% Y —pand X =2
2 3 4 2 3 7

= X=2\y =3\, Z =4\
Point M of this line OM is M(2X, 3A, 41) .(ih)

for some real A.
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But point M lies on plane (i)
Putting x = 2, y = 3%, z = 4A in (i), we have
2(20) + 3(30) + 4(40) —12 =0

= 40 + 9L + 16L = 12 = 29A = 12
12
= A=
29
Putting A = 12 in (i), foot of perpendicular M| (24 36 48 D
29 L 29 29 29)

For figure, see figure of part (a).

Given: Equation of the plane is 3y + 42 — 6 = 0 ..(D)

Given point is O(o, 0, 0)

Let M be the foot of perpendicular drawn from the origin to

plane (i).

. By definition direction ratios of perpendicular OM to

plane (i) are coefficients of x, y, z in (i) ie, 0, 3, 4 = a, b, c.
. Equations of perpendicular OM are

z-0 _y-0 _ x=0 _ Z-7; _Y-V; X=X
o _ 3 a4 = M(say) a b c
:>E=X=f=k(say) :E=K,X=Xand5=x
0 3 4 3 4

= X=0,y =3\ 2z=4A
Point M of this line OM is M(o, 3%, 41) .(ih)

for some real A.
But point M lies on plane (i)
Puttingx= 0, y = 3A, z = 4\ in (i), we have
3(3L) + 4(4L) — 6 = 0 or 9A + 16A = 6
6

250 = 6 A=
= 5 = 55

. 6
Putting 2 = 55 in (ii), the required foot M of perpendicular

, .
K' 25 25|)

For figure, see figure of part (a).

Given: Equation of the plane is
X+y+z=1 0]

Given point is O(o, 0, 0)

Let M be the foot of perpendicular drawn from the

origin (0, 0, 0) to plane (i).

. By definition 6l tios of perpendlcular OM to

plane (i) are coef! CBEEY
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. Equations of perpendicular OM are
z-0 __y-0_ x-0 z-2;

1 1 1 a b C

Call Now For Live Training 93100-87900



©)

Class 12 Chapter 11 - Three Dimensional Geometry

ie, E=!=i(=k(say) W Zoo, Y —nand X 2
1 1 1 1 1 1
= X=Ay=»Az=A
Point M of line OM is M(X, A, A) .(ih)

for some real A.
But point M lies on plane (i)
Putting x = A, y = A, z = A in (i), we have

A+A+A=1 = 3A=1 = x=l
3

. 1
Putting 2 = 3 in (i), required foot M of perpendicular is

(lll l\|

\33 3)
For figure, see figure of part (a).
Given: Equation of the plane is

57 +8=0 (D)
Given point is O(o, 0, 0)
Let M be the foot of perpendicular drawn from the origin (0, 0, 0)
to plane (i).
". By definition, direction ratios of perpendicular OM to
plane (i) are coefficients of x, y, z in (i) ie, 0, 5, 0 = a, b, c.
. Equations of perpendicular OM are

z-0 _y-0 x-0 Z-2; Y-V X=X
0 5 0 a b c
z X
ie., _=!=_=Msay) -'~E=7»,X=7»and =
0 5 0 0 5
= X=0,y=5\2=0
Point M of line OM is M(o, 5X, 0) .(ih)

for some real A.

But point M lies on plane (i)

Puttingx =0,y =5\ and z=01in (i), we have
5(5x)+8:ogr25k:—8

= A= —
25

. 8
Putting % = — 95 in (i), required foot M of perpendicular is

0,240 o\ = 0,780,

las ) @@CFETJ
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5. Find the vector and cartesian equations of the planes
(a) that passes through the point (1, 0, — 2) and the normal
AA A
to the planeis i + j - k.

(b) that passes through the point (1, 4, 6) and the normal
A\

A\ A
vector to the planeisi —2j + k.
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Sol. (a) Vector form of equation of the plane
The given point on the plane is (1, 0, — 2)
The position vector of the given point is
N N A A A N
a =(,0,-2)=1i +0j -2k =i -2k
Also Given: Normal vector to the plane is
RN A A A
n=1i+j-Kk

. Vector equation of the required plane is

- 5> > ] 5> 5 o
(r —a). m = ie, r.n —a.n=o0
T =
ie., r.n =a . n
- -

Putting values of a and n,
- A A A A A AA A

re(i +j-k)=0 —-2k).00i +j - k)
—> A A N
e,V . (i +j -k)=10+o0@)+(=2)(-1)=1+2=3

—> A A A
ie, T .(i +j —k)=3

Cartesian form of equation of the plane

The plane passes through the point (1, 0, — 2) = (x,, y,, Z,)
> A A A

Normal vector to the planeis n =i + j - k

Direction ratios of normal to the plane are coefficients
N VANVAN —>
of i, j,kin n ie, 1,1, — 1.
Cartesian equation of the required plane is
ax —x) +b(y—y) +c(z-2)) =0

or ix-1)+1(y-0)-(Z+2)=o0
ie., X—1+y—-z-2=0
ie., X+y—2z=3.

(b) Vector form of the equation of the plane
The given point on the plane is (1, 4, 6).
.. The position vector of the given point is

N A A\
- .
a =(,4,6) =i +4j+6k
g N N N
Also Given: normal vector to the planeis n = i —2j+ k
- - —>
. Equation of the planeis (r — a). n =o0
> o5 5 > > o 5 o
or e, I . n =a.n

Putting values of@ﬁﬂ&imx\
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—> A AN AN
r.(i —2j +k)=0 +4j +6k).(i —-2j + k)

=1-8+6=-1 .0
Cartesian Form

The plane passes through the point (31, 4, 6) = (x,, y,, z,)-
- A A A
Normal vector to the planeis n = i —-2j +k.
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A
D.R.’s of the normal to the plane are coefficients of i,

ANA -
j, k in n
iLe., 1,—2,1=a, b, c

Equation of the requlred plane is

alx = %) + by~ y) + oz~ 2) =0
or 1(x )—( —'4) +1(z-6) =0
or x—1—2y+8+z—6=0
X—2y+2z+1=0
Alternatlvely for Cartesian form
A A A A A A
From eqn. (i), (xi +yj +zk).(i —2j + k) =-
or X—2y+z=—-10r X—2/+2z+1=0.
6. Find the equations of the planes that passes through three

points:
(@ (1,1,-1),(6,4,-5), (-4,-2,3)
(bh)1,1,0,0,2,1),(-2,2,-1)
Sol. We know that through three collinear points A, B, C i.e, through
a straight line, we can pass an infinite number of planes.
(a) The three given points are
AQ, 1, — 1), B(6, 4, — 5), C(- 4, — 2, 3)
Let us examine whether these points are collinear.
Direction ratios of line AB are
6-1,4-1,-5+1 | X2 = Xp, Yo = Vi 2. — 2,
=5,3 —4 =4, by, c1
Again direction ratios of line BC are
—4-6,-2-4,3-(-5=-10,-6,8 =a, b,, c,

a; _ by [ 5 3 4
H 1 _ =1 _ & - - _
¢y T o | -10 -6 8
1
= —_ = — =

" which is true.

