Class 12 Chapter 1 - Relations and Functions

Exercise 1.1

1. Determine whether each of the following relations are
reflexive, symmetric and transitive:

(i) Relation R in the set A = {1, 2, 3, ..., 13, 14} defined as
R={(xy):3x-y=0}
(ii) Relation R in the set N of natural numbers defined as
R={xy):y=x+5and x < 4}
(iii) Relation R in the setA = {1, 2, 3, 4, 5, 6} as
R = {(x, y) : y is divisible by x}
(iv) Relation R in the set Z of all integers defined as
R = {(x, y) : x - y is an integer} (Important)
(v) Relation R in the set A of human beings in a town ata
particular time given by
(a)R = {(x, y) : x and y work at the same place}
(b) R = {(x, y) : x and y live in the same locality}
(c) R = {(x, y) : x is exactly 7 cm taller than y}
(d) R = {(x, y) : x is wife of y}
(e) R = {(x, y) : x is father of y}
Sol. (i) Given: Set A = {1, 2, 3, ..., 13, 14}
Relation R in the set A is defined as
R={kxy) :3 -y=o0}
ie,R={(x,y): —y=—-3xie,y = 3x} (D)
Is R reflexive? Let x € A. Putting y = x in (i), x = 3x
Dividing by x# 0 (x € Ahereis # 0), 1 = 3 which is impossible.
Therefore (x, x) ¢ R and hence R is not reflexive. Is R
symmetric? Let (x, y) € R, therefore by (i) y = 3x
Interchanging x and y in (i), x = 3y which is not true

(- y=3 = X=Xand¢3y)
3

For example, 2 € A, 6 € Aand 6 = 3(2) (i.e, y = 3x)
but 2 = 3(6) = 18.
(2, 6) € R but (6, 2) ¢ R .. R is not symmetric.
Is R transitive? Let (x, y) € R and (y, z) € R.
Therefore by (i), y = 3x and z = 3y.
To eliminate y, Putting y = 3x in z = 3y, z = 3(3x) = ox

By (), (x, z2) ¢ R.
R is not transitive.

(ii) Given: Relation R in the set of natural numbers
defined as
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R ={kxy) :y=x+5andx < 4}
ie, R ={x,x+5)and x =1, 2, 3}
In Roster form; R = {(1, 1 + 5), (2, 2 + 5), (3, 3 + 5)}
Le, R = {(1, 6), (2, 7), (3, 8)}
Domain of R is the set of x co-ordinates of R. ie, the set {1, 2, 3}.
R is not reflexive because (1, 1) ¢ R, (2, 2) ¢ R, (3, 3) ¢ R
R is not symmetric because (1, 6) € R but (6, 1) ¢ R.
R is transitive because there are no two pairs of the type (x, y)
and (y, z2) € R = {(1, 6), (2, 7), (3, 8)};
so we should have no reason to expect (x, z) € R.
Remark 1. Please note carefully and learn that relation R in the
above question is transitive.
Remark 2. Whenever set A is a small finite set, it is always
better to write R in roster form.
Relation R in the setA = {1, 2, 3, 4, 5, 6}
defined as R = {(x, y) : y is divisible by x}.
.. In roster form; R = {(1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6),
(2, 2), (2, 4), (2, 6), (3, 3), (3, 6), (4, 4), (5, 5), (6, 6)}
R is reflexive because (1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6) all
e R, ie, (x, x) € R for all x € A.
R is not symmetric because (2, 4) € R but (4, 2) ¢ R as 2 is not
divisible by 4.
Is R transitive? Let x, y, z € A
such that (x, y) € R and (y, z) € R.
By definition of R in this question, y is divisible by x and z is
divisible by y.
There exist natural numbers m and n such that
y = mx and z = ny.
To eliminate y: Putting y = mx in z = ny, we have
z = n(mx) = (nm)x
z is a multiple of, x, ie, z is divisible by x.

x, z) € R. o. R is transitive.
Given: Relation R in the set Z of all integers defined as
R = {(x, y) : (x — y) is an integer} (D

Is R reflexive? Let x € Z. Putting y = x in (?),
X — x = 0 is an integer which is true.

(x,x) e Rforall x e Z - R is reflexive.
Is R symmetric? Let x € Z, y € Z, and (x, y) € R.

