Class 12 Chapter 10 - Vector Algebra

Exercise 10.1

1. Represent graphically a displacement of 40 km, 30° east of

north. N
Sol. Displacement 40 km, 30° East of North. A
_)
= Displacement vector OA (say)
- : 302
such that | OA | = 40 (given)
and vector — makes an angle W o) E
. OA .
30° with North in East-North
quadrant.
Note. o° South of West = A
vector in South-West quadrant S

making an angle of a® with West.
2. Check the following measures as scalars and vectors:
(i) 10 kg (ii) 2 meters north-west  (iii) 40°
(iv) 40 Watt (v) 10" '° coulomb (vi) 20 m/sec?.
Sol. (i) 10 kg is a measure of mass and therefore a scalar.
("." 10 kg has no direction, it is magnitude only).
(ii) 2 meters North-West is a measure of velocity (i.e., has
magnitude and direction both) and hence is a vector.
(iii) 40° is a measure of angle ie, is magnitude only and,
therefore, a scalar.
(iv) 40 Watt is a measure of power (i.e., 40 watt has no
direction) and, therefore, a scalar.
(v) 107 ' coulomb is a measure of electric charge (i.e., is
magnitude only) and, therefore, a scalar.
(vi) 20 m/sec*is a measure of acceleration ie., is a measure of
rate of change of velocity and hence is a vector.
3. Classify the following as scalar and vector quantities:

(i) time period (ii) distance (iii) force
(iv) velocity (v) work done.

Sol. (i) Time-scalar (if) Distance-scalar (iii) Force-vector
(iv) Velocity-vector (v) Work done-scalar.

4. In the adjoining figure, (a square), g
identify the following vectors.
(i) Coinitial
(ii) Equal
(iii) Collinear but not equal.

d b

N -
and d have initial point and,

Academy

Sol. (i)
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a
therefore, coinitial vectors.
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- -
(i) b and d have same direction and same magnitude. Therefore,

- -

b and d are equal vectors.

(iif) ™ and ~ have parallel supports, so that they are collinear.

a C
Since they have opposite directions, they are not equal.

Hence _a) and _c) are collinear but not equal.
5. Answer the following as true or false.

(i) 2 and - @ are collinear.

(ii) Two collinear vectors are always equal in magnitude.
(iii) Two vectors having same magnitude are collinear.
(iv) Two collinear vectors having the same magnitude are

equal.

Sol. (i) True.
(i) False. (‘.'_> and 2 are collinear vectors but | 2_>\ =2 - bl
a a a a
(i) False.

A A A A
C:lil=1jl=1but i and j are vectors along x-axis

(OX) and y-axis (OY) respectively.)

(iv) False.
— - - - )
(- Vectors a and — a (=(—1) a = ma ) are collinear
- - - -
vectors and | a | = | = a | but we know that a = — a

because their directions are opposite).
_)

Note. Two vectors ~ and b are said to be equal if
a
- - — —>
(i) Jla]l=|b | (i) a and b have same (like) direction.
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Exercise 10.2

1. Compute the magnitude of the following vectors:

N A ./\ A - A .’\ A
a=i+J+k,b=2i-7] -3k,
. is Loy
J3 J3 J3
% A N N
Sol. Given: a=14+ Jj+Kk.

%
Therefore, |a | = X2+ y2+x2 = J1+1+1 = 3.
- A A

A

b=2i-7j -3k

%
J4+49+9
Therefore, | b | = = 62.
C = = i+ = - = k.
V3 37
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2 2 1\2
Therefore, | ¢ | = \/ﬂ%} +|(K%\|j +|(\T;\\)

i 11 3
= -+ =4+ = = — = 1 =1.
V37373 \fs Vi

2. Write two different vectors having same magnitude.

- A S " - A ! 9
Sol. Let a =i + j + kand b =i +j - k.
- - .. A A
Clearly, a = b. (. Coefficients of i and j are same in
- - A - -

vectors a and b but coefficients of k in a and b are
unequal as 1 # - 1).

%
But [ 3 | = y+y2+x = Jl+1+1 = .3

—> - e
and | b | = JI+1+1 =3 ~ lal=Ib].

Remark. In this way, we can construct an infinite number of
possible answers.

3. Write two different vectors having same direction.

Sol. Let @ =i +2j +3Kk (D)
—> A A A
and b =2(i +2j +3k) ..(i)
- .
=23 By (]
- —
b =ma wherem =2 > 0.
- —

Vectors a and b have the same direction.
d - . — rd b d d -

Butb = a[.b =2a=|b|=|2|la]|=2]a]|=]a]]
Remark. In this way, we can construct an infinite number of
possible answers.

A

4. Find the values of x and y so that the vectors 21'A+ 3J) and

xi+y] are equal.
Sol. Given: 2i +3j =xi +y]j.
Comparing coefficients of i and j on both sides, we have
x=2andy = 3.
5. Find the scalar and vector components of the vector with

initial point (2, 1) and,terminal point (- 5, 7).
P (2,1) rminal p 57

_)
Sol. Let AB be the Vectoxﬁtﬁcﬂﬂﬁmypoint A(2, 1) and terminal
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point B(- 5, 7).

= P.V. (Position Vector) of point Ais (2, 1) = 2i + j and P.V.

of point Bis (-5,7)=-5i +7]j.
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%
AB = P.V. of point B - P.V. of point A

=(-5i +7j)-Q2i +3jJ) =-5i +7j) -2i -]
- o A
= AB =-7i +6].
H

By definition, scalar components of the vectors AB are
A A —>
coefficients of i and j in AB je, - 7 and 6 and vector

- N A
components of the vector AB are - 7i and 6 .

6. Find the sum of the vectors:
- A A A > A A A

a =l—2J + k, b =-2i +4] +5k

_)
and ¢ =i—6J —7k

N A A A —> A A A
Sol.Given: a =i -2j + k, b =-2i +4j +5k
and ?:?—6j—7k.
. — e A A A A A
Adding 3 +p =01 -4 -k =-4j —Kk.
+ c

7. Find the unit vector in the direction of the vector
— A o A
a =i+]j +2k.
Sol. We know that a unit vector in the direction of the vector

- A A AN i+j+2k

a =i+ +2k isa = — =
] . ! ISI 1+1+4
Logoiwi2k 1 oa 152

= 1 + = +
J6 J6 J6 J6
4)
8. Find the unit vector in the direction of the vector PQ
where P and Q are the points (1, 2, 3) and (4, 5, 6)

respectively.
Sol. Because points P and Q are P(1, 2, 3) and Q(4, 5, 6) (given),
— A N A
therefore, position vector of point P= OP =1i +2] +3k
g A A A

and position vector of pgint Q = 0Q =4i +5j +6k
wheriO is the origin. gAcademy
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PQ = Position vector of point Q - Position vector of point P

d d A N A
=0Q - OP =3i +3] +3Kk
%
Therefore, a unit vector in the direction of vector PQ
- PQ _ 3i+3j+3k
pOr  V9+9+9=27-9x3
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which has magnitude 8 units.

Sol. Let_a) =5i - j +2k.

. A vector in the direction of vector

units
eh g A _B(5i-j+2k
I;I J25+1+4

- = 51 -] P2k -

A A

Show that the vectors 2 i

11.
are collinear.
- A N A
Sol. Let a =2i -3] +4k
—> A A A
and b =—4i +6J &UET

Academy N

A
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10. Find a vector in the direction of vector 5 i —

Class 12 Chapter 10 - Vector Algebra
_3(+i+tk) _ (i+j+k) =1_A] L1 A +iﬂ
33 V3 BB V3
- A A A —> A A A
9. Forgivenvectors a =2i — j +2kand b =—i + j —k;
]
find the unit vector in the directionof a + b .
. N A n N —> A A A
Sol. Given: Vectors g =2i - ] +2)] and b =-1i + ] -k
—> A N n A A A n A A
T +b =2i -] +2k-i+J-k=i+0j +k
N -
12 + bl =@0)2+02+12 = 2
N —
A unit vector in the direction of g + b is
a+b=i+0'+k_i+k=i]f+i&
la+br V2 222
j +2k

which has magnitude 8

-3) +4kand-4i +6j —8k

N
b
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=-2(2i -3] +4k)=-22a [By ()]
- - -
= b=-2a =ma wherem=-2<0
- -
Vectors @ and b are collinear (unlike because m = - 2 < 0).

12. Find the direction cosines of the vectori + 2j + 3k.

RN A A A
Sol. The given vectoris (a ) =1 +2] + 3k
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» 2j+3k _ 1 % A R
-+ - F N i+v 2 j o+ 3y
4 via ' 'y
We know that direction cosines of a vector a are coefficients of

A A A

. 2 3
i

! A 1
, ), kin a ie, =, =, —.
Jokina e mz g Jia

13. Find the direction cosines of the vector joining the points

A(1, 2, — 3) and B(- 1, — 2, 1) directed from A to B.
Sol. Given: Points A(1, 2, - 3) and B(- 1, - 2, 1).