.. Lines AB and BC are parallel.
But B is their common point.

Points A, B and C are collinear and hence an infinite
number of planes can be drawn through the three given
collinear points.

(b) The three given points are
A(l’ 1, 0) = (XI’yI’ 21), B(l; 2, 1) = (X27 Yas Zz)
and C(- 2, 2, — 1) = (x5, ¥, Z,)
Let us examine whether these points are collinear.
Direction ratios of line AB are

1-1,2-1,1-0 | Xo— Xy, Vo= Vi 22 — 2,
ie., 0,1,1=ai, by, 1
Direction ratios of line BC are
-2-1,2-2,-1-1=-3,0,—2=4a,,b,, c,
2 jﬂ‘CUET b,
Here - = alemy =
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-2
which is not true.
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Points A, B, C are not collinear.
. Equation of the unique plane passing through these
three points A, B, C is

X = X Y=V Z-2Z
X=X Y2=¥YI Z-Z| =0
X3=X Y3~V Z3—-Z
z-1 y-1 x-0 z-1 y-1 X
= 1-1 2-1 1-0| =0=> 0 1 1| =0
-2-1 2-1 -1-0 -3 1 -1

Expanding along first row,
x-D(C1-1)-@-1DO+3)+zZ(0+3)=0
—2x-1)-3y-1)+3z=0
—2x+2-3y+3+32=0
—2x—-3/+32+5=0
2x+3y—-32-5=0
or 2x + 3y —3z=5
which is the equation of required plane.
7. Find the intercepts cut off by the plane 2x+ y - z= 5.
Sol. Equation of the planeis 2x + y —z = 5
Dividing every term by 5, (to make R.H.S. 1)

X
ngy_ =1or £ ¥, X

bUuuuy

= — — =1
5 5 5 L‘ 5) 5 -5
(2
Comparing with intercept form z 4 Y i X - 1, we have
a b C

5 . .
a=",b =5 c = — 5 which are the intercepts cut off by the

2

plane on x-axis, y-axis and z-axis respectively.
8. Find the equation of the plane with intercept 3 on the y-axis
and parallel to ZOX plane.
Sol. We know that equation of ZOX plane is y = 0.
Equation of any plane parallel to ZOX plane is y = k ()
(. Equation of any plane parallel to the plane
ax+by+cz+d=0isax+by+cz+ k=0
ie, change only the constant term)
To find k. Plane (/) makes an intercept 3 on the y-axis (= x =
0 and z = 0) i.e, plane (i) passes through (o, 3, 0).
Putting x = 0,y = 3 and z = 0 in (i), 3 = k.
Putting k = 3 in (i), equation of required plane is y = 3.
9. Find the equation of the plane through the intersection of

the planes 3x—y + 22?—6— YARf X +y+2z —2=0and the point
2,2, 1. gAcadMemy
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Sol. Equations of the given planes are
3x—-—y+2z2—-4=0and x+y+z—-2=0
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(Here R.H.S. of each equation is already zero)
We know that equation of any plane through the intersection of
these two planes is

L.H.S. of plane I + A(L.H.S. of plane II) = o
ie, X—y+22—-4+Mx+y+z-2)=0 ..(0)
To find A. Given: Required plane (i) passes through the point(2,
2, 1).
Putting x = 2, y = 2 and z = 1 in (i),
6—2+2—-g4+rM2+2+1-2)=0

or 2+3L.=0 = 3A=-2 = A=-—-
3
. 2
Putting A = — 3 in (i), equation of required plane is
2
3X—-y+22—4-"(xX+y+z-2)=0
3
= X — 3y +6z2—-12-2x -2y — 22+ 4 =0
= 7X — 5V + 4z — 8 = 0.
10. Find the vector equation of the plane passing through the
el A\ A\ A\

intersection of the planes r . (2i +2 j - 3k) =7,

> A A A
r.2i+5j +3k)=9 and through the point (2, 1, 3).

Sol. Vector equation of first plane is
RN A A A A A A A A A

r.(2i +2j -3k)=7 ielxi +yj+zk).(2i +2j-3k)=7

ie.2x+2y—3z2—7=0 (making R.H.S. zero) ...(D)
Vector equation of second plane is
—> VAN A A A A A A A AN

r.(2i +5j +3k)=9 iexi +yj+zk).(2i +5j+3k)=9

ie.2X+5/+32—9=0 (making R.H.S. zero) ...(i)

We know that equation of any plane passing through the line of
intersection of planes (i) and (ii) is

L.H.S of (i) + A L.H.S of (if) = 0
ie.2x+2y—-3z2—7+ A (2x+5/+32—-9) =0
ie.2x +2y—32—7+4+ 2\ + 50 + 32 — QA = O
ie.(2+2M)x+(2+50)y+(-3+30)z=7+09A ...(iii)
To find 2 : Given plan@gm through the point (2,1,3)
putting x = 2,y =1, z
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2+20)2+(2+50)1+(-3+30)3=7+ 9L
or 4 +4h +2+50L -9+ 9k =7+ 9L

10
OL—3=7 =>0A=10= A= 9
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. 10
Putting A =

9 in (iii), equation of required plane is

( 5 30)
(2+@\x+(2+®\ 3+ z=7+10

Multiplying by L.CM. = 9, 38x + 68y + 3z = 153

or x (38) +y (68) + z (3) = 153

N A N N A A
or(xi +yj +zk). (381 +68j +3k) =153
- A A A
ie.r .(38i +68 + 3k) =153
]

which is the required vector equation of the plane.

11. Find the equation of the plane through the line of
intersection of the planes x+y+z=1and 2x+ 3y +4z=5
which is perpendicular to the plane x—y +z = 0.

Sol. Equations of the given planes are
x+y+z=1 and 2X + 3y + 4z =5
Making R.H.S. zero, equations of the planes are
X+y+z—-1=0 and 2x+ 3y + 4z — 5 = O.
We know that equation of any plane through the intersection of
the two planes is
(L.LH.S. of I) + M(L.LH.S. of II) = 0
ie., X+y+z—1+M2x+3y+42z—-5)=0 (D
ie., X+y+z—-1+2Ax+3\ +4 Az — 5L =0
e, (1+2M)x+ @ +3M)y+@+40)z—-1-5L=0
Given: This plane is perpendicular to the plane
X-y+z=0
a.a, + byb, + c;¢, =0

i.e, Product of coefficients of x + ... = 0
A+20)-@+30)+1+41=0
= 1+2L-1-3A+1+4L.=0 = 3L +1=0 = 3A=-1
= A=
3
. =1
Putting A = 3 in (i), equation of required plane is

1
X+y+z—-1—-"(2x+3y+4z-5)=0

ivlvi CUET
Multiplying by L.C.M. Academy
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3X+3y+32-3-2x—-3y-42+5=0 = Xx—2z+2=0.
12. Find the angle between the planes whose vector equations

are
— A A A — A A N

r..2i+2j -3k)=5and r .(3i —-3j +5k)=3.
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Sol. Equation of one plane is
- A A A

r .(2i +2j —-3k)=5 (D

- >
Comparing (i) with r . n; = di, we have

- A A A
normal vector to plane (i) is N1 =21 +2j -3k
- A A A
Equation of second planeis r .(3i —-3j +5k)=3 (i)

- -
Comparing (if) with r _ p, = d>, we have

—> A A A
normal vector to plane (i) is N2 =31 — g j +5 k

Let 6 be the acute angle between planes (i) and (if).