By (i) (x — y) is an integer.
ie, — (y — x) is an integer and hence y — x is an integer.

(y, x) € R. -, R is symmetric.
Is R transitive? Let x € Z,y € Z and z € Z
such that (x, y) € R and (y, z) € R.
= By (i), x — y is an integer and y — z is also an integer.
Adding to eliminate y, x — y + y — z = Integer + Integer
ie, x — z is an integer.
= (x, z) € R by (. .. R is transitive.

Call Now For Live Training 93100-87900




Class 12 Chapter 1 - Relations and Functions

(v) R is a relation in the set A of human beings of a town.
(a) Given: R = {(x, y) : x and y work at the same place} ...(J)

Is R reflexive? Let x € A.
Putting y = x in (i), x and x work at the same place which
is true (*.© x and x is just one person x)
Is R symmetric? Let x € A, y € Aand (x, y) € R.

By (i), x and y work at the same place.
i.e, same thing as y and x work at the same place. Therefore
by (i), (v, x) € R.
Is R transitive? Let x € A, y € A, z € A such that
(x, ) € Rand (y, z) € R.

By (i), x and y work at the same place.
Also By (i), y and z work at the same place.
Therefore, we can say that x and z also work at the same
place.

By (i), (x, z) € R. Therefore, R is transitive.
(b) Same solution as of part (a)
(Replace the word “work” by “live” and “place” by “locality” in
the solution of part (a)).
(© R = {(x, y) : x is exactly 7 cm taller than y) (D
Is Rreflexive? Let x € A. Putting y = xin (i), we have x is exactly
7 cm taller than x, which is false.
(.- No body can be taller than oneself.)
Is R symmetric? Let x € A, y € Aand (x, y) € R.
Therefore, by (i), x is exactly 7 cm taller than y.

y is exactly 7 cm shorter than x.

By (i), (v, x) ¢ R.

R is not symmetric.
Is R transitive? Let x € A, y € A, z € Asuch that (x,y) e
R and (y, z) € R.

By (i), x is exactly 7 cm taller than y and y is exactly 7
cm taller than z.

x is exactly (7 + 7) = 14 cm (and not 7 c¢m) taller than z.

By (i), (x, z) ¢ R. ~. R is not transitive.
(d) Given: R = {(x, y) : x is wife of y} ()]
Is R reflexive? Let x € A. Putting y = x in (i), we have x is
wife of x which is false.
(.- No lady can be wife of herself.)

R is not reflexive.
Is R symmetric? Let x € A, y € Aand (x, y) € R.

By (i), x is wife of y.
Hence y is husband (and not wife) of x.

o, x) ¢ R. QCUET - R is not symmetric.
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Is R transitive?
There can’t be any three x, y, z € A
(Set of Human beings) such that both (x, y) € R and (y, z) € R.
(. (x,y) € R = xis wife of y (= Husband ie, Man) and
hence (y, z) will never belong to R as no man y can be wife of any
human being z).
Hence we no reason to expect that (x, z) € R. .. R is transitive.
(e) Given: R = {(x, y) : x is father of y} (D
Is R reflexive? Let x € A. Putting y = x in (i), we have x is
father of x which is false.
(.~ No body can be father of oneself)
Is R symmetric? Let x € A, y € A such that (x, y) € R.
By (i), x is father of y.
Hence y is son or daughter (and not father) of x.
v, x) ¢ R ~. R is not symmetric.
Is R transitive? Let x, y, z € A such that (x, y) e Rand (y,z) € R.
By (i), x is father of y and y is father of z.
Hence x is grandfather (and not father) of z.
(x,z) ¢ R. .. R is not transitive.
2. Show that the relation R in the set R of real numbers,

defined as R = {(a, b) : a < b} is neither reflexive nor symmetric
nor transitive.

Sol. Relation R = {(a, b) : a, b are real and a < b2} )
Is R reflexive? Let a be any real number.

Putting b = a in (i), a < a2 which is not true for any positive real
number less than 1.

1 (1)

1
For example, for a = _, ! (ie., a < a?) is not true
4

2 2 SIk_2|)
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1 1 . .
as _ > _. .. R is not reflexive.