A > B
1,2,-3) (-1,-2,1)
_)

A A A

= P.V. (Position Vector, OA) of point A is A(1, 2, - 3) =i +2j -3k
and P.V.ofpointBisB(-1,-2,1)=-1i -2j + k.

_)
. Vector AB (directed from A to B)

= P.V. of point B - P.V. of point A

A A A A 9 A
=-i-2j+k-(i +2J -3k)
A A A A A A A A A

=-j -2J +k-i-2] +3k =-2i -4] +4k
%
S22+ (cap+4

AB = |AB | = = J4+16+16 =6

N g
A unit vector along AB = éB
IABI
N A " 2/\ 4 N A — A A A
=_2]_4J+4k=_—i__]+ﬂk=_li_7]‘+zk-
6 6 6 6 3 3 3
4)

We know that Direction Cosines of the vector AB are the

AN - j—_ZZ

coefficients of i, j, k in a unit vector along AB ie,

3’ 33

14. Show that the vectorAi + j + k is equally inclined to the
axes 0X, OY and OZ. 7

A

Sol. Let @ =1 +j + k. (®ACUET
2

Academy
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Let us find angle 01 (say) between A
k
vector @’ and OX (= i)
X

(& i represents OX in vector form) © :\

- /\ jA

a. 1

cos 01 = T, . Y
Iallil

Call Now For Live Training 93100-87900



Class 12 Chapter 10 - Vector Algebra

(?+ ]'A+ I?).(?+O]'A+OI2)
IiA+ jA+ IQIIiA+ 0 jA+ OIA(I
1(1) +1(0) +1(0) 1

1
= cos 01 = = — = 0;=cos ! —=
YT fir1+11+0+40 ' NG

= cos 01

3
Similarly, angle 62 between vectors E) and j (OY) is cos™? 1

13
NE]

and angle 03 between vectors - and *~ (0Z) is also cos™ !
a

01 = 02 = 0s.
.. Vectors : _ A + A + /'\( is equally inclined to OX, OY and
=i
0z

15. Find the position vector of a point R which divides the
line joining two points P and Q whose position vectors are

A A A A A A
i+2j— kand—-1i + j + k respectively, in the ratio 2 : 1
(i) internally —s (iD) externally.
Sol. P.V. of point P is =" +2 -
a i j k
- A A A

and P.V. of point Qis b =- i + j + k
(i) Therefore P.V. of point R dividing PQ internally (i.e, R lies
within the segment PQ) in the ratio 2: 1 (=m: n) (= PR : QR)

mb+ ma 2:1=m:n
is ————— = N
m+ m P(a) R Q(b)
i+ iek)+it2i-k _ —2i+2]+2keit2ji-k
2+1 3

o —i+d4j+k _ =1 ~ 4 Aed
i

3 3] k
(ii) P.V. %f point R dividing PQ exte?nally (i.e, R lies outside PQ
and to the right of point Q because ratio 2 : 1 = _1 > 1 as PR is

N

2 times PQ ie., PE =;) is mb - ma
QE 1 m-m

—— 5 .

P(a) Q(b) R

=2(—i+i+k)—(i+2]'—k)

2-1 ®CUET

Academy
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=_2’i\+2j+2k—i_2j+k=—3i+k.

Remark. In the above question 15(ii), had R been dividing PQ

externally in the ratio 1 : 2; then R will lie to the left of point P
PE 1

and =

QE 2
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16. Find the position vector of the mid-point of the vector
joining the points P(2, 3, 4) and Q(4, 1, - 2).
Sol. Given: Point P is (2, 3, 4) and Q is (4, 1, - 2).

— PV. of point P(2, 3, 4) is @ =2i +3] +4k
—> A A A

and P.V. of point Q(4, 1, - 2)is b =4i + j - 2k.

- o

a+b
2
[By Formula of Internal division]

2i+3j+4k+4i+j-2k 6i+4j+2k
2 B 2

P.V. of mid-point R of PQ is

A A

=3i +2J +Kk.

17. Show that the points A, B and C with position vectors,
— A A A —> A A A — A A A
a =3i-4j-4k,b=2i- j+ kand c = i-3j-5Kk,
respectively form the vertices of a right-angled triangle.

N —> A ./\ A
Sol. Given: P.V. of points A, B, Crespectivelyare a (= OA)=31i -4] -4k,
— — A A A - —> A A A

b (0B)=2i-j +kand ¢ (=0C)=1 -3j -5k, where

O is the origirg
Step I. .. AB = P.V. of point B - P.V. of point A

A A A A N A A A A A A A

=2i- j+ k-(3i-4j-4k) =2i-j+ k-3i+4j+4k
%

or AB =-1i +3] +5k ..(1)
H

BC = P.V. of point C - P.V. of point B

A A A A A A A A A A A A
=(i -3j -5k)-(@i-3j +k)=1i-3j-5k-2i+ j-k
=-1i-2j -6k (i)
H

AC = P.V. of point C - P.V. of point A

A A A A N A A N A A A A
=i-3j-5k-(3i-4j-4k)=1-3j-5k-3i+4j +4k
=-2i+]J -k . (Ti0)

®CUET

Academy
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Adding (i) and (ii),

—> e A N A /\ N A
AB + BC =-i +3j +5k -1 -2j -6k
A N A g
~2i+j -k =AC [By (iif)]

.. By Triangle Law of addition of Vectors, Points A, B, C are the
Vertices of a triangle or points A, B, C are collinear.

Step II.

%
From (i) AB = |AB| = J1+9+25 = /35
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N

From (i), BC = |[BC| = /1+4+36 = /41
-

From (iii), AC = |[AC| = J4+1+1 = /g

We can observe that (Longest side BC)? = (,/41)?=41=35+6
= AB? + AC?
. Points A, B, C are the vertices of a right-angled triangle.
18. In triangle ABC (Fig. below), which of the following is not

true:
- — - -
(A) B+ BC +CA=0 C
- e —> d !
(B) AB+ BC -AC =0
- - —> —>
() AB+ BC -CA =20
— - - - A B
(D) AB—CB + CA =0

Sol. Option (C) is not true.
Because we know by Triangle Law of Addition of vectors that
- - —

— —> —
AB + BC =AC,ie, |AB + BC =- CA

- —> —> —>

— N - —- |= AB + BC + CA =0
— AB +BC - AC =0
- N - - - N

But for option (C), AB + BC - CA = AC + AC =2AC » 0,

Option (D) ii)same as option (A).

19. If a and b are two collinear vectors, then which of the

following are incorrect:
- -

A) b = ra , for some scalar .. (B) a=tb

. —
(C) the respective components of Z and b are

proportional

- —
(D) both the vectors 5 and b have same direction, but

different magnitudes.
Sol. Option (D) is not true because two

collinear vectors can have different
directions and also different ; N
a

magnitudes.
The options (A) and (C) are true by definition of collinear vectors.
Option (B) is a particular case of option (A) (taking A = + 1).

@gya%}.my
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Exercise 10.3

%
1. Find the angle between two vectors 3 and b with
- >

V3 V6

magnitude and 2, respectively having a .b =

— —
Sol. Given: | 3|= 3, | b|=2and a.b =6
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- d
and
Let 0 be the angle between the vectors a b . We know that

a.b
cos9 = "
IallblI
Putting values, cos 0 = o

V3(2)

_\/_\/E_://i \/T \f = - .-.e=§.

. Find the angle between the vectors i - 2 j + 3 kand
3i -2 + k.
- A A A —> A A A
Given: let a =i —2j +3k and b =3i —-2j + k.

%
“la| = ..|'1+4+ |X'I+y]+Zk| X2+ y2 + %2
and |b|=J/9+4+1 =

- A "
Also, @ . b = Product of coefficients of i + Product of coefficient of j

+ Product of coefficients of kA
=13) +(-2)(-2)+31)=3+4+3=10

s
Let 0 be the angle between the vectors a and b .
- -

10
We know that cos 6 = %a. b% Vi4J14 _ 3 = %
c IalIlbl
0 =cos™' <.
7
Find the projection of the vector i - j on the vector i + j.
Let@ =i -J=1i-]+ok B
_)
—> A N A A A a
and b =i + ] =i + ] +o0k
N - A
Projection of vector a and b
> - 90° 90°
a.b L M >
= Length LM = ~—
T (FUNCUET b
BT (58 Academ
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B
2 1-1+0 = =0.
= —

a

- d
- a on b A

Remark. If projection of vector

90°
is zero, then vector _a) is perpendicular to -

%

vector b . b

Call Now For Live Training 93100-87900



Class 12 Chapter 10 - Vector Algebra

A A

4. Find the projection of the vector i + 3 j + 7 k on the

A A

vector 7i,- ] #* 8k., N A A A

Sol. Let a

i +3J +7k and - j +8k

-

b =7i
_)

We know that projection of vector a on vector b
IbI
1) +3(-1)+7(8) _ 7-3+56 60

T oyrCipeer  JBrieed | V4

Show that each of the given three vectors is a unit
1 1

+ 6 k),

A A

+ 3]

A

2i

A A

Bi

A

vector: + 2 k),

—6j

1 A A A
T (6i +2] -3k).
7

Also show that they are mutually perpendicular to each
other.