- -
By definition, angle between normals n; and n, to planes (i)

and (i) is also 0.
- -

Ini.npI _ I2(3) + 2(—3) + (= 3)51
cos 0 = N =

_)
InyIInyI /4+4+9,9+9+25
I- 151 _15 _15
16-6-151 _ fi7.43 _ 731 o 731
=] = = 5.0 = .
-\/ﬁ\/‘ﬁ COS

13. In the following cases, determine whether the given planes
are parallel or perpendicular and in case they are neither,
find the angle between them.

(@7x+5y+6z+30=0and 3x-y—-10z+4=0
b)2x+y+3z-2=0andx-2y+5=0
(c)2x -2y +4z+5=0and 3x-3y+6z-1=0
(d 2x-y+3z-1=0and2x -y +3z+3=0
(e4x+8y+z-8=0andy+2z-4=0.
Sol. (a) Equations of the given planes are
7X + 5/ + 62+ 30 =0
(ax +by +cz+d =0)

and 3x—y—-10z+4=0 (a,x+ b,y +c,z+d,=0)
Here 2 _bBi _ €1 becomes 2 _ 5 _ 6 which is
ax b2 C 3 -1 -10
(W CUET
not true. @ Academy
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. The two planes are not parallel.

Again a,a, + bb, + cc, =21 —-5—-60=21—-65=—44#0
.. Planes are not perpendicular.

Now let 6 be the angle between the two planes.

_ Iajay + biby + i1
Ja2 + b2 + & \Jad + bZ +

) 17(3) + 5(= 1) + 6(= 10)I
D252+ (6) 3 + (1) + (-107

. cos 0 =

Call Now For Live Training 93100-87900



Class 12 Chapter 11 - Three Dimensional Geometry

_ 121 — 5 - 601 _ I- 441
J49+25+36.,9+1+100 J11010

_ =44l 44 2 - 9=cos! (2)
110 110 5 |\5|)

(b) Equations of the given planes are
2x+y+3z—-2=0 (ax+by+cz+d=0)
and x-2y+5=0 ie, X—2Y+02Z+5=0
(a,x + byy + ¢,z + d, = 0)
Are these planes parallel?

IN
—

Here a3 _bi = 1o _ 1 = 3 which is not true.
a2 b, & 1 -2 0
L’

(Ratio of coefficients of x in equations of two planes)
. The given planes are not parallel.
Are these planes perpendicular?
alai+ bb,+cc, =2(1)+1(-2)+3(0)=2-2+0=0

(Product of coefficients of x)
. Given planes are perpendicular.
(¢) Equations of the given planes are
2x — 2y + 4z + 5 = 0 (ax + by + ¢z + d; = 0) and
3x — 3y +6z — 1 =0 (a,x +by + ¢z +d, = 0) Are
these planes parallel? 5
= =91=£1:>§ -2 _4 _ 2_2 ¢

ax b2 C

Here

- -3 6 3 3 3

which is true.
. The given planes are parallel.
(d) Equations of the given planes are
2x -y +3z—-1=0 (ax +by +c¢z +d, =0)and
2x —y+3z +3=0 (a,x +b,y +c¢c,z +d, = 0) Are
these planes parallel?

Here & _bi _&

ax b2 G

which is true.
The given planes are parallel.
s are

(e) Equations of the g
4x+8y+@lﬁ d&ﬁy{+bly+clz+d1= 0)
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and y+z—-4=0 ie, OX+y+zZ—4=0
(ayx + byy + ¢,z + dy = 0)
Are these planes parallel?

Here 21 b g - 4 _8 _ 1 which is not true.

a b, G 0 1 1
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The given planes are not parallel.
Are these planes perpendicular?
Here a,a, + b,b, + c,c, = 4(0) + 8(1) + 1(1)
=0+8+1=9=%0 (D
*. The given planes are not perpendicular.
To find the (acute) angle 0 between the given planes.

- >
cos 0 = —Jajay+biby+ ol Ing.nypl
Ja2 + b2 + & \JaZ + bZ + Ir:;IIrT;I
_ 14(0) + 8(1) +1(1)1 _ I8+11
J16 + 64 +1 /02 +12 412 V812
9 1 o . o
=9—J§=ﬁ=cos45 S0 =45°

14. In the following cases find the distances of each of the
given points from the corresponding given plane.

Point Plane
(@) (0, 0, 0) 3x —4y + 12z =3
(b) 3,-2,1) 2x —y+2z+3=0
(© (2, 3,-5) X+2y—-2z=9
(d (-6,0,0) 2x -3y +6z-2=0.

Sol. (a) Distance (of course perpendicular) of the point (0, 0, 0) from
theplane 3x—4y+ 12z = 3 or 3x — 4y + 12z — 3 = O
(Making R.H.S. zero) is
Tax; + by, + czj + dI _ I3(0) —4(0) +12(0) - 31

J2Z+b+ JB)2 + (- 4)2 + (12)2
_ -3t 3 _3
J9 +16 + 144 V169 13°

(b) Length of perpendicular from the point (3, — 2, 1) on the
plane 2x —y + 2z + 3 = 0
(Substitute the point for x, y, zin L.H.S. of Eqn. of plane

and divide by /a2 + b% + c?)

_12(3) = (=2)+2(1) +31 _ I6+2+2+31 13
3

\/(2)2+(_1)2+(2)2 B \/4+1+4:\@ B

(¢) Length of perpendicular from the point (2, 3, — 5) on the
plane
X+2y—2z=9orx+ 2y — 2z -9 =0 (Making R.H.S. zero)

:IZ+2(3)—2(—5)—9I _12+6+10-91 _ 9 _ 9 _4
Jape@eecap - JIeAsE V9T

(d) Distance of the P@gﬁ%{lﬂ} from the plane
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2x -3y +6z-2=0
(Here R.H.S. is already zero)
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Iaxp+byi+cz +dI _ I2(-6)-3(0)+6(0) - 21

Va? +b? + 2 J(2)2 + (=32 + (6)?

I-12-21 I1-141 14

J4+9+36 B 7

@CUE'{ ,
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MISCELLANEOUS EXERCISE

1. Show that the line joining the origin to the point (2, 1, 1) is
perpendicular to the line determined by the points (3, 5, - 1),
(4,3,-1).

Sol. We know that direction ratios of the line joining the origin (0, 0, 0) to
the point (2, 1, 1) are
X=X, Yo=YV Z,-2,=2-0,1-0,1-0
=2,1,1 = ai, by, ci1.
Similarly, direction ratios of the line joining the points (3, 5, - 1)
and (4, 3, - 1) are
4-3,3-5-1-(-1)=1,-2,0=a, by, c,.
For these two lines a,a, + b1b, + c¢;c,
=2(1) +1(-2)+1(0)=2-2+0=0
Therefore, the two given lines are perpendicular to each other.