2 4
Is R symmetric?
Let us take a = 1 and b = 2. Now a = 1 < 22 = 4 (= b?) is true.

By (i), (a, b) € R.1414
But b = 2 > 12 = 1 (a2) ie, b is not less than equal to a2,
therefore (b, a) ¢ R. . Risnot symmetric. Is
R transitive?
Let us take a = 10, b = 4, and ¢ = 2 (All three are real numbers)
Now by (i), (a, b) = (10, 4) € R (. a=10<b2(= 42)istrue)
Again by (1), (b, c) = (4, 2) e R (. b=4<c2(=22)istrue)
(4<22 = 4<4 = FEither 4 <4 or 4 =4Butg=4istrue).
But (a, ¢) = (10, 2) ¢ R['." a =10 > 22 (= b2)]

R is not transitive.

R is neither reflexive, nor symmetric nor transitive.
Remark. It may be noted that 4 < 4 is true. Also 4 > 4 is
true. 8 > 5 is true and 3 < 6 is true.

3. Check whether the relation R defined in the set {1, 2, 3, 4, 5,
6}asR={(a, b): b=a+ 1}isreflexive, symmetric or transitive.
Sol. Given: Set {1, 2, 3, 4, 5, 6} = set A (say)
Relation R = {(a, b) : b=a + 1} = {(a, a + 1) : a € A} ...(1)
Putting a = 1, 2, 3, 4, 5, 6 (given) in (i).
Roster form of relation R is {(1, 2), (2, 3), (3, 4), (4, 5), (5, 6),

(6, 7)} ..(ii)
R is not reflexive. [.- By (i), (1, 1) ¢ R, (2, 2) ¢ R]
(. We know that for relation R to be reflexive, (a, a) € R for
all a € A)

R is not symmetric because by (ii), (1, 2) € R but (2, 1) ¢ R.
R is not transitive because (x, y) = (1, 2) e R, (v, 2) = (2, 3) € R
but (x, z) = (1, 3) ¢ R.

4. Show that the relation R in R defined as R = {(a, b) : a < b},
is reflexive and transitive but not symmetric.

Sol. Given: Relation R in the set of real numbers is defined as

R ={(a, b) : a < b} ..(0)
Is R reflexive? Putting b = a in (i), we have a < a which is true.
['." a < a = Either a < a or a = a and out of the two a = a is true)
R is not symmetric because by (i), (1, 2) e Rasa =1<b (= 2)
but (2, 1) ¢ R because b (= 2) > 1(= a) (ie, b < a is not true).
Is R transitive? Let a, b, ¢ be three real numbers such that
(a, b) € R and (b, ¢) € R. 2. By (i), a<band b <c.
Therefore a < ¢ and hence by (i), (a, ¢) € R. .. R is transitive.

5. Check whether the relation R in R defined by
R = {(a, b) : a < b3} is reflexive, symmetric or transitive.

Sol. Relation R = {(a, b) : a, b are real and a < b3} (D)
Is R reflexive? Let a be_any real number.
‘f CUET
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Putting b = a in (i), a < a3 which is not true for any positive real
number less than 1.

1 1 (1) 1 .
For example, fora = —, _ — (ie, a < a3) is not true

<) - _
2 2 |k2|j_8

1 1 . .
as _ > _. -. R is not reflexive.

2 8
Is R symmetric?
Let us take a = 1 and b = 2. Now a = 1 < 23 = 8 (= b3) is true.
Therefore by (i), (a, b) < R.
Now, b = 2 > 13 (= 1) (a3) ie, b is not less than or equal to as.
Therefore, (b, a) ¢ R. . R is not symmetric.
Is R transitive?
Let us take a = 10, b = 4, ¢ = 2 (All three are real numbers)
Now by (i), (a, b) = (10,4) € R (."a =10 < b3 (= 43 = 64 is true)
Again by (1), (b, c) = (4,2) e R (. b =4 <3 (=23 =8)is true.
But (a, ¢) = (10, 2) ¢ R (. a =10 > 23 (= 3 = 8)).
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R is not transitive.
R is neither reflexive nor symmetric nor transitive.

6. Show that the relation R in the set {1, 2, 3} given by

Sol.

Sol.

Sol.