Sol.

Let

ol ol o

o]

= N =

=

(2? +3jA +6Ak)=
(3i -6] +2Kk) =

(6? +2jA —3Ak)=

—_—>

—_

N N W NN

4

+

+

NN N O N W

x> x>

N W NI N o
x>

36

(D)

..(ih)

...(iii)

49 49 49

&g& _

~N
Ag_
O

D
O
=

Sl

TG -

1

N~—
[N]

Nlw

[y

+
(e))

—
~

)2 (2)2 [9 36 4 \/@
+HE] = =t =t — = —
7 49 49 49 49

N o
\_/
I N

[y

+

Each o; the three @&Eﬁ%ﬁ

(2)2 (_ 3)2 36 4 9 \/@
— + | — = _t 4 — = —_
7 7 49 49 49 49

- >
b, c

>

v

From (7)
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and (ii), is a unit vector.

> > (2) (3 (3 (=6 (6 (2)
a b=l g L bt Sl Ig)
- -

[a . b =aib: + asb> + a3b3]
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18 12 _6-18+12 _ 0 _
_ 6 49 49 49 49
49
N -
a and b are perpendicular to each other.
From (if)-gnd (§1),
LC U (3) (8], (=6) (2) 2 (=3)
b
7)) Ua) ) 7Ius)
_18 12 6 _18-12-6 _ O _
49 49 49 49 49
- -
b and ¢ are perpendicular to each other.
From (i) and (iii),
2 .¢ _2(6),3 (2),(6)(=3)
7 |\7b 7 |\7 |\7'}\ 7J
_12 6 18 _12+6-18 _ 0 _
49 49 49 49 49
a and rY are perpendicular to each other.
-> 2 = .
Hence, a, , C are mutually perpendicular vectors.
b - -
6. Find |2 | and | |, if(3a + ).(a - )=8and
b b b
4)
4)
la|=8]b].
- - - -
Sol.Given:(?+ ). (a - b)=8and|a |=8]|b]| (D)
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2 2 >

=

l I -1b] =8

—

or (64—1)|b|2=8 = 63
= _b>2 8
| |—63 =
_)
= Ibl=2/2
3 V7
_)

Putting this value of | b | in (),

Call Now For Live Training 93100-87900
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Putting | @ | = 8| b | from (i) in (i), 64 | b [ - |

Chapter 10 - Vector Algebra

9
T @ -3.b]
(i)
_)2
b|'=8
_)2
Ib| =8
%
8 4 x2
b= )= =
3 9x7

(" Length i.e, modulus of a vector is never negative.)
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2 |_8\3\F 16\[

- - -
7. Evaluate the product (Sa -5b).(2a +7b).
d - - 4
Sol. The given expression = (3a -5b).(2a +7b)
- - N - -
—(3a) (2a)+(3a) (7b)-(b).(2a)-(5b).(7b)
- - - - - - - -
—6aa+21a.b—10ba—35b.b
- - - - -,
—6|a|+21a.b -10a.b -35/b|
S -, - -, > 5 5 >
[. a.a =|a]| and b

-, - - )
=6|la| +11a.b —-35/b]|.

8. Find the magnitude of two vectors @a and b , having the
same magnitude such that the angle between them is 60°

and their scalar product is —

- - — -
Sol. Given: | a | = | b | and angle 6 (say) between a and b is

60° and their scalar (ie, dot) product = =

- — 1
ie., a.b =
2
|a||b|0059=2 [. a.b =]a]|]|b]cos6]
_)
Putting | b | =] a | (glven) and 6 = 60 (Zglven), we have
- - 1
a a | cos 60° = | a |
2lla : () -
2 -
Multiplying by 2, | a | = |la|=1 ...(D

(. Length of a vector is never negative)
_)

_) B
Ibl=1la]=1 [By ()]
- d
|la|=1and | b | =1.
- - > - -
9. Find | X |, ifforaunitvectora ,(X - a).(X + a)=12.
- -
Sol. Given: a isaunitvector = |a | =1 ..(D
g CUBT —
Also given (x - Agcadepmya )
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- - S T S S
= X.X + X.a —a.X —a.a =12
A e T -,
= |X| +a.X —a.x —|a]| =12
- 2 -
2
=3 x| -la] =12
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- - 2
Putting [a | =1from (1), | X | —1=12
%

= |X|? =13 = |X|=J13.
(. Length of a vector is never negative.)
- A A A —> A A A — A A
10. If @ =2i +2j +3k, b =-i +2j + kand ¢ =3i+]

- - -

are suchthat a + A b is perpendicular to C , then find
the value of .

- A A A —> A A A
Sol. Given: a =2i +2j +3k, b =—-1i +2j + k
% N N
and cC=3i+ j.
> .7k S A >op
Now, a +Ab =2i +2j +3k +A(-1i +2j + k)

2i +2j +3k —Ai +20j + 1k
- d A A A

a +Ab =(@-2)j +(2+20)] +@B+Mk

—> A A A S A

Again given ¢ =3i + j =3i +j +ok.
- -

Because vector a + Aa is perpendicular to ¢ , therefore,
- - >

(a +Ab). c =0

A
i.e, Product of coefficients of LI =0
= (2-M3+(2+20)1+ (3 +2)o=0
= 6-3.+2+2L=0 = —-A+8=0
= s =3==-8 5, = A= 8.
11. Show that | " | is perpendicular to
L > a b+|b]a
| | - - - -
a b —-|b]|a, for any two non-zero vectors a and b .
- - = - - N
Sol. Let ¢ =|a|b +|bJa =Ib +ma
- -
wherel=|a |andm=| b |

gjfdg!f b
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Now, ¢ .d =(b +ma).(b —-ma)

2—)—) - - = 2—> —>
=] b.b-Imb.a+lma.b-ma a
2_>2 _)—) _>—) 2_)2 2_)2 2_>
=Il|b|] -Ima.b+ima.b-m]a]| =1|b| —-m|a|
. - Y
Putting I=|a_)| ancl)m=|tl)|,
2 2 2 2
=lal |b|] -|b|] [a] =0
_)
ie., E).d=0
_)
Vectors ¢ and are perpendicular to each other.
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- — -
12. If 3.4 =0and 5.p =0, then what can be concluded

%
about the vector b?

. -> > - — .
Sol. Given: 3.3 =0 = |al|*=0 = |al=o0 ...(D
— . .
(= a’ is azero vector by definition of zero vector.)
- = RN 4
Again given a . b =0 = |a]|b]cosb=0
_)
Putting | a | = o from (i), wehave o| b | cos 6 =0
- -

ie, 0 = o for all (any) vectors b . b can be any vector.

%
Note. (3 + b+ E>)2=(_> +(b +?))2

C a
- A 3
2+ (b + 2+27 (b + )
a - & N N
Lo+ 2= Tey T2 T
=~ A B A B +2A.B]
_>2 2 _>2 - > _>—> - >
=a +b +c¢c +2b.c +2a.b +2a.c

Using a .C = C .a

- 7 5o _>2_>2 s A A e

or (a+b+c)=a +b +c +2(a.b +b.c +c.a)

S . - —> N —>
13. If ) s are unit vectors such that + + = ,
a b c a b C 0
. - - > -> -
find the value of . + . + o
a b b c c a
- 7 -
Sol. Because a , b, € are unit vectors, therefore,
- - -
la|=1,|b|l=1and | C | = 1uieeieeeeeeeereiiicieenns ©)
.. — - — -
Again given a+b+c =0

Squaring both sides (_a) +

Using formula of Note above
o2 2 s e

= a +b +c 2(a.b +
3 +b,+ CUET—
Academy
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or [a|] +|b] +|c| +2(a.b +b.c+c.a)=o0
- - -

Putting [a | =1, | b | =1,]|c |

5 >
1i+1+1+2(a.b +b.c + c.a)=0
> 7 7S oo
= 2(a.b + b.c +c.a)=-3
O T e S
Dividing both sidesby 2, a.b + b.c + ¢ .a =
. N - - - - > 2
14. If either vector = or = , then . = 0. But
a 0 b 0 a b
the converse need not be true. Justify your answer with an

example.
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%
Sol. Case I. Vector _a) = 0 . Therefore, by definition of zero vector,

I y
lal=o0 ()
5 2 =1l 112 cos0=0(] cos6) [By (0]
a.b a b b
=0
- >
Case II. Vector b = 0. Proceeding as above we can prove that
_)
a.b =o

But the converse is not true.
Let us justify it with an example.
- " ~on -

Let a =i + J + k. Therefore, |a | = 4/12+12+12 =/3 = o.