2. If I, my, n; and I,, m,, n, are the direction cosines of two

mutually perpendicular lines, show that the direction cosines

of the line perpendicular to both of these are mn, - m,n,,
n,l, - n,l;, Iim, - I,m;.

Sol.
L
72 L,
A A\
n A A((\
N,
rd n1 Ll

<ly, Mg, N>

1, my, n;; and I, m,, n, are d.c.’s of two mutually perpendicular given
lines L1 and Lz (say).

A A
Let nj and n, be the unit vectors along these lines L, and L,.

- A A A A A A A
Mo=Li +mj +nk and ny =Li +m,j +nk
AN

Let L be the line L to both the lines L; and L,. Let N be a unit

vector along llne L 1 to both llnes L and L,
A

r= Mixh @Ay’rﬁ%ﬂy
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N N N N

INxMmI IMIINIsin90°
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N N N
i j h
A N A
= n=n x N, = ll my N
L m m
A A A A
or n =(mn,-myn)i -Un,-Ln)j + ({Am,-ILm)h

AN
Now because n is a unit vector, therefore its components are its
direction cosines.

AN
Thus d.c’s of n are mn, - m,n,, Ln, - I )n,, I m, - I,m,
ie, d.c’sofline L are myny — mynq, I;nq — l1ny, [1my — I,m4.

3. Find the angle between the lines whose direction ratios
area, bcand b-c,c-a, a-b.
Sol. Given: Direction ratios of one line are a, b, ¢
- A A A

= A vector along this line is by =ai +pj +ch

Given: Direction ratios of second lineare b-c,c-a,a - b
= A vector along the second line is
—> A A

A
b, =(b-c)i +(c-a)j *+(a-Db)h

Let 6 be the angle between the two lines.
- >

b . L

- >

Lb Wh, L

We know that cos 6 =

A a(b—c)+b(c—a)+c(a—b)
\/a2+b2+c2 \/(b—c)2+(c—a)2+(a—b)2

ab—ac +bc—ab+ac-bc

or cos 6 =
\/a2+b2+c2 \/(b—c)2+(c—a)2+(a—b)2
_ 0
\/a2 +b? +c? \/(b—c)2 +(c-a)}+(a-b)?
=0 =cos 90° .. 6 =90°
4. Find the equation of a line parallel to x-axis and passing
through the origin. Z
Sol. We know that a unit vector along x-
A A N AN

axisis i =1 +0] +iih
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A AN A
x-axis are coefficients of i, j, h in
the unit vector ie, 1, 0, 0 = [, m, n.

Equation of the required line
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passing through the origin (0, 0, 0) and parallel to x-axis.
(In fact this required line is x-axis itself)

s =0 _y=0_x=0 ie,

1 0 0

z _y _X
1 0 0
Remark. Whenever it is not mentioned “find vector equation of
the line (or plane)”, we should find cartesian equation only.

However vector equation of the required line in the above question

is == o +AD
r a b
- —> AN
(Here _;; =¢gand p= j{)
- - A - A
ie., r =0 +A2i = r =2Xi.

5. If the coordinates of the points A, B, C, D be (1, 2, 3), (4, 5, 7),
(-4, 3,-6) and (2, 9, 2) respectively, then find the angle between
the lines AB and CD.

Sol. Given: Points A(1, 2, 3), B(4,5,7),C(- 4, 3,- 6) and D(2, 9, 2).
Direction ratios of line AB are x, — Xy, V2 - V1, Z2 — Z1

N D(2,9,2)
b
A
(1,2,3) 0
> B
by 4,5,7)
C(—-4,3,-6)
ie, 4-1,5-2,7-3=3,3,4=a,, by, c;
g A A A

. A vector along the line ABis b, =3i +3j +4k

Similarly direction ratios of line CD are
2-(-4),9-3,2-(-6) =6,6,8=ay b, c.
- A A A
A vector along the line CD is b, =6i +6j + 8k

Let O be the angle between the lines AB and CD.
_ Jajay +bjby + ¢yl
Jat + b + ¢ \aj 403 + G
- >

_Ib;.byI _ I3(6) + 3(6) + 4(8)I

ST o 9@&351'&%?&364

We know that cos 0 =
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Ib, IIb,I
_118+18+321 _ _ 68 68 68

J3A136  34x136  34x34x4  34x2
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=1 = cos 0° L 0=0
Lines AB and CD are parallel.

_ _ z-3 — —
6.Ifthelines%=u= andu=u=

- 2k 2 3k 1

— are perpendicular, find the value of k.

. .. oz-1 y-2 x-3
Sol. Given: Equation of one line is = =
3 2k 2
(It is standard form because coefficient of x, y, z each is unity)
Direction ratios of this line are its denominators

-3 2k, 2 =a, bv Cy
—> A A A
(= a vector along this lineis b, =—-31i +2kj +2k)

= — x=6
Equation of second line is z=1 _y-1 _ (Standard form)

3k 1 -5

Direction ratios of this line are its denominators
3k, 1, — 5 = a2, b2, C2
—> VAN A AN
(= a vector along this line is b, =3ki +j — 5Kk

Because the lines are given to be perpendicular, therefore
- -
b; . b, (= a,a, + bb, + ¢ic,) = 0

= (= 3)(3K) + (20 + 2(-5) =0
= — 9k + 2k —10 = 0
= -7k =10 = k= _7—10
7. Find the vector equation of the line passing through (1, 2, 3)
4 A\ N N

and perpendicular to the plane r . (i +2j -5k) +9=0.
Sol. The required line passes through the point

P(1, 2, 3).
_)
Position vector a (say) of point P is P(1.,2.3) = a
1, 2
(12,3 , N A N
- . . n=b
= a=1+2j +3Kk
Equation of the given plane is / |M /
N A A A
r.(i+2j—5%gﬁrgmy A A A

Call Now For Live Training 93100-87900




Class 12 Chapter 11 - Three Dimensional Geometry

N A A A ro(it2j-5K+9=20
= r .(i +2j —-s5k)=-9
e -
Comparing with r . n = d, we have normal vector n to the

RN A A A
given planeis n = i +2j - 5k.

Because required line is perpendicular to the given plane,
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- -
— along the required line PMis b = n
therefore vector b

A
=1

+

A A
2j -5k.
Equation of required line is = + A
r a b
- A A A A A A
ie, r =i +2j +3k +A(i +2j —5k).

8. Find the equation of tE)e plane passing through (a, b, ¢) and
parallel to the plane 00+ o+ )=2
r i j k
- A AA
Sol. Equation of the given planeis r . (i +j + k) =2

AN AN AN N N N
=>&i +yj +zk).(i +j +k) =2
- A A A

[ r=xi+yj +2k]

> XxX+y+z=2

. Equation of any plane parallel to this plane is

X+y+z=»A () (changing constant term only)
To find A: Plane (1) passes through the point (a,b,c) (given). Putting
x=ay=bz=cin (la+b+c=\
Putting A =a + b + ¢ in (i), equation of required plane is
x+y+z=a+b+c
9. Find the shortest distance between the lines

N A A A A A A

r=6i+2j +2k +a(i -2j +2k)

- AA A A A
and r=-4i -k +puBi -2j -2k).