R = {(1, 2), (2, 1)} is symmetric but neither reflexive nor
transitive.

Given: Set is {1, 2, 3} = A (say)

Given relation R = {(1, 2), (2, 1)} (D)
R is symmetric because (x, y) = (1, 2) € R and also (y, x)
= (2, 1) € R and these two are the only elements of R.

ie, (x,y) e R = (y,x) € R for all (x, y) € R.

R is not reflexive because 1 € A but (1, 1) ¢ R.

2 e Abut (2,2) ¢ R, 3 € Abut (3, 3) ¢ R.

R is not transitive because (x, y) = (1, 2) € R and (y, 2)
=(2,1)e R but (x, z) = (1, 1) ¢ R.

. Show that the relation R in the set A of all the books ina library

of a college given by R = {(x, y) : x and y have same number of
pages} is an equivalence relation.
Given: Set A of all the books in a library of a college.
Given: Relation R : {(x, y) : x and y have same number of pages}
(D

Is R reflexive? Let (book) x € A
Putting y = xin (i), we have (book) x and x have same number of pages
which is clearly true, because we are talking of pages of one book
only.

(x, x) € R for all x € A. .. R is reflexive.
Is R symmetric? Let x € A, y € Aand (x, y) € R.

By (i), books x and y have the same number of pages i.e, books
y and x have the same number of pages. Therefore (y, x) € R.

R is symmetric.
Is R transitive? Let x, y, z € A such that (x, y) € R and (y, 2)

e R.

By (i), (x, ¥) € R = Books x and y have the same number of
DAZES. cuerutruerutreeeetetet et et et et et et et et et et et et et et et et et et entenaentensentanes (i)
By (i), (v, 22 € R = Books y and z have the same number of
PAZES. cueeuerutrteietetetet et et e et et et et et ettt e bt e st e te b et et e ntebensensentans (i)
From (ii) and (iii) books x and z have the same number of pages.
Therefore by (i), (x, z) € R. .. Ristransitive. So

have proved that the relation R given by (i) is reflexive, symmetric
and transitive and hence is an equivalence relation.

. Show that the relation R in the set A = {1, 2, 3, 4, 5} given by

R ={(a b): I a-b !l is even}, is an equivalence relation.
Show that all the elements of {1, 3, 5} are related to each other
and all the elements of {2, 4} are related to each other. But
no element of {1, 3, 5} is related to any element of {2, 4}.
() Forall a e A, | a — a | = 0 is even so that (g, a) € R.
Therefore, R is reflexive.
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(ii) Further (a, b)) € R = |a-b|iseven
= |b-a iseven,since|b—a|=|—(a—b)|
=la-b| o l-el=1lel
= (b,a) e R ~. R is symmetric.
(iii) Also (a, b) € Rand (b, c) € R
= la-blisevenand | b - c | is even
= a - b is even and b - c is even

Adding the two = a - c=even
[* addition of even numbers is even]
= | a-c|iseven = (a,¢) e R

R is transitive.
Hence, R is an equivalence relation.
Further all the elements of {1, 3, 5} are related to each other since
all the elements of this subset of A are odd and difference of
two odd numbers is even.
[ l1-11=0,13-31=0,15-5]=0 are also even].
Similarly, all the elements of {2, 4} are related to each other since
all the elements of this subset of A are even and difference of
two even numbers is even.
Also, no element of {1, 3, 5} is related to any element of {2, 4} since
the difference of an odd number and an even number is never
even.
[ l1-21=111-41=31[3-2]=113-4]=1,
|5-21=315-4] = 1 are odd and not even.]
9. Show that each of the relation R in the set
A={xeZ 0<x< 12} given by
(i) R={(a b): |lll| a-blll]lisa multiple of 4}
@ii) R ={(a, b) : a = b}
is an equivalence relation. Find the set of all elements related
to 1 in each case.
Sol. (i) Given: SetA={x e Z, 0 <x <12}
and R = {(a, b) : la-blisa multiple of 4} (1)
Is R reflexive? Let a € A.
Putting b=a (i), | a - a [=1]o0]| = 0 is a multiple of 4.
which is true.
(a, a) € R for all a € A - R is reflexive.
Is R symmetric? Let a € A, b € Aand (a, b) € R
- By (1), la-blisa multiple of 4.
ie, [-(b-a)l=1Ib-al
(- | -t =1¢]for every real t) is a multiple of 4.
By (1), (b, a) € R. .. Ris symmetric. Is
R Transitive? Let a, b, ¢ € A such that (a, b) € R and (b,
c) e R
By (i), (a, b) € R = la-blisa multiple of 4.