_)
Therefore a # 0 (By definition of Zero Vector)

- A A A
Let b =i +] -2k.
- \/ 2 2 2)2
1 1 -
Therefore, | b | = 17+ (1)1 +(=2) =6 =o.
- -
Therefore, b 0.
-
But a.b =10)+11)+1(-2)=1+1-2=0
- = —> —> —>

So here a . b = o but neither a_)= 0 nor b = 0.
15. If the vertices A, B, C of a triangle ABC are (1, 2, 3),
(- 1, 0, 0) and (O, 1, 2), respectively, then find ZABC.
Sol. Given: Vertices A, B, C of a triangle are A(1, 2, 3), B(— 1, 0, 0)
and C(o, 1, 2) respectively.
A, 2, 3)

B(- 1, 0, 0) c(0, 1, 2)
_)
". Position vector (P.V.) of point A (=s OA) = (1, 2, 3)

=i +2j +3k
_)

Position vector (P.V.) of point B (= OB) = (- 1, 0, 0)

N | N
=—1i +0] +o0k
-

and position vector (P.V.) of point C (= OC) = (o, 1, 2)
CUET A A A
gAcadugmy =o0i + ] +2k
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We can see from the above figure that ZABC is the angle
- —
between the vectors BA and BC
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N

Now BA = P.V. of terminal point A — P.V. of initial point B

=i+2j +3k - (=i +0] +0k)

=ji+2j +3k+1i -0j -ok =2i +2j +3k (D)
-

and BC = P.V. of point C — P.V. of point B

A A

=0i + J +2k —(—? +0]j +o0k)

=0?+j+2k+i—oj—0Ak=1'A+j+2k ...(iD)
> > NN
We know that cos ZABC = B_’é—Bi cos 6 = :' b—>
IBAIIBCI IallbI
Using (i) and (if)
2D +21)+3(2) 10  _10
444914144 J17d6 V102
10
ZABC = cos™' —.
v102
16. Show that the points A(1, 2, 7), B(2, 6, 3) and C(3, 10, - 1) are

collinear.

Sol. Given points are A(1, 2, 7), B(2, 6, 3) and C(3, 10, — 1).
> 5 >
= P.V.’s OA, OB, OC of points A, B, C are

e A A A
OA =(1,2,7=i +2j +7Kk

= A A A
OB =(2,6,3)=2i +6j + 3k
- A A A

and OC =(3,10,-1) =3i +10j — k
4)

AB = P.V. of terminal point B — P.V. of initial point A

:2? +6j +3k —(? +23 +7Kk)

A A A A A A A A A

=2i +6j] +3k -1 —2j -7k =1 +4j -4k ..(0)

= P.V. of poi@ﬁ%‘[%gm)point A
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:3?+10j -k - +2j +7k)

:3? +10j —k—-i-2j -7k
=2? +8j -8k =2(i +4j —-4k)

= AC = 2AB [By ()]
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- - N —
= Vectors AB and AC are collinear or parallel. |.a =mb

= Points A, B, C are collinear.

—> -
(-.- Vectors AB and AC have a common point A and hence can’t

be parallel.)
Remark. When we come to exercise 10.4 and learn that Exercise,

we have a second solution for proving points A, B, C to be collinear:
= —> -
Prove that AB x AC =

0 A N A A A A
17. Show that the vectors 2i - j + k, i -3J -5k and

3i - 4] -4k form the vertices of a right angled triangle.
Sol. Let the given (position) vectors be P.V.s of the points A, B, C
respectively.

A A A

P.V. of point A is 2i - J + k and

A

P.V. of point Bis i -3J -5k and

A A A

P.V. of point Cis 3i - 4]j - 4k.
ﬁ

AB = P.V. of point B - P.V. of point A

=i-3j-5k -(2i - J +k)=1i -3j -5k-2i+1]J -k

-_ i -2J _¢k ()
H

and BC = P.V. of point C - P.V. of point B

=3i-4J-4k-(i-3J-5k)=3i-4j-4k-i+3]J+5k
=2i —.j +k ..-(ii)
H
and AC = P.V. of point C - P.V. of point A

A A A A N A A N A A N A

=3i-4J-4k-Qi-J+k)=3i-4J-4k -2i +]J -k

@CUET ...(ii)

Academy
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Adding (i) and (ii), we have

AN

- el A n A N i N

AB + BC —_j -2J) 6k +2i -J +k

A /\ A —>

=i -3j -5k = AC [By (ii))]

.. By Triangle Law of addition of vectors, points A, B, C are the

vertices of a triangle ABC or points A, B, C are collinear.
-> -
Now from (i) and (ii), AB.BC = (-1)(2) + (- 2)(- 1) + (- 6)(1)
=-2+2-6=-6%0
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- -
From (ii) and (iii), BC.AC = 2(1) + (- 1)(- 3) + 1(- 5)
=2+3-5=0
- -
= BC is perpendicular to AC

= Angle C is 90°. . AABC is right angled at point C.
. Points A, B, C are the vertices of a right angled triangle.
_)

18. If a is a non-zero_yector of magnitude ‘a’ and A is a non-

zero scalar, then A a is a unit vector if

A xr=1 @Bir=-1 (Qa=|r] @Ma=—""
ILI

. = . :
Sol. Given: a’ is a non-zero vector of magnitude a
-

= la|=1 (D
%

Also given: A # 0 and A a is a unit vector.
- -

= |ra | =1 = |Alla] =1
1

Al a= =
= |A|la=1 = aI}»I

. Option (D) is the correct answer.
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Exercise 10.4

- —> N A A A —> A
1. Find |a x b|,if a =i -7] + 7k and b= 3i
-2]+2k.
N A A A —> A A A
Sol. Given: a =i -7j +7k and b =3i -2j +2k.
N i j ok
Therefore, a x b = |1 -7 7
3 -2 2

A

—> A / A — A A A
[~ Ifqa =a;i +azj +azk and b =bh;i +b2j + byk;

IR
thena x b = |[a1 & &
by by bs
]
Expanding along first row,
axb =Tl 5o |3 ,/" K3 -2
N - A A A
= axb =i(-14+14)- j(2-21)+ k(-2 +21)
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=01 +19j + 19k

%
=g 2 2
|'a x b= /0 +(19) +(19 19) =19 _.
+1/2(19)2 I V2
Result: We know that N = a x b is a vector perpendicular
- -
N
to both the vectors a and b . n

Therefore, a unit vector perpendicular

N -
to both the vectors a and b is

a, b
n
_)
— ——
meot—=. | |
la x bl | IAI]
2. Find a unit vector perpendicular to each of the vectors
- - - - N A A A
a + b and a - b where a =3i +2j + 2k and
—> A A A
b=i+2j -2k.
— A A A —> A A A
Sol. Given: a =3i +2] +2k and b =i +2j -2k

—> A n
Adding, C=a +b =4i +4] +0k
— — "
Subtracting d = ?— b =2i +0j +4k
ij ok
- - >
Thereforeen = ¢ xd =4 4 0
2 0 4
Expanding along first row = i (16 - 0) - J (16 - 0) + k(0 - 8)

—> A n A
—~ n =167 -16J - 8k
_)
I | =+J(16) + (-16) + (- 8)2 = 256+ 256 + 64 = (576 = 24.
_)

%
Therefore, a unit vector perpendicular to both a and b is

A
n=x+
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=+ | i- - k|=i|ki— i- k.
(24 24 24 ) 3 3 )

w

A A

\ T with j, ~ with 4
3. If a unit vector a makes an angle with j, — with

and an acute angle 0 with k, then find 6 and hence, the

components of a.
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Sol. Let a =xi +yj +zk be a unit vector (1)
VX2 +y? + X2
= la|=1 = =1
Squaring both sides, x2 + yz2 + z2 =1 ..(ih)
A i

Given: Angle between vectors @ and i =i +0j + 0k is 3

T asin ( 25 ]
cos 3 = I _
AITiI [ COSGZIaHBIJ
1 x(1) + y(0) + x(0) =
= = or -
) )0 2 X .(iii)

A

A A A A
Again, Given: Angle between vectors @ and j =0i + j + 0k

.. T
1S a
4 |
T - 1 x(0)+y(d)+x(0)
cos . a] . d
4 AR 5 (1)(1)
Iall jI
1 .
= —— = w1V
N y (iv)

Again, Given: Angle between vectors a and k =01 +0j + k
is 6 where 0 is acute.

cos O = a.k = X(O) i V(O) + X(l) =z (V)
nD (1)(1)
laIlkI
Putting values of x, y and z from (iii), (iv) and (v) in (i),
1ol osto=1
4 2
= c0526=1—l—l _4=1-2 1 c056=il
But 0 4 2 4 4 2

is acute angle (given)

= cos 0 is positive a léE:Tl -
Academy
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From (v), z=cos 6 =

2
A l A i A l A
Putting values of x, y, zin (i), a = i + \/E j o+ 5 k
2

Components of a are coefficients of i, j, k in a

e, 1 , i and acute angle 6 = I

N9
)
N =
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- - - — - —
4. Show that (a - b)x(a + b)=2a x b.
RN e - e
Sol. LHS.=(a -b)x(a + b)
— - -5 2 2> > >
=a xa+axb-bxa -b xb
—> — - — —
=0+a Xb+?xb_o
s N - > - - - — - -
[.a xa =0,b xb =0 andb xa =-a x b]
N -
=2a x b = RHS
A A A A }\’/\+l’1’/\)=_>'