Sol. Given: vector equation of one line is

N A A A A A A
rr =6i +2j +2k +1(i —2] + 2k)

- > -

1
Comparing with r = a; +ib we have

DS
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A A —> VAN A VAN
N A+2j +2k and b = j -2j +2Kk
a; =6i

Given: Vector equation of second line is

—> A A A A VAN
r=-—4i —k +ui@i —2j -2k)
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- -

— = a
Comparing with r 2 + puby, we have

- A A - A A A
a2 =-41i -k and b, =3i —2] -2k

We know that length of shortest distance between two (skew)

lines is
e
I(a; — a;) . (by xby)I
- o> (D)
IblbeI
N N A A A A A
Now a, —a; = —4i —k —(6i +2j +2k)
AN A A A A A\ AN A

=—4i —k —6i —2j —2k =-10i —-2j -3k

- i J k
Again by x b, =1 -2 2
3 -2 -2
Expanding along first row
A A A A A A
=i(4+4) - j2-6)+k(=2+6)=8i +8j +4k
- N —> el
oo (a2 = ag). (b1 x by) =(-10)8 + (- 2)8 + (- 3)4
=—-80-16 — 12 = — 108

- -
and b« b, | = \(8)?+(8)* + (4)?
= J64+64+16 = 144 = 12

Putting these values in (i), length of shortest distance
_1-108I 108
T2 T o1 ?
10. Find the coordinates of the point where the line through (5, 1, 6)
and (3, 4, 1) crosses the YZ-plane.
Sol. Given: A line through the points A(5, 1, 6)
and B(3, 4, 1).
Direction ratios of this line AB are

A5, 1, 6)
Xo =Xy, Vo = Vi Z2 — 24

ie, 3—-54—-1,1—6 B(3, 4, 1)

ie, —2,3,—-5=a,b,c

Equation of line AB'# EU%T %
cademy
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a b ¢ YZ-plane = x=0
. z-5 _y-1 x=6 .
Le, > T 3 * _s (D
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Let us find the coordinates of the point where this line AB
crosses (= cuts or meets) the YZ-plane (= x = 0) ...(i0)
To find this point P, let us solve (i) and (ii) for x, y, z.

Putting x = o from (i) in (i), =2 _y-1 _x-6

-2 3 -5
- 2 _ y-1 x-6
2 3 5
y-1 5 x-6 _ 5
= 3 5 and s 5
= 2y—2=15 and 2z — 12 = — 25
= 2y = 17 and 2z = — 13
_7 _ =13
= y = 2 an zZ= 2
Required point is P (0, ﬂ, =13) .
2 2

11. Find the coordinates of the point where the line through
(5,1, 6) and (3, 4, 1) crosses the ZX-plane.
Sol. Given: A line through the points A(5, 1, 6) and B(3, 4, 1).
For figure, see the figure for Q. No. 10
Direction ratios of this line AB are
Xo =X, Vo — V1,2, — 2, e, 3—-5,4—1,1—-6
ie, —2,3, —-5=a,b,c

Equation of line AB is Z_az- = = = =

Le., =

= (D)

Let us find the coordinates of the point where this line AB
crosses (= cuts or meets) the ZX-plane (= y = 0) ...(i)
To find this point P, let us solve (i) and (ii) for x, y, z.
Putting y = o from (ii) in (i), we have

z-5 _ -1 _ x-6 z-5 -1 dx_—6___
2 3 -5 2~ 3 M g 3
= 3x—-15=2 and 3z -18 =5
= 3x = 17 and 3z = 23

17 23
= X = and zZ=
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17 23
Required point is P(|_, 0, 2) b
3 3.

12. Find the coordinates of the point where the line through
(3, -4,-5) and (2, - 3, 1) crosses the plane 2x +y + z = 7.
Sol. Direction ratios of the line joining the points
A(3, — 4, — 5) and B(2, — 3, 1) are
2-3,-3-(-4),1-(-5)ie,—1,1,6
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z-3 __y+4 _X+5

. Equations of the line AB are —1 1 6 (D

Equation of the planeis 2x + y + z = 7 ...(ii)

Let us find the point where line (i) crosses (ie, cuts ie., meets)
plane (if).

*. For this, let us solve (i) and (ii) for x, y, z

-3 __y+4 x45
1 1 6

From (i), = )\ (say)

X—3=-Ay+4=2A2z+5=06\A
X=3-Ay=—4+Az=-—5+ 6L ...(iif)
Puttlng these values of x, y, zin Eqn. (ii), we have
23-M+(-4+M)+(5+61)=7
or 6—-2L—4+A—-5+4+6L=7 or 5, =10 Or A = 2.
Putting A = 2 in (iii), point of intersection of line (i) and plane (i) is
X=3-2=1,y=—-4+2=-2,z=—-5+12=7.
". Required point of intersection is (1, — 2, 7).

13. Find the equation of the plane passing through the point (-
1,3,2) and perpendicular to each of the planesx+ 2y + 3z = 5and
3x+3y+z=0.

Sol. We know that equation of any plane through the point (-1, 3, 2) is

a(x - X1) + b(y _yl) + C(Z = Zl) =0

ie., ax+ 1) +b(y—-3)+clz-2)=0 (D
ie, ax+a+by—-3b+cz—2c=0
or ax + by + cz=—-a + 3b + 2c
Given: This required plane is perpendicular to the plane
xX+2y+3z=5 .. aa,+bb,+cc,=0
i.e, Product of coefficients of x + ... = 0
a(1) + b(2) +c(3) = 0 ..(id)

Given: Again the required plane is perpendicular to the plane
3Xx+3y+z=0

aa,+ bb,+ cc, =0

ie, a(3) + b(3) +c(1) =0 ..(iii)

Solving (ii) and (iii) for a, b, ¢
a -b C ) b
= = e, — =_— = —_
2-9 1-9 3-6 -7 8 -3

Putting these value of a, b, ¢ in (i), equation of required plane is

_7(x+1)+8(y®£ % 2) =0

lemy
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ie, -7x—7+8 —-24-32+6=0
ie., -7x+8y -3z-25=0
ie., 7x — 8y + 3z + 25 = 0.
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14. If the points (1, 1, p) and (- 3, 0, 1) be equidistant from the

RN /\ A A
plane r . (3 i +4j -12k) + 13 = 0, then find the value
of p. - A A A
Sol. Equation of the given planeis r . (3i +4j —12k) +13 =0
AN A N A A\ N
ie, (xi+yj +zk).(@i +4j —12k)+13=0
%
[~ r = Position vector of any point (x, y, z)
N A AN
on the plane = xi +yj + zk]
= 3X + 4y — 122 + 13 = O (D
Given: The points (1, 1, p) and (- 3, 0, 1) are equidistant from
plane (i).