.. There exists an i er m such that | a - b | =4m
A CUET
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a-b=+4m (i)
Similarly, there exists an integer n such thatb -c=+4n
..(iii)
Adding (ii) and (iii) (to eliminate b)
a-c=x4m+ 4n ==+ 4(m + n)

|a—c|=4(m+n)
ie., la-clisa multiple of 4.
By (i), (a, ¢) € R .. R is transitive.

Hence R is an equivalence relation.
To find the set of elements related to 1 (¢ A).
Let a € A be related to 1 € A
(a, 1) e R
By (), la-1 | is a multiple of 4.
Testinga =0,1, 2,3,4,5,6,7,8 9,10, 11, 12 € A, only a
=1, 5, 9 satisfy the above relation, ie, [1-1] =0, | 5-1|
4, l9-1]=8are multiples of 4.
.. The set of elements of A related to 1 € Ais {1, 5, 9}

(i) R={(a, b) : a = b} (D
Is R reflexive? Putting b = a in (i), we have a = a which is
true.

(a,a) e Rforalla € A - R is reflexive.

Is R symmetric? Let a € A, b € Aand (a, b) € R
By (i), a = b. Hence b = a.
By (1), (b, a) € R. - R is symmetric.
Is R transitive? Let g, b, ¢ € A such that
(a, b) e R and (b, ¢) € R.
By (i), a =b and b = c.
Hence a = c. Therefore by (i), (a, c) € R. .. R is transitive.
Hence R is an equivalence relation.
To find set of elements of A related to 1 € A.
Let a € A be related to 1 € A.
(a, 1) € R .. By (i),a=1
The set of elements of A related to 1 € A is {1}.
10. Give an example of a relation, which is
(i) Symmetric but neither reflexive nor transitive.
(ii) Transitive but neither reflexive nor symmetric.
(iii) Reflexive and symmetric but not transitive.
(iv) Reflexive and transitive but not symmetric.
(v) Symmetric and transitive but not reflexive.
Sol. LetA= {1, 2, 3, 4}, then
AxA={(1,1),(12),(1,3) (1,4, (2 1) (2 2),(23)(24),
(31,(2),(3)6B4 41)(42),(43), (4 4}
We know that a relatioaain A is a subset of A x A.
CUET
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(i) The relation R = {(1, 2), (2, 1), (2, 4), (4, 2)} is symmetric

but neither reflexive nor transitive, because
Rt ={(2,1), (1, 2), 4, 2), (2,4} =R

= R is symmetric
1eAbut (1, 1) ¢ R = R is not reflexive
(1,2) e Rand (2, 4) € Rbut (1, 4) ¢ R

= R is not transitive.
The relation R = {(1, 2), (2, 3), (1, 3)} is transitive but
neither reflexive nor symmetric, because
(1,2 e R, (2,3 e Rand (1, 3) € R

= R is transitive
1eAbut (1, 1) ¢ R = R is not reflexive
(1, 2) €e Rbut (2,1 ¢ R = Ris not symmetric.
The relation R = {(1, 1), (2, 2), (3, 3), (4, 4), (1, 2), (2, 1),
(1, 3), (3, 1)} is reflexive and symmetric but not transitive,
because

(a, a) € R for all a € A = R is reflexive
(a, b)) e R = (b, a) € R = R is symmetric
(2,1 € Rand (1, 3) € R but (2, 3) ¢ R

= R is not transitive.

The relation R = {(1, 1), (2, 2), (3, 3), (4, 4), (1, 2), (2, 3),
(1, 3)} is reflexive and transitive but not symmetric, because

(a, a) € R for all a € A = R is reflexive
If (a, b) € R and (b, ¢) € R then (a, ¢) € R

= R is transitive
(1,2) e Rbut (2,1 ¢ R = R is not symmetric
[Or R_1 # R because R_1 ={(@, 1), (2, 2),
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(3,3), 4,4, (2,1, (3,2), (3, D} # R
= Ris not symmetric].
(v) The relation R = {(1, 1), (1, 2), (2, 1), (2, 2)} is symmetric
and transitive but not reflexive, because
If (a, b) € R then (b, a) € R = R is symmetric
[OrR =R = R is symmetric]
If (a, b) € R and (b, ¢) € R then (a, ¢) € R
= R is transitive
3e€Abut(3,3) 2 R = R is not reflexive.