5. Find A and p
if(2i +6j +27k)x (i + j k 0

A A A A A A -

Sol. Given: (21 +6j +27k) x (i +L1j +pk)=10

A A A

i j k N
= 2 6 27|=0
1 X
Expanding along first row,
A A A —> A A A
i(u-270) - j(2u-27)+ k(2L-6) = 0 =0i +0j +0k

A A A

Comparing coefficients of i, J, k on both sides, we have
6 - 270 = 0 (D
2n-27 =0 (i)
and 2L-6 =0 ..(1ii)
From (ii), 2p = 27 = pu-= 2—72
From (iii), 2A =6 = A= 6 =3
2
27
Putting A =3 and u =~ in (i), 6l| -27(3) =0
7\|
\2)
o 27
or 81 -81=0 or 0 =0 which is true. .. A =3 and p = .
2
> - N - -
6. Given that a.b = BTx b = 0. What can you
Academy —
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conclude about the vectors a and b ?
. - -
Sol.leen:a.b=O :>|a||b|0059=0

= Either | 3] =0

% O
or IE-lth -_0) or_cos 0=Q (f>_)9 = 90°) a
= Either a =0 oy =g
- . . -
or vector g is perpendicular t0 b.........c.ccocoeeiiiiieeeeeee e 0]
a a

(" By definition, vector = is zero vector if and only if |_> | =0)
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- > -
Again given_> x = = |_> x | =0
a b 0 a
N —
al|P|sino=0—>
X

a bl=]a]]|b]sin

=

N -
Either |2 | =0 or |b| =0 orsin0=0(= 06=0)
— —

a b
- - - -
= Either _a) = (g O p = g or vectors g) and b are
collinear (or parallel) vectors. (ii)

%
We know from common sense that vectors a and b are

perpendicular to each other as well as are parallel (or collinear)

is impossible (iif)
S o - -

From (i), (if) and (iii), either a"= 0 or b =10

_>—> - —> -

a.b =0 and ax b =0

5 o —_—

— Either @ = 0 or b =0.
- 7 > A A A

7. Let the vectors a, b, c begivenasaii +azj + ask,

A A A A A A

bii +b2j +bsk,c1i +c2j +c3k.

e —> - N
Thenshowthat?x(b+c)=5)xb+§>xc
N A A A > A A A
Sol. Given: Vectorsa =a;i +azj +azk, b =b,i +b2j + b3k,
—> A A A
C =ci +c2j +c3k
—> RN A A A
b +c =(b+c)i +(bz+c)j +(bs+ca)k
- - - ! J k
a4 az as

LHS.= a x(b +c )=

b1+C1 b2+C2 b3+C3

= a a; as
CUET
Acaldenty, bs

D
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[By Property of Determinants]
e T

=a xb +a xc = R.H.S.
- - N -
8. If either @ = 0 or b = 0, then & x = 0. Is the
b

converse true? Justify your answer with an example.
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Sol. Gi Bither ~ = R
ol. Given: Either = or =
a 0 b 0
- —> e —>
lal|=]10]=0 or |[b]=]0]=0 ()
N —> RN —>
la x b]l=]a]|lb]sind=0(sin0)=0 [By(i]
- g =
a x b 0 (By definition of zero vector)
But the converse is not true.
A A A —>
Let a =1i+j+Kk ~ la]=lt1+1 =3 20.
_)
a is a non-zero vector.
—> A A A A A A
Let |b|=2(i +j +k)=21i +2j +2k
- -
Jd+4+4
1b|= or |b|=412=.,4x3 =23 =0
%
b is a non-zero vector.
NN i j k
But a x b = 1 11
2 2 2

—
=0

Taking 2 common from Rs, =

HH_.
_ =
= =X

(- Rz and Rs are identical)

9. Find the area of the triangle with vertices A(1, 1, 2), B(2, 3, 5)
and C(1, 5, 5).
Sol. Vertices of AABC are A(1, 1, 2), B(2, 3, 5) and C(1, 5, 5).

A

Position Vector (P.V.) of point Ais (1,1,2) =1 + j + 2Kk

P.V. of point B is (2, 3, 5) AL, 1,2)

=21 +3j +5k
P.V. of point C is (1, 5, 5)

A

=i +5j +5k B(2,3,5) C(1,5,5)

AB = PV of poin gg’l{E 901nt A
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+3] +5|2—(?+j + 2Kk)
+3j +5k - i - j -2k =1 42§ +3k

and AC = P.V. of pomt C - PV of pomt A

A A A

=l+5]+5k—(1+ ] +2k)_1 +5] +5k—l - J —2k

=01' +4j + 3Kk
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- - ok
AB x AC=|1 2 3
0 43

=i(6-12)- j(3-0)+ k(4-0)=-6i -3j +4k
We know that area of triangle ABC
- -

1 i
= ;|AB x AC| = 5 36+9+16 | x2+y2+x

1
=" Sq. units.
5 V61

10. Find the area ofthe parallelogram whose adjacent
—> A A A
sides are determined by the vectors a =i - j + 3Kk

—> A A A
and b =2i -7j + k.
Sol. Given: Vectors representing two adjacent sides of a
parallelogram are

— A A b—2|—7jA+|2
and b =2i -7j +Kk.
N N 1 ] k -5 A A A
a xb =|1 -1 3 a=i—j+3k
2 -7 1

=i(-1+21)- j(1-6)+ k(-7+2)=20i +5j -5k
— —
We know that area of parallelogram = |a x b |

400 + 25+ 25 = /450 = /25x9x2

5(3) \E = 15\5 square units.

Note. Area of parallelogram whose diagonal vectors are Z and

Call Now rFor Live Traiining 93100-87900




Class 12 Chapter 10 - Vector Algebra

11. Let the vectors a and b be such that |a | = 3,
- N7 - -
|b| = »then 3 X 5 a unit vector, if the angle

- N
between a and b is

@) * ® ° © * z
6 4 3 ®) ;-
N - 42 - o
Sol. Given: |[a | =3,| b | = 3 and a x b is a unit vector.
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N —> RN e
= Ja x b]=1 = |a]||b]sino=1
N -
where 0 is the angle between vectors a” and b .

Putting values of [a | and | b |, 3 d 3 Ijsin 6=1

iy

= sin
4

= V2 sin®=1 = sinHh= = 0= =

1
V2
Option (B) is the correct answer.

Area of a rectangle having vertices A, B, C and D with

A l A A A l A A A l A
positionvectors—i+2j +4k,i+2 j +4k,i—2j
A A l A A
+4kand - i - 2 j + 4k, respectively, is
1
A) - (B) 1 (€) 2 (D) 4
Given: ABCD is a rectangle. b ¢
_)
We know that AB = P.V. of point
B - P.V. of point A
A l/\ A (/\ l/\ /\\
=i+ _Joaak - i+, j+4k
27 (71 1+ 4K B
)
_|A+l A A l;\ A A A A
= j +4k + 1~ -4k =21 +0j +0Kk
2 ) 2 ! 4
_)
J4+0+0
AB=|AB| = =4 =2
and AD = P.V. of point D - P.V. of point A
A l/\ A ( A l/\ /\\
- _ -i _ s _ i .
2J + 4k |\ 1+2]+4k|
)
A l/\ N A l/\ N N A A A
=-i - Jj+ak+i - § _4k=-j=0i-j +0k
2 2
JO+1+0 J1
AD = |AD | = = =1

cademy

W

Area of rectangle A@gﬂ[ﬂ]ﬁ) (AD)

(= Length x Breadth)
= 2(1) = 2 sqg. units
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. Option (C) is the correct answer.

> -

or Area of rectangle ABCD = |AB x AD |-

Call Now For Live Training 93100-87900



Class 12 Chapter 10 - Vector Algebra

MISCELLANEOUS EXERCISE

1. Write down a unit vector in XY-plane making an angle of 30°
with the positive direction of x-axis.

%
Sol. Let OP be the unit vector in XY-plane such that ZXOP = 30°
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A

Y
Therefore, |O—|5 | =
ie., OP=1 ...(D P
By Triangle Law of Addition of
vectors, o
N 30°.
- - —> O M
In AOMP, OP = OM + MP
= (OM)i + (MP) j
A - - -~ Y’
[ a= % = a =lal a and unit vector along OX is i
lal
and along OY is j ]
- M A _P A

(Dividing and multiplying by OP in R.H.S.)

= (1) (c0s 30°) 1 + (1) (sin30%) j [ By (@), OP = 1]
_)

= unit vector OP = (cos 30) i + (sin 30°) j

- 3~ l/\
:>OP=12Fi+2j.

. (i)

Remark: From Eqn. (i) of above solution, we can generalise the

following result.

A unit vector along a line making an angle 6 with positive

x-axis is (cos 0) i + (sin 0) j
2. Find the scalar components and magnitude of the vector
joining the points P(x,, y,, z,) and Q(x., V., Z.).
Sol. Given points are P(x,, y,, z,) and Q(x,, ¥, Z,).