= (Perpendicular) distance of point (1, 1, p) from plane (i)
= Distance of point (— 3, 0, 1) from plane (i)
N I3(1) +4(1) —12(p) +131 _ I3(=3) +4(0) —12(1) + 131

V9 +16 + 144 V9 +16 + 144

3+4-12p+131 1=9-12 +13]

13 13

= l20-12p|=1-8]=8

= 20—12p=i8[‘.‘If|x|=a,a20,thenx=ia]

Taking positive sign 20 — 12p= 8 = — 12p= — 12

= p=1

Taking negative sign 20 — 12p= — 8

—28 7
—12p = — 28 = —__ = ~ Hence, =1 or = "

= p = P _12 3 p p 3

15. Find the equation of the plane passing through the line of
- A A A
intersection of the planes r . (i + j + k) =1 and
- A A A

r .(2i +3j - k) + 4 =0 and parallel to x-axis.
Sol. Given: Equation of first plane is
—> A A A
r.(i +j +k)=1
A A A N OANA
=>&i+yj +zk).(i+j+k)=1

=>Xx+y+z=1

Making R.H.S. zero @CUET
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= X+y+z-1=0 (D
Equation of second plane is

Y
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—> A A A
r.2i+3j —k)+4=o0
A A A A A A

= &i+yj +zk).(2i +3) —k)+4=0

= 2X+3y—-Z+4=0 ...(ii)
(Here R.H.S. is already zero)

We know that equation of any plane passing through the line of
intersection of these two planes is L.H.S. of (i) + A [L.H.S. of (i)] = 0
iex+y+z-1+Ar(2x+3y—-2z+4)=0
SX+y+z-1+2Ax+3W—-Az+4L =0

>0 +2)x+@+3)y+@-NMz-1+4r=0 ...(ii0)
> ax+by+cz+d=0

Given : Required plane (iif) is parallel to x-axis = al + bm + cn = 0

...(iv)
we know that a vector along x-axis is »* + 0/ A
b i j +oKk.
A A AN
. D.R's of x-axis are 1,0,0|coeff of i , j, k =1L mn

Putting values of a,b,c, L m,n, in (iv), we have
@+20)1+@+30)0+(1-2o0=0

= 1+2L=0 = 2A=—-1=>A= — )

Putting L =— 1

) in (iii), Equation of required plane is

3 1
1-1)x+ (1*‘y+ 1+‘\z—1—2=0

ool b2

Multiplying by =2, y — 3z + 6 = 0
Note: Condition al + bm + cn = 0 is cartesian equivalent of
b.n=0
16. If O be the origin and the coordinates of P be (1, 2, - 3), then
find the equation of the plane passing through P and
perpendicular to OP. x0(0, 0, 0)
Sol. Given: Origin O(0, 0, 0) and point P(1,
2, - 3).
We are to find the equation of the plane passing

through P(1, 2, - 3) = (x mzc)ﬁ erpendicular
to OP. A EGEP

cademy
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... Direction ratios of normal OP to the plane are
1-0,2-0,-3-0 | X, = Xy Vo = Y0 22 — 2y

ie, 1,2, — 3 =a,b, c.

. Equation of the required plane is
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a(X - X1) + b(y _yl) + C(Z - Zl) =0

ie., 1x-1)+2(y-2)-3z+3)=0
ie., X—1+2y—4—-32—-9=0
ie., X+2y—3z—-14 = 0.

17. Find the equation of the plane which contains the line of
N A A A
intersection of the planes r.(i +2j+3k)-4=0,
RN A A AN
r .(2i + j -k)+ 5 =0 and which is perpendicular to

- A A A
the plane r . (51 +3j -6k) +8=0.

d A A A
Sol. Equation of first plane is r . (i +2] +3k)—-4=0

A A A A A A
ie. xi+yj+zk).(i+2j +3k)—-4=0
ie.x+2y+32-4=0 ... () (R.H.S. already zero)

— A\ A AN
Equation of second plane is r . (2 +j—k)+5=0

A AA AAA
ie. xi+yj+zk).(2i+j-k)+5=0
ie. 2x+y—z+S=0 ... (i) (R.H.S. already zero)
We know that equation of any plane passing through the line of
intersection of planes (i) and (i) is
L.H.S. of (i) + A L.H.S. of (ii) = 0
ie.x+2y+32-4+A(2x+y-2z+5)=0
ie.x+2y+32-4+ 2\ +Ay - AZ + 5L =0

iee(1+20)x+2+MNy+@B3-NMNz—4+5L=0 N (71))]
Given : Required plane (iii) is perpendicular to the plane
—> A A A
r.si+3j —6k)+8=o0
VAN A A A A A
ie.(xi+yj +zk). (51 +3j —6k)+8=0
ie.5x+3y-6z+8 =0 ... (iv)
. a0, + bib, + i€ = 0
i.e. product of coeffient of x in (iii) and (iv) ...... Frvrreenrnens =0

L(@+20)5+(@2+0)3+(3B-0(6)=0
= 5+10L+6 + 3L — 18 + 60 = O
7

=>19A -7 =0 = 19A =7 = A = T

: 7. . . .
Putting 2 = T in (iii), equation of required plane is
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k' 19') \' 19') 19
45 50 41

y + z - =0
19 19 19
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Multiplying by 19, equation of required plane is
33x + 45y + 50z = 41
18. Find the distance of the point (- 1, - 5, - 10) from the point

of intersection of the line
—> A A A A A A

r=2i-j +2k +231i +4j + 2k) and the plane
—> AN A A
r.(i-j+k)=5.
Sol. Given: Point P (say) (- 1, — 5, — 10).

N
P(-1, -5, —10) AL

Q
X—y+z=5
Given: Vector Equation of the line is
- ATA A A A A — N
r=2i —j +2k +A3i +4j +2k)= a+ib

- A AN A
This line passes through the point a=2 i- j+ 2k

= (2, -1, 2) = (x5, ¥, 2,) and is parallel to the vector
N AN AN
3i+4j+2k ie has dr's 3,4,2.
Equation of the given line in cartesian form is

x=2 _y4l _2-2

3 = 3 ’ = ) (say) ()]
(XX _y-vi _ z=21)
\|a b cU
—> N N
Vector equation of the given planeis r .(i - j + k) =5
AN A AN AN A AN
ie.(xi +yj +zk).(i - j +k)=5
= X_y+Z:5 ...(ii)

Let us solve (i) and (ii) for x, y, z to find point of intersection
(say Q) of line (i) and plane (ii).

From (i) x —2 =3\, y+1=4A, z— 2 =2\

Le.x =2+ 3\ y=—1+4+4A2z= 2 + 2\

o Point Q is (2 + 3L —1 + 4A, 2 + 2)) for some real A ... (iii)
Putting these values of] CUET)

2+ 30 +1—4h+ 2+ %ca%wzo
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Putting A = 0 in (iii), point Q is (2, -1, 2)
.. Distance of the given point P(- 1, — 5, — 10) from the point

Q(2, — 1, 2)
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=PQ = J(2+12+(-1+5)+(2+10)
(\/(Zz - 21)2 +(y2 - y1)* + (2 = x¢)* )

= J9+16+144 = {169

19. Find the vector equation of the line passmg through (1, 2, 3)
and parallel to the planes (

r i j +2k) =5 and
N A A A
r .(3i + j + k)=6. ] b
Sol. Given: The required line passes through /_n)1=li\—f+ 2E
the point A(1, 2, 3) (= )
— a = Position vector of point A / /
Dot sk ri-f+2k) =5

=i +2j +3k
%

Let b be any vector along the required line.