11. Show that the relation R in the set A of points in a plane
given by R = {(P, Q) : distance of the point P from the origin
is same as the distance of the point Q from the origin}, is
an equivalence relation. Further, show that the set of all points
related to a pointP = (0, 0) is the circle passing through P with
origin as centre.

Sol. Given: Set A of points in a plane and relation R = {(P, Q) :
distance of point P from origin is same as the distance of the
point Q from the origin}.
ie, R ={(P, Q) : OP = OQ where O is the origin} ..(D

Is R reflexive? Let point P € A.
Putting Q = P in (i), we have OP = OP which is true.
(P, P) € R for all points P € A. - R is reflexive.
Is R symmetric? Let points P, Q € A such that(P,Q) € R.
By (i), OP = OQ ie, OQ = OP
By (), (Q, P) € R. ~. R is symmetric.
Is R transitive? Let points P, Q, S € A such that
(P, Q) € R and (Q, S) € R.
By (i), OP = OQ and OQ = OS. .. OP = 0S (= 0Q)
By (i), (P, S) € R -. R is transitive.
Hence R is an equivalence relation.
Now given point P # (0, 0).
Let Q be any point of set A related to point P.
By (i), OQ = OP for all points Q € A, related to point P.
ie, OQ = constant distance OP = k (say)
By definition of circle, all points Q of set A related to a given
point P of A lie on a circle with centre at the origin O.

12. Show that the relation R defined in the set A of all triangles
as R = {(T,, T,) : T, is similar to T,}, is equivalence relation.
Consider three right angle triangles T, with sides 3, 4, 5, T,
with sides 5,12, 13 and T; with sides 6, 8, 10. Which triangles
among T,, T, and T; are related?

Sol. Given: Relation R defined in the set (say A) of all triangles as

R = {(T, T,) : T, is similar to T,} (D)
We know that two triangles are said to be similar if the ratio of
their corresponding Sideg.is SAME. .......ccevvevververiereerierienieniesieseeneeneas (i)
Lk 0
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Is R reflexive? Let T, € A.
Putting T, = T, in (i), we have triangle T, is similar to triangle
T, which is always true.
Therefore (T,, T,) € R for all T, € A. - R is reflexive.
Is R symmetric? Let T, € A, T, € Asuch that (T,, T,) € R.

By (i), triangle T, is similar to triangle T,.

We can say that triangle T, is similar to triangle T,.

By (i), (T,, T,) € R. .. R is symmetric.
Is R transitive? Let T, e A, T, e A, T, € A such that (T, T,)
e R and (T,, T3) e R.
By (0, (T, T,) € R = T, is similar to T,
and (T,, T,) e R = T, is similar to T,.

By definition of similar triangles given above (in (ii)),
Triangle T, is similar to triangle T,.

By (), (T, T,) € R.

R is transitive.
Hence R is an equivalence relation.
Now given that triangle T, has sides 3, 4, 5.ccccceeeeeeercnercnnennne. (i)

Triangle T, has sides 5, 12, 13
Triangle T, has sides 6, 8, 10.....cccowrnrrinirininiree,
Triangle T, in (iii) is not similar to triangle T, in (iv)

(".’Ratio of their corresponding sides is not same i.e., 34 4_, S
5 12 13

are not equal.)
By (), T, is not related to T,.
Triangle T, in (iv) is not similar to triangle T, in (v) because

. . . . . ) 12 1
ratio of their corresponding sides is not same ie., é, — and i

6 8 10
are not equal.

By (i), T, is not related to T,.
But triangle T, in (iii) is similar to triangle T, in (v).
[~ Ratio of their corresponding sides is same

ie, 3 =4 =5 ( 1)

g78 10|\;|)|
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By (i), triangle T, is related to triangle T,.