P Q
(%1, y1, 21) (%2, y2, 22)

= P.V. (Position vector) of point P is

(vav Zl) = X1i +y1j + z1 k
and P.V. of point Q is (x,, V», 2,) = x,1 TY2j + 22K

—

. Vector PQ, the ve

omm: the points P and Q
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A A A A /\ A
=x,i TV + z2 K — (ki T + z1k)
A A 0 A A "
=X2i +)2] + zok —Xli -JV1] - z1k
% N A N

= PQ=(-x)i +02-y)j +(z=-z)k
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%
Scalar components of the vector PQ are the coefficients of

N A N H
i, j, kinPQ ie, (x;-x), (V2 -1 (22 - 7))
%

and magnitude of vector PQ

= k2 = X102+ (Y2 - Y12+ (e~ x1)2 L | X2+ y2 e
3. A girl walks 4 km towards west, then she walks 3 km in a
direction 30° east of north and stops. Determine the girl's
displacement from her initial point of departure.
Sol. Let us take the initial point of departure as origin.
Let the girl walk a distance OA = 4 km towards west.

N(Y)
N
Q P
(Final paint) B
oy
woll 60° M 90° - 30° = 60°
< E(X
A 4 km (o] (Initial point of *)
departure)
Y
S(Y)

Through the point A draw a line AQ parallel to a line OP (which
is 30° east of North i.e, in East-North quadrant making an angle
of 30° with North)

Let the girl walk a distance AB = 3 km (given) along this
- — A —

direction OQ (given). .. OA = 4 (- i)[.Vector OA is along
0X1)]

= - 4i (D)
We know that (By Remark Q.N. 1 of this miscellaneous exercise)
a unit vector along > (or = ) making an angle 6 = 60° with
AQ/\ AB A A A
positive x-axis is (cos 0) 1 + (sin 0) j = (cos 60°)i + (sin 60°) j
1 A \/3 A,

:2'I+T_]) —> = - A
- CUET
AB = |AB| (A un AdgelE AB) |. a =|a|a
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(1n N 3 . o (i)
=3 1", 37 .3 .33

N VA
Lt i)t =i
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Girl’s displacement from her initial point O of departure (to

- — -
final point B) = OBof = OA + AB (By Triangle Law of Addition
vectors)

T R AN (PR
SRR PEANPEDS Il Gh Py AP
[By 0]  [By (D]
=5+~ 38~
= i+ _ﬁ j-
2 2
- - - - - -
4. Ifa = b + c ,thenisittruethat |[a |=|b | +|c |?

Justify your answer.
Sol. The result is not true (always).
. - —>
Given: 3’ =b + c.
- 7 > -
Either the vectors a , b, ¢ are collinear or vectors a , b

>

c form the sides of a triangle.

-> > > .
Case I. Vectors a, b, c are collinear.

P S T
b c
- - - d - g
Let a = AC, b = AB and ¢ = BC,
N - d d - -
then a = AC =AB +BC = b+ c.
- —> -

Also, |a | =AC=AB+BC=|b | +]|c|.

- 7 o>
CaseIl. Vectors a, b, ¢ forma A
triangle.

°l
ol

Here also by Triangle Law of vectors,
- - -
a =b +c
RN —> — B

2

But|a | <|b|+]c|

C. Each side of a triangle is less than sum of the other two sides)

- (C a ) = b + c |ﬁ c | is true only when vectors
Academy
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- _s are collinear vectors.
b and c A Ao

5. Find the value of x for which x(i + j + k) is a unit vector.

A A A A A A

Sol. Because x(i + j + k) =xi +xj + xk is a unit vector (given)

A N A
Therefore, |xi +xj + xk| =1
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\Ix2+x2+x2 =1

[ xi +y]j +Zk X2+ y2+x2]

Squaring both sides 3x2 =1 or x2 = ; X

1l
I+

-

6. Find a vector of magnitude 5 units and parallel to the
resultant of the vectors

A A A A

- A ! . .
a =2i+3j] —kand b =i -2j + k.
. > .t L I
Sol. Given: Vectors 8 =2i +3j - kand b =1 -2j +k.
a b
Let vector ? be the resultant of vectors ~ and .
_> _> _) A A A A A A
c =a+b=2i +3j —k+i-2j +k.

= 3? + jA + ok.

Required vector of magnitude 5 units and parallel (or

: - - .
collinear) to resultant vector ¢ = a  + b is

Ed ( A A /\\

¢ _|8i+j+0
5¢ 2] "5L1/9+1+o J

5 5 5 V10 » o«
= ﬁ (31 + \/— J10 3i +1j)

5 S U I
= '| . . + s - .
OJE(S )=, @i +1) 2\/%1+ 5
- " " N N 2 "
7. Ifa =1+ j + k, b=2i-j +3k and
_) N N N
c =i -2j + k, find a unit vector parallel to the
- -
vector 2a — b_>+ 3¢. , N A
Sol. Given: Vectors =+ Ao =20i -] +3k
i j +k, b
%

and ¢ = 1 —2j + kﬂggya%{:my
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Class 12
Let_):2_>—_>+3_>
d a b C
=2(i + j + k)-(21 = j +3k)+3(i -2j + k)
=2i +2jA +2I2 - 2i +jA—3I2 + 3i —6jA +3ﬁ
A A N N
d =3i -3j +2k .. A unit vector parallel to the vector
_) A N A
d =31 -3j +2kis
a4 si3jesk (3 3 L2
dl V9+9+4=422 22 J22 J22
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8. Show that the points A(1, — 2, — 8), B(5, 0, — 2) and
C(11, 3, 7) are collinear and find the ratio in which B divides AC.
Sol. Given: Points A(1, — 2, — 8), B(5, 0, — 2) and C(11, 3, 7).
i.e, Position vectors of points A, B, C are
- A A A

OA (=A(1,-2,-8) =1 —2j -8k

g A A A A A
OB (=B(5,0,—2))=5i +0j -2k =51 -2k

d A A A

and OC (= C(11, 3, 7)) = 11i +3j + 7k
_)
AB = P.V. of point B — P.V. of point A

=5i —2k — (i —2j -8k)=5i -2k -1 +2j + 8k
- A A A
or AB =4i +2j +6k

_)
AB = |AB| = [16+4136 = 56 = JAx14 =214

N

and BC = P.V. of p01nt C P.V. of point B

A A A A A A A

=111 +3] +7k —(51 —-2k) =ui +3j +7k -51 +2k

=6i +3j +9k
H
BC=|BC|= ,36+9+81 =126 = 9% 14
_)

AC = P.V. of point C — P.V. of point A

=11i +3j +7k - (i -2j -8k)

=11i +3j +7k -1 +2j +8k=10i +5j + 15k
—
100 + 25 + 225 350 25 x 14 J14
AC = |AC | = = = =5
—> —> A A A A A A
Now, AB + BC =41 +2j +6k +6i +3j +9k
A A A d

=101 +5j +15k = AC
o. Points A, B, C are either collinear or are the vertices of
AABC.

Again AB + BC = 214 + 3414 = (2 + 3)14 =514 = AC
.. Points A, B, C are MERIET
Now to find the rati WMAIAY divides AC
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Al
A(L,—2,—8) B c(11,3,7)
= (5,0,-2) >

Let the point B divides AC in the ratio A : 1.
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9
1
By section formula, P.V. of point B is i 1?
+
( ) = M11.3.7)+(1,-2,-8)
= 5,0, =2)= A+ 1
Cross-multiplying,

o+ 1D6Bi +0j-2k) =Aui+3j+7k)+(i-2j - 8k)

A A A A A A A A

=50+ 1D —20 + )k = 1A + 3L j+7ak + 1 —2j — 8k

= BGL+5)i —(@r +2)k = (@1r + 1)1 + (3L —-2)j+ (72 — 8)k

Comparing coefficients of i, j, k on both sides, we have
BA+5=11A+1,0=3L—2,— (2L + 2) =70 — 8
= —6L=—4,-3L=—-2,-2L-2=7L-8 (= —-9AL=-06)

:)%:ézz,Kzz,}\,:Q:g
6 3 3 9 3
All three values of A are same.
Required ratiois A : 1 = 2 t1=2:3.

9. Find the position vector of a point R which divides the line
joining the two points P and Q whose position vectors are
e - - g
(2a + b)and (a — 3b ) externally in the ratio 1 : 2. Also,
show that P is the middle point of line segment RQ.
Sol. We know that position vector of the point R dividing the join of P
and Q externally in the ratio 1 : 2 = m : n is given by

—> —> - > - >
2 _mb_ma 1(a-3b)-2(2a+b)
- m-m - 1-2
- —> - —> - 4
a-3b-4a-2b —3a-5b N -
- 1-2 = 4y “3atsb

Again position vector of the middle point of the line segment RQ

P.V. of point £ + P.V. of point Q -, Ol

S5 =
+
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. Point P is the middle point of the line segment RQ.