Vector equation of required line is ? = > 4+ XE’

a

- A A A -
= r =(i +2j +3k)+ib (D)
Because the required line is parallel to the plane

- A A A

r.(i —j +2k)= 5

- - N A A - -
(Form r . ni =diwhere n1 = i - j +2k) . p | m, = 0

- -

Similarly, b . n2 =0
['.- The required line is also parallel to the plane
- A A N - - - N A N

r.Bi +j+k)=6 e r.n =dwherem =3i + j + K]

- RN - -
Now b . n=0and p . n; =0

- - -

= b is perpendicular to both n; and n;
-

= = rﬁ x@ﬁ%&&;{ﬁ?yition of cross-product)
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i)k

=1 -1 2

3 1

Expanding along first row
N A A A A A A
b =i(-1-2)-ja-6)+k@+3)=-31 +5] +4k
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Putting this value of b~ in (i), vector equation of required line is

—> N N N A\ AN AN
r=(i +2j +3k)+mM-=3i +5j +4k).
20. Find the vector equation of the line passing through the
point (1, 2, - 4) and perpendicular to the two lines:

x=8 _ y+19 - z-10 and x=15 _ y—29 _ z—5_

3 -16 7 3 8 -5

Sol. Given: A point on the required line is A(1, 2, — 4).

Position vector of point A is _)a =(1,2 —4)
A N AN
=i +2j -4k

N
A(l,2,-4)=a

x=15_y—29_2z-5
8 =5

3 - 16 7
Equations of the two given lines are
z-8 y+19 x-10

3 -16 7

(Standard Form)

and = = (Standard Form)

.. Direction ratios of first given line are its denominators 3, — 16, 7
—> A N AN
ie, a vector along this lineis b1 =3i - 16j + 7k and

direction ratios of the second given line are also its denominators

3, 8’ -5
- A A A
ie, avector along the second lineis b, =3i +8j -5k

-

Let b be the vector along the required line perpendicular to the
two given lines.
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b=b1><b2
> 5 >
i3k
N
ie, b = 3 -16 7
3 8 -5

Expanding along first row
N A\

A
= 1(80-56) - j(=15—21) + k(24 + 48)
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A A A o> A A A
=241 +36j + 72K, b—_}2(21+3]_> 6k)
Equation of the required line is =

r a b
. e
Putting values of ~ and
a b
N A A A A A A

r=(Ci +2j —4k)+1a2)(2i +3j +6k)
Replacing 12X by A,
N A A A A A A
r=(Ci +2j —4k)+nM2i +3j +6k).
21. Prove that if a plane has the intercepts a, b, ¢ and is at a
distance of p units from the origin, then

1 1 1 1

ot o= o
a? b fe p
Sol. We know that equation of a plane making intercepts a, b, ¢ (on
.z
the axes) is _ + Y+ Xy
a b C
X .
or 2 +Y¥+2-1=0 (D)
a b C

Perpendicular distance of the origin (0, 0, 0) from plane (i) = p

(given)
0O 0 O 1
b B 1az; + vy; vy - dI
r— L Ja +b? + 2
a2 pr
1
Squaring both sides T 1 - p?
1.1 .1
a> b?

Cross-multiplying, p (1 L +_1\ -

@ » )
Dividing by p2, - , L , 1 _ 1~
a2 bZ C2 p2

Choose the correct answer in Exercises Q. 22 and 23.
22. Distance between the two planes:
2x+3y+4z=4and 4x + 6y + 8z =12 is
(A) 2 units (B) 4 units

vy CUE
(C) 8 units @}C SeMYSol. Given: Equation of one
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. units.
plane is

2x + 3y + 4z = 4

or 2X + 3y + 42— 4=0 ...(1) (Making R.H.S. zero)
(ax + by + cz + di = 0)

Equation of second plane is

4x + 6y +8z=12 or 4x+6y+82—-12=0
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The two planes are parallel as a _bo_g is satisfied.
a, b2 G
(2_3_4)
\"4 6 8)

Dividing every term of second equation by 2 to make coefficients

of x, y, z equal in the equations of the two planes

ie., 2X+ 3y +4z—-6=0 ..(iD)
(ax + by + ¢z + d= = 0)

We know that distance between parallel planes (i) and (ii)

o _Idy=dI  _I-4-(=6)I _I-4+61 i
\/az +bl+ 2 \/(2)2 +(3)2 + (4)2 J4+9+16 29
. Option (D) is the correct answer.

23. The planes: 2x -y + 4z = 5 and 5x - 2.5y + 10z = 6 are
(A) Perpendicular (B) Parallel

(C) intersect y-axis (D) passes through (O, 0, 5\.

Y

Sol. Equations of the given planes are
2Xx -y +4z =5
(ax + by + ¢,z +d, = 0)
5X— 2.5y + 10z = 6
(ax + byy + ¢,z + d, = 0)

Let us test option (A). Are these planes perpendicular?
a,a, + b;b, + c,c; = 2(5) + (- (= 2.5) + 4(10)
=10 + 2.5 + 40 = 52.5 # O
". Planes are not perpendicular.
Option (A) is not correct answer.
Let us test option (B). Are these planes parallel?

Here, a _bi _a
aa b 9
= 2 = _—1 — i
5 -2.5 10
L 2_ .1 _2 _ 2_10_2
5 H 2_5\| 5 5 25 5
(10)
2 2
= = _ = _ which is true. .. Planes are parallel.
5 5 5
. Option (B) is correc?g\&%
. ET

& Academy
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	Exercise 11.1
	1. If a line makes angles 90 , 135 , 45  with the x, y and z-axes respectively, find its direction cosines.
	2. Find the direction cosines of a line which makes equal angles with the co-ordinate axes.
	3. If a line has direction ratios – 18, 12, – 4, then what are its direction cosines?
	4. Show that the points (2, 3, 4), (– 1, – 2, 1), (5, 8, 7) are collinear.
	5. Find the direction cosines of the sides of the triangle whose vertices are (3, 5, – 4), (– 1, 1, 2) and (– 5, – 5, – 2).
	2
	2 (1)
	2 (2)
	2 2 2

	Exercise 11.2
	1. Show that the three lines with direction cosines
	are mutually perpendicular.
	2. Show that the line through the points (1, – 1, 2), (3, 4, – 2) is perpendicular to the line through the points (0, 3, 2) and (3, 5, 6).
	3. Show that the line through the points (4, 7, 8), (2, 3, 4) is parallel to the line through the points (– 1, – 2, 1), (1, 2, 5).
	4. Find the equation of the line which passes through the point (1, 2, 3) and is parallel to the vector
	5. Find the equation of the line in vector and in  cartesian form that passes through the point with position vector
	6. Find the cartesian equation of the line which passes through the point (– 2, 4, – 5) and parallel to the line given by
	7. The cartesian equation of a line is
	8. Find the vector and cartesian equations of the line that passes through the origin and (5, – 2, 3).
	Cartesian equation of the line
	9. Find vector and cartesian equations of the line that passes through the points (3, – 2, – 5) and (3, – 2, 6).
	 