13. Show that the relation R defined in the set A of all polygons as
R = {(P,, P,) : P, and P, have same number of sides}, is an
equivalence relation. What is the set of all elements in A
related to the right angle triangle T with sides 3, 4 and 5?

Sol. Given: Relation R defined in the set A of all polygons as
R={(P,, P,) : P, and P, have same number of sides} ()
Is R reflexive? Let polygon P, € A.
Putting P, = P, in (i), we have P, and P, have same number of
sides which is of course true.
(. P1 and P is same polygon) - R is reflexive.

Is R symmetric? Let P, € A and P, € A such that (P, P,) € R.

By (i), polygons P, and P, have the same number of sides, ie,
polygons P, and P, have the same number of sides.

By (i), (P,, P)) € R. ~. R is symmetric.
Is R transitive? Let P,, P,, P, € A such that (P, P,) € R and
(P,, P,) € R.

By (i), polygons P, and P, have same number of sides.
Also polygons P, and P, have same number of sides.
Polygons P, and P, (also) have same number of sides.
By (@, (P, P,) € R. o. R is transitive.
R is an equivalence relation.
Now given a right angled triangle T with sides 3, 4, 5.
T also € A (".© A triangle is a polygon with three sides)
By (i), the set of all triangles (polygons) of set A (and not
only right angled triangles € A) is the set of all elements related to this
given right angled triangle T.
14. Let L be the set of all lines in XY plane and R be therelation
in L defined as R = {(L,, L,) : L, is parallel to L,}. Show that
R is an equivalence relation. Find the set of all lines related
to the line y = 2x + 4.
Sol. Given: L = set of all the lines in XY plane.
Relation R = {(L,, L,) : L, is parallel to L,} (D)
Is R reflexive?
Let L, € A. Putting L, = L, in (i), we have L, is parallel to L,
which is true.

(L, L) € R - R is reflexive.
Is R symmetric? L,
Let L €A, L e Asuchthat (L,L) e R. '-2,_3
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1 2 1 2
By (i), line L, is parallel to line L,.
Line L, is parallel to line L.
By (), (L,, L) € R.
~. R is symmetric.
Is R transitive?
Let L, € A, L, € A, L, € A such that (L, L,) € R
and (L,, L,) € R.
By (i), line L, is parallel to L, and L, is parallel to L,.
Hence L, is parallel to L,.
By (), (L, L,) € R. o. R is transitive.
Hence R is an equivalence relation.
Now to find set of all lines related to the line y = 2x + 4.
We know that equations of parallel lines differ only in constant term.
By (i), (Equation), i.e, set of all lines parallel to the line
Yy =2x+41isy = 2x + c where c is an arbitrary constant.

15. Let R be the relation in the set {1, 2, 3, 4} given by

R = {(1, 2), (2, 2), (1, 1), (4, 4), (1, 3), (3, 3), (3, 2)}. Choose
the correct answer.
(A) Ris reflexive and symmetric but not transitive.
(B) R is reflexive and transitive but not symmetric.
(C) R is symmetric and transitive but not reflexive.
(D) R is an equivalence relation.

Sol. Given: Set is {1, 2, 3, 4} = A (say)

Relation R in A is {(3, 2), (2, 2), (1, 1), (4, 4), (1, 3), (3, 3), (3, 2)}
(D)

R is reflexive because (1, 1), (2, 2), (3, 3), (4, 4) all belong to R

ie, (a, a) € R for all a € A.

Now (1, 2) € R but (2, 1) ¢ R. -. R is not symmetric.

Is R transitive?
Yes, because in relation (i) whenever (x, y) and (y, z) € R; then
(x, z) also € R.
As for (1, 2) and (2, 2) € R; (1, 2) € R
For (1,3)and (3,2) e R; (1,3) € R
R is transitive. Therefore, option (B) is the correct option.
16. Let R be the relation in the set N given by R = {(a, b) :
a=b -2, b > 6}. Choose the correct answer.
(A)(2,4)R (B)(3,8)<R (C)(6,8 R (D)(8,7) R
Sol. Relation R in N defined by R ={(a, b),a=b - 2, b > 6} ..(i)
Out of the given options only option (C) satisfies (i) i.e., (6,8) € R.
a=6,b=8>6and8-2=61I1Le,a=b- 2.
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Exercise 1.2