10. Two adjacent sides of a parallelogram are 2i — 4j + 5k

and i — 2] - 3k. Find the unit vector parallel to its
diagonal. Also, find its area.
Sol. Let ABCD be a parallelogram.
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Given: The vectors representing two adjacent sides of this
parallelogram are say

% /.\ N N
a =21 -4j +5Kk
—> N A A
and b =1 —2j -3k
Formula: .. Vectors along theA - b8
. — — a
dlagﬁnals AC and DB of the
parallelogram are
%
@+ p and @ — E
—) N A N A N N
ie., ?+b=21’—4j+5k+1'—2j—3k

=3i —6jA +2|2
O S S
and 3 - B =21 -4 +5k (i -2 - 3k)
=2i —4f +5k — i +2jA+3k=i—2jA+8&

. Unit vectors parallel to (or along) diagonals are
- = - — A A A A A A

3i-6j+2k i-2j+8k

a-b
20 and 2oy N9+36+4=1a9=7 and 76 - 69
A _

Let us find area of parallelogram

i j k
_) /.\ .A A
a2 xb =|2 -4 5| =i(12+10) = j(-6-5 + k(-4 +4)
1 -2 -3
=221 +11jA+oAk
We know that area of parallelogram = |? X ?I

= J@2)2 + (11)2 102 = 484 +121 = 605

= J5x121 = J121x5 = 11+/5 sq. units.
11. Show that the direction cosines of a vector equally inclined

to the axes OX, OY and OZ are %, %, %

Sol. Let I, m, n be the direction cosines of a vector equally inclined to

the axes OX, OY, OZ.
. A unit vector along the given vector is

N A A A

a:”+mj+nkm6%%T la] =1
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= Jl+m2+n2 =1 Lo P4+ m2+n2=1 (D

Let the given vector (for which unit vector is a ) make equal

angles (given) 0, 0, 0 (say) withOX (=i ),0Y (= j ) and OZ (= k)
.. The given vector is in positive octant OXYZ and hence 6 is
ACULR. cuveeeurreereeereeeereeeiteeeiseeeseeeseeesseeesaeesseesseeenseeesseesseesaeeseessseensseenns (i)
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A

For angle 0 between a and i,

cosf= _a.i _ li+mj+nk).i+0j +0k)
AR 1)(1
lallil D)
or cos 0 = I(1) + m(o) + n(o) =1
or I = cos 0 ...(ii0)
Similarly, for angle 6 between a and j, m = cos 0 (iv)
Similarly, for angle 6 between é\ and IQ, n = cos 0 (V)
Putting these values of I, m, n from (iii), (iv) and (v) in (i), we
have
cos® 0 + cos®> O +cos®* 0 =1 = 3cos* 0=1
W U
= cos’ 60 = 3 :cos—,3—,\/§
cos 0 = % (." By (ii), 6 is acute and hence cos 6 is positive)
1
Putting cos 6 = ﬁ in (i), (iii) and (iv), direction cosines of the
1 1 .
NERRNE] NE]
required vector are I, m, n = s and

A

T I T S

12 et a =i +4J +2k, b =3i —2j +7k and
> A A S

¢ = 2i — j + g4k. Find a vector b which is

- -
perpendicular to both @ and p ,and ¢ . d = 15.

—> A A A
. . > - —>
Sol. Given: Vectorsare a =i +4] + 2k d=1(a xb)
—> A A A - N
and b =3i -2j + 7k a b

By definition of cross-product of two

- - .
vectors, 5 x p 1s a vector

perpendicular to both _; and —l>)

Hence, vector _d) whicw(sﬁﬁ?fpendicular to both _a) and _)b
&) Academy

Call Now rFor Live Traiining 93100-87900



Class 12 Chapter 10 - Vector Algebra

%
is —d> = ?L(E) x b ) where A = 1 or some other scalar.
i j ok
Therefore, _d> =2 |1 4 2
3 -2 7

Expanding along first row, = A[i (28 + 4) — j (7 — 6) +

@(— 2 — 12)]
ﬁ N A N
or d =321 - j - 14k] (D)
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- A A "
or d =3201 —Aj — 140Kk
> A

A A

To find 1: Given: ¢ =2i - j + 4k

N
Also given ¢ . 4 =15
= 2(324) + (= D(=A) + 4(- 14)) = 15 5
= 641+ A —56AL =15 = OA =15 = A= "
3

. 5
Putting A = 3 in (i), required vector

d - g (321A - jA —14I2) = (1601 —5jA —70kA).

A A

s W =

13. The scalar product of the vector i + j + k w1th a unit

A

vector along the sum of the vectors 2i + 4 J -5 k and

M +2j +3 k is equal to one. Find the value of ).

Sol. Given: Let a =i + j + K (D)
ﬁ /.\ f\ A % /-\ A A
b =21 +4j -5k and ¢ =i +2j + 3Kk
—> RN —> A A A
b +c (=d (say)) =(2+M)i +6j -2k
R A
d, a unit vector along b + ¢ = d is

—) A A A
N d 2+0M)i+6j -2k
d=5 =

ldl V(2+2)2+36+4=\4+22+4n+40
N A A A

2+0M)i+6j -2k

JAZ + 40 + 44

(2+ 1) A

= i+

VA2 + 4\ + 44

or d=

6 17_72 ﬂ
N VI Ty,
(i)

A N
Given: Scalar (i.e, Dot) Product of _a) andd ie,= a .d =
From (i) and (i),

1(2+2) 1(6) 1(=2)

b2ran+aa T h2ranraa T 2 aiaa T

@gya%}.my
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Multiplying by L.C.M. = A2 + 41 + 44,
24N +6-—2= 24140 +44 = A+6= A2 +40+44

Squaring both sides (A + 6)*>= A2 + 4\ + 44
= A+ 120 + 36 = A2+ 41 + 44
= 8L =8 = A=1

u I 2, B>’ ? are mutually perpendicular vectors of equal

. I
magnitude, show that the vector @ + b 4 is equally
_)
- -
inclinedto a, b, c

) ’
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- -
N ) are mutually perpendicular vectors of equal
Sol. Given: 3
, b ¢
l’Tlagl’li;u@.__)_) -0 - > o> 7 -0
" a b ' b ¢ c b '
—>—>=g.g=0 - (D)
a a a ¢
d - - - N -
an |a|—_!b|_—)lcj_)— (gy) ...Fn)
Let vector = + + make angles 6 , 6 , 6 with
d a b c 12 3
vectors ., B,  respectively.
a c > 7 > >
d’: (a+b+c).a L
cos 01 = N -
Id+31 Ila+b+Tllal |
> > 5> —2
_a.a+a.b+a.c _ +0+0 [By ()]
Ial
5o > == =
Ia+b+ c IIal Ia+b+clIal
_)
= cos 01 = IaPr R i - .. (iiD)
- = S5 > - =
Ia+b+clIlal Ia+b+cl
> o >
Letus now find | a_¢ b _+ C |- N
Weknowthat|$+ v OPR=( 4 + C )
a b c a b
— —> — - - —>
= "?+( + ")P+2a.(b+* c)
a b c - - - - - -
(A +B)2=A2+B2+2A . B
=H2+92+%2+2[H(.H+2L,A+2%_% :
a b ¢ b ¢ a b a ¢
= a2+ b2+ ]| d2+2b p+2 5.6 25 .7¢
Putting values from (i) and (ii)
_)
|_a) + o+ ?|2=K2+K2+k2+0+0+0=37\2
- >
13+ b +c|=32 503 N
. . —
Putting this value of + =2+3 and =2
utting this value o Ial%]UE'f | and | a |
from (i) in (iii), cos 01 =gprAcadeny s B1=cos"! =
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., 1 and6s = cos !

Similarly, 62 = cos™ * _

V3
01 =02 = 63 L\zcos*1 1)
- k—> 3. o
. Vector + + is equally inclined to the vectors
a b c a
B) and ¢’.
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- 2 - 2
d - - i

15. Provethat (a + b).(a + b)=]a| +|b],if and

9
only if ~ are perpendicular, given ~ = A
a b a 0 b 0
Sol. We knowthat(_; + _;)_(_; + _l:)
S o s oo
=a.a+a.b+ b,a+ b'b
T e G =
=lal*+ a,b+a.b+[b]
2 2 _)—)
- -b (D)

lal +1b| +2a
- -

For If part: Given: a and b are perpendicular

-5 —

= —b =0

Putting ~. = 0 in (i), we have
a

RN - N —> RN
G +p)-(a *p)=|a?+Ibl*

For Only if part:

Given: (: + Z) . (: + E

— —
)=la|*+|b|*®

Putting thi_s)vz;lue igL.H.S. eqn. (i), we have

2 - —)2 - —>
lals+Ibl =lal +Ib| g2a.b
= 0 =2 o = 0 = =0
a b a b 2

> > - >
Buta # 0 and b = 0 (given).
Vector ~ and _b) are perpendicular to each other.
a

16. Choose the correct answer: N N S5 oo

If 0 is the angle between two vectors "and ,then ~. >o0

a b a b
only when

T n
(A)0<e<_2 B)o<oc< 5 Co<o<n Do<bH=<n

. - =
Sol. Given: . >0

a b
- =
= Jal||b|cosb6=0 = cos >0
.. - -
[. ]a | and | b | being lengths of vectors are always > 0]

and this s true only fi iqnE(B), out of the given
options " For option €®demycos 0> 0.
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I 2 )

17. Choose the correct answer :

Let a and b be two unit vectors and 0 is the angle
between them. Then a + b is a unit vector if

@woe=" ®@o=" ©o6=% (o= 2,
: . 3 2 3
Sot leel: 34>, : and ? + 51) are unit-vectors
= | =1, | b> =1 and | + | =1
a
. . -
Now, squaring both sides of |a” + b | = 1, we have
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H2
- AT d =1
|7+ =1 = (
a b, - N a b
= 2+ 2+ 2 7, =1
a b a b
= — 2 - 5 g g
la] +|b|] +2la]||b|cosb=1

. . -
where 0 is the given angle between vectors , and B .