	Cartesian Equation

	b
	c
	z  3 0
	0
	11
	(i) r
	= 2 i
	+ 2 j
	 

	
	
	 (1)

	(ii) r
	– 56 k
	– 5 j
	 
	
	 (1)

	
	 

	 (1)
	
	
	 
	 (1)
	  (1)

	 (2)
	

	  (1)
	   
	= 3(1)  2(2)  6(2)
	21
	21 (1)
	 

	  (2)
	= 3  5  8
	    (1)
	= (1)(3)  ( 1)( 5)  ( 2)( 4)
	11. Find the angle between the following pairs of lines:

	2
	5
	– 3
	–1
	8
	4
	4 (1)
	1
	8 (1)
	x  3
	 1 8 4
	  (3)
	    (2)
	=   2( 1)  5(8)  ( 3)(4)
	 2  40  12
	   26    .
	
	z y x
	z  5 4
	1 (1)
	  (4)
	    (3)
	= 8  2  8
	3  9 3
	3
	7 – 7x
	3

	2 p
	2
	 3
	 2 p 
	 7 
	7
	1
	5
	 3 p
	1 (1)
	 5
	7 (1)
	7 7 7 11
	13. Show that the lines

	7 (2)
	–5
	1 2 3
	are perpendicular to each other.

	z  5 7
	 5 (1)
	1 (2)
	1 2
	 
	14. Find the shortest distance between the lines
	 
	  (1)

	
	   
	  (1)
	3
	15. Find the shortest distance between the lines


	    (1)
	  (2)
	16. Find the shortest distance between the lines whose vector equations are
	3
	17. Find the shortest distance between the lines whose vector equations are




	Exercise 11.3
	Note: Formula for question numbers 1 and 2.
	plane and  m is a unit normal vector to the plane, then
	equation of the plane is   r  .
	1. In each of the following cases, determine the direction cosines of the normal to the plane and the distance from the origin.
	InI
	n
	InI (1)
	InI (2)
	InI (3)
	InI (4)
	InI (5)
	InI (6)
	InI (7)
	5
	2. Find the vector equation of a plane which is at a distance of 7 units from the origin and normal to the vector

	InI (8)
	
	3. Find the Cartesian equation of the following planes:
	4. In the following cases, find the coordinates of the foot of the perpendicular drawn from the origin.
	But point M lies on plane (i)
	But point M lies on plane (i) (1)
	But point M lies on plane (i) (2)
	But point M lies on plane (i) (3)
	5. Find the vector and cartesian equations of the planes
	to the plane is  i +
	(b) that passes through the point (1, 4, 6) and the normal
	Cartesian form of equation of the plane
	(b) Vector form of the equation of the plane
	Cartesian Form
	Alternatively for Cartesian form
	6. Find the equations of the planes that passes through three points:
	(b) (1, 1, 0), (1, 2, 1), (– 2, 2, – 1)
	8. Find the equation of the plane with intercept 3 on the y-axis and parallel to ZOX plane.
	9. Find the equation of the plane through the intersection of the planes 3x – y + 2z – 4 = 0 and x + y + z  – 2 = 0 and the point (2, 2, 1).
	10. Find the vector equation of the plane passing through the
	intersection of the planes r
	+ 2 j
	– 3 k ) = 7,
	r . (2 i + 5 j + 3 k ) = 9 and through the point (2, 1, 3).
	11. Find the equation of the plane through the line of intersection of the planes x + y + z = 1 and 2x + 3y + 4z = 5 which is perpendicular to the plane x – y + z = 0.
	(L.H.S. of I) + (L.H.S. of II) = 0
	12. Find the angle between the planes whose vector equations are
	13. In the following cases, determine whether the given planes are parallel or perpendicular and in case they are neither, find the angle between them.
	Are these planes parallel?
	Are these planes perpendicular?
	Are these planes perpendicular? (1)
	14. In the following cases find the distances of each of the given points from the corresponding given plane.
	(b)  (3, – 2, 1) 2x – y + 2z + 3 = 0
	(d)  (– 6, 0, 0) 2x – 3y + 6z – 2 = 0.
	1. Show that the line joining the origin to the point (2, 1, 1) is perpendicular to the line determined by the points (3, 5, – 1), (4, 3, – 1).
	2. If l1, m1, n1 and l2, m2, n2 are the direction cosines of two mutually perpendicular lines, show that the direction cosines of the line perpendicular to both of these   are m1n2 – m2n1, n1l2 – n2l1, l1m2 – l2m1.

	
	3. Find the angle between the lines whose  direction  ratios are a, b, c and b – c, c – a, a – b.
	4. Find the equation of a line parallel to x-axis and passing through the origin.
	5. If the coordinates of the points A, B, C, D be (1, 2, 3), (4, 5, 7), (– 4, 3, – 6) and (2, 9, 2) respectively, then find the angle between the lines AB and CD.
	6. If  the  lines
	z –6 are perpendicular, find the value of k.
	7. Find the vector equation of the line passing through (1, 2, 3)
	and perpendicular to the plane  r  . ( i  + 2 j  – 5 k ) + 9 = 0.
	8. Find the equation of the plane passing through (a, b, c) and
	9. Find the shortest distance between the lines
	  
	10. Find the coordinates of the point where the line through (5, 1, 6) and (3, 4, 1) crosses the YZ-plane.
	11. Find the coordinates of the  point  where  the  line  through (5, 1, 6) and (3, 4, 1) crosses the ZX-plane.
	12. Find the coordinates of the  point  where  the  line  through (3, – 4, – 5) and (2, – 3, 1) crosses the plane 2x + y + z = 7.
	13. Find the  equation  of  the  plane  passing  through  the  point (– 1, 3, 2) and perpendicular to each of the planes x + 2y + 3z = 5 and 3x + 3y + z = 0.


	a
	14. If the points (1, 1, p) and (– 3, 0, 1) be equidistant from the
	of p.
	15. Find the equation of the plane passing through the line of
	intersection of the planes  r  . ( i  +  j  +  k ) = 1 and
	16. If O be the origin and the coordinates of P be (1, 2, – 3), then find the equation of the plane passing through P and perpendicular to OP.
	17. Find the equation of the plane which contains the line of
	– k ) + 5 = 0 and which is perpendicular to
	. (5 + 3
	18. Find the distance of the point (– 1, – 5, – 10) from the point of intersection of the line
	19. Find the vector equation of the line passing through (1, 2, 3)
	+ k ) = 6.
	20. Find the vector equation of the line passing through the point (1, 2, – 4) and perpendicular to the two lines:
	21. Prove that if a plane has the intercepts a, b, c and is at a distance of p units from the origin, then
	Choose the correct answer in Exercises Q. 22 and 23.
	(A) 2  units (B)  4  units
	(A) Perpendicular (B) Parallel