RN —>
Putting |[a | =1and | b | =1,wehave1+1+2cos 0 =1
= 2c¢c0s0=-1 = cos O = — = —cos 60°
= cos 0 = cos (180° — 60°) = cos 0 = cos 120°
= 0 = 120° = 120 x =L =@
180 3
pil (()11)4). alsltt%egmﬁ%d answer. A
i
(1)1.1A=|14LQ=A1,J.J=,|( k=1 -
(2)l><l=0,jx OadeR= $ ]“
(3)1 ]—O=in,jA.|2= IQ.jA,i k=0 kA
(4)l><] ,]xk—landkxl—]
18. Choose the correct answer:
The value of i.(] x k) + j.(i x k) + k.(i x j)is
Ao B) -1 © 1 D)3

Sol. i .(j x K +j .(i xk)+k.(i xj)

A A A
=1

g

xk==kxi==7j)
=1-1+1=1
. Option (C) is the correct answer. N
19. If 6 be the angle between any two vectors 3 and ,then

b
|:.§|=|:X_|;|,when9isequalto
I T
A) o B =
%
Sol. Given: |7.bl=]|"x b|
a a
- — - —
= |a b cos b | sin 6
lal] ||| s Qalpe (haedr | b |
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- i—b> a_) b—>
la.b|=1]allb]||cos6])
Dividing both sides by Ta || b |, we have |cos 6| = sin 0

b
and this equation is true only for option (B) namely 0 = out of
the given options. ] 4

I R
L

T V2 _#
cos 4 = and also sin = =

Option (B) is the correct option.
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	Exercise 10.1
	1. Represent graphically a displacement of 40 km, 30  east of
	2. Check the following measures as scalars and vectors:
	3. Classify the following as scalar and vector quantities:
	(iv)  velocity (v) work done.
	4. In the adjoining figure, (a square), identify the following vectors.
	(ii) Equal
	5. Answer the following as true or false.
	(ii) Two collinear vectors are always equal in magnitude.
	(iv) Two collinear vectors having the same magnitude are equal.
	Note. Two vectors
	b  are said to be equal if

	Exercise 10.2
	1. Compute the magnitude of the following vectors:
	2. Write two different vectors having same magnitude.
	3. Write two different vectors having same direction.
	4. Find the values of x and y so that the vectors 2 i + 3 j and
	Sol. Given: 2 i
	5. Find the scalar and vector components of the vector with initial point (2, 1) and terminal point (– 5, 7).
	6. Find the sum of the vectors:
	and 
	7. Find the unit vector in the direction of the vector
	8. Find the unit vector in the direction of the vector   PQ
	IPQI
	9. For given vectors
	find the unit vector in the direction of a + b .
	10. Find a vector in the direction of vector 5 i – which has magnitude 8 units.
	are collinear.
	12. Find the direction cosines of the vector i + 2 j + 3 k .
	13. Find the direction cosines of the vector joining the points A(1, 2, – 3) and B(– 1, – 2, 1) directed from A to B.

	6
	14. Show that the vector i +
	15. Find the position vector of a point R which divides the line joining two points P and Q whose position vectors are
	(i) internally (ii) externally.

	3
	QÆ
	16. Find the position vector of the mid-point of the vector joining the points P(2, 3, 4) and Q(4, 1, – 2).
	17. Show that  the  points  A,  B  and  C  with  position  vectors,
	respectively form the vertices of a right-angled triangle.
	Step II.
	18. In triangle ABC (Fig. below), which of the following is not true:
	(B)
	(D)
	19. If  and b are two collinear vectors, then which of the
	(C) the   respective   components   of    
	and b
	proportional
	and  b
	different magnitudes.


	Exercise 10.3
	1. Find   the   angle   between  two   vectors   
	and   
	with
	and 2, respectively having
	2. Find  the  angle  between  the  vectors  i  –  2  j  +  3 k and
	3. Find the projection of the vector i – j on the vector i +  j .
	Projection of vector
	a  and  b
	4. Find  the  projection  of  the  vector  i  +  3  j  +  7 k  on  the
	5. Show that each of  the  given three vectors is  a  unit
	vector:
	Also show that they are mutually perpendicular to each other.
	b b b
	| = 8| b |.

	b b b (1)
	b
	7. Evaluate the product (3 a  – 5 b ) . (2 a  + 7 b ).
	8. Find the magnitude of two vectors a  and  b , having the
	and their scalar product is 1 .
	9. Find | x |, if for a unit vector a , ( x – a ) . ( x + a ) = 12.
	Sol. Given:  a
	10. If
	are such that the value of .
	, then find
	11. Show that |  |    is perpendicular to
	= 0,  then  what  can  be  concluded
	the converse need not be true. Justify your answer with an example.
	15. If the vertices A,  B,  C  of  a  triangle  ABC  are  (1,  2,  3), (– 1, 0, 0) and (0, 1, 2), respectively, then find ABC.
	16. Show that the points A(1, 2, 7), B(2, 6, 3) and C(3, 10, – 1) are collinear.
	17. Show  that  the  vectors  2 i  –
	3 i  – 4 j  – 4 k form the vertices of a right angled triangle.
	18. If
	zero scalar, then  a is a unit vector if
	Sol.  Given:  a


	Exercise 10.4
	1. Find  | a ×    b |, if
	2. Find a  unit  vector  perpendicular  to  each  of  the  vectors
	Sol.  Given: 
	3. If a unit vector
	a  makes an angle
	and an acute angle  with
	k , then find  and hence, the
	x(1)  y(0)  x(0) (1)(1)
	1 x(0)  y(1)  x(0)
	(1)(1)
	2
	2 (1)
	6. Given   that
	0 .  What  can  you
	7. Let the vectors  a ,
	8. If  either
	0 . Is the
	b 0
	0
	9. Find the area of the triangle with vertices A(1, 1, 2), B(2, 3, 5) and C(1, 5, 5).
	10. Find the area of the parallelogram whose adjacent
	sides  are   determined  by  the  vectors
	11. Let   the   vectors
	b  be  such  that  | a
	b  is  a  unit  vector,  if  the  angle
	a and
	b is
	12. Area of  a  rectangle  having  vertices  A,  B,  C  and  D  with
	(B) 1 (C)  2 (D) 4
	1. Write down a unit vector in XY-plane making an angle of 30  with the positive direction of x-axis.
	A unit vector along a line making an angle
	2. Find the scalar components and magnitude of the vector joining the points P(x1, y1, z1) and Q(x2, y2, z2).
	3. A girl walks 4 km towards west, then she walks 3 km in a direction 30  east of north and stops. Determine the girl’s displacement from her initial point of departure.
	Justify your answer.
	Given: a
	Case I. Vectors
	c are collinear.
	Case II. Vectors triangle.
	5. Find the value of x for which x( i + j + k ) is a unit vector.
	6. Find a vector of magnitude 5 units and parallel to the resultant of the vectors
	c =   i  – 2 j   +   k , find a unit vector parallel to the
	8. Show that the points A(1, – 2, – 8), B(5, 0, – 2) and C(11, 3, 7) are collinear and find the ratio in which B divides AC.
	Now to find the ratio in which B divides AC
	9. Find the position vector of a point R which divides the line joining the two points P and Q whose position vectors are
	(2 a + b ) and ( a – 3 b ) externally in the ratio 1 : 2. Also,


	m– m
	 
	5b a
	2
	10. Two adjacent sides of a parallelogram are 2 i – 4 j + 5 k
	and i  – 2 j   – 3 k . Find the unit vector parallel to its
	Let us find area of parallelogram
	11. Show that the direction cosines of a vector equally inclined
	12. Let
	c =   2 i – j +   4 k .   Find   a   vector b which    is
	13. The scalar product of the vector  i  +  j  +  k  with a unit
	vector along the sum of the vectors 2 i  +  4 j   – 5 k  and
	 i + 2 j  + 3 k is equal to one. Find the value of .
	14. If
	   are mutually perpendicular vectors of equal
	inclined to
	Sol.  Given:  

	IaI
	3
	+ | b | , if and

	0 b 0
	For If part: Given:
	b  are perpendicular
	For Only if part:
	16. Choose the correct answer:
	only when 
	17. Choose  the  correct  answer :
	 is the angle
	a  and
	between them. Then a + b is a unit vector if
	Sol. Given:
	Very Important Results ^
	18. Choose the correct answer:
	(A) 0 (B) – 1 (C) 1 (D) 3
	Sol.  i
	19. If  be the angle between any two vectors
	(A) 0 (B) 