1
1. Show that the function f : R. — R,, defined by f(x) = % is

one-one and onto, where R. is the set of all non-zero real
numbers. Is the result true, if the domain R. is replaced by
N with co-domain being same as R.?
1
Sol. f(x) = — (given)
z

1

- Forx,x € R with f(x) = f(x) we have 1. v f@=
. — 7|
1 2 1 2 z z L z')

= X1=X2 .. fis one-one.
1 1
Again fx) =y= - = xy=1 = x=—.
z y
. 4 1
Given any y € R, the co-domain, we can choose x = such

*

< |

that

1
fx) == = =) Thus, every element in the co-domain has
z
!

y)

pre-image in the domain under f. Therefore, f is onto.

1
The function f: N — R. again defined by f(x) = — is also one-one,
z

1 _ -
since x;, x, € Nwith f(x)) =f(x,) = ?_?3 X =X
2

But f is not onto since 2 € R. and 2 is not the reciprocal of any

natural number, ie, there exists no natural number x such

1
that f(x) =2or _ =2o0rx= E becausex=1 « N.
z 2
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2. Check the injectivity and surjectivity of the following

functions:
(i) f: N > Ngiven by f(x) =x2
(ii) f:Z — Z given by f(x) = x2

(iii) f: R — R given by f(x) =x2
(iv) f: N > Ngiven by f(x) =x3
(v) f:Z — Z given by f(x) =Xx3
Sol. Note. Checking injectivity = Testing for one-one function
checking surjectivity — Testing for onto function.
(i) Given: f: N — N given by f(x) = x2 (D)
VN

domain  co-domain
Is f injective (one-one)? Let x1, x» € Domain N such
that f(x1) = f(x2)
Puttingx=x and x =x in (i), x2=x2=>x =+x

1 2 1 2 1 2

Rejecting negative sign (. °° xi;, x» € N and hence are
positive), X1 = X
- fis injective ie, one-one.
Is f surjective (onto)?
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Putting x = 1, 2, 3, ..., € domain N, in (i),
Range set = {f(x) = x2; x € N} = {12, 22,32, ...} = {1, 4, 9, ...}
# co-domain N
[ 2,3,5,8, .. € co-domain N but don’t belong range]
f is not surjective.
f is injective but not surjective.
(i) Given: f:Z — Z given by f(x) = x2 )
I
domain  co-domain
Is f injective (one-one)? Let x;, x» € Domain Z such
thatf(xl) =f ()g) = x2=x2 By ()
= X, =X,
Now negative sign can’t be rejected because xi, x- € Z (set
of integers) can be negative also.
Lflx) =fx) = x =X,
Hence f is not one-one.
(Also for example 2 € Z, — 2 € Z, 2 # — 2 but by (i),
f(2) =22 =4=f(-2) = (= (- 2)2 = 4).
Is f onto?
Putting x = 0, + 1, £ 2, + 3 ..., € domain Z, in (i),
Range set = {f(x) =x3 x e Z} = {0, 1, 4, 9, ...}
# co-domain Z
[ 2, — 2, etc. belong to co-domain Z but don’t belong

to range]
f is not surjective. (i.e., not onto)
f is neither injective nor surjective.
(ili) Given: f: R — R given by f(x) = x2 ..(D)
{

domain  co-domain

Is f injective? [Replace Z by R in the solution for part (if)
namely “Is f injective”.]
Is f surjective?
Range set = {f (x) = x2; x € R} is the set of all positive
real numbers only including o.
(.- x2 > o for all x € R) and hence # co-domain R.

f is not surjective.

f is neither injective nor surjective.

(iv) Given: f: N — N given by f(x) = x3 ..(D)
VN

domain  co-domain
Is f injective? Let x,, x, € domain N such that

fla) = f,(Xz)
.. B

v (i), x3=x3 = x =x (only). .. fis one-one
1 2 1 2

(injective).

Is f surjective "#
fo)
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Putting x = 1, 2, 3, ... € domain N, in (i),
Range set = {f(x) = x3; x € N} = {13, 23, 33, 43, ...}
= {1, 8, 27, 64, ...} # co-domain N
(.. 2, 3,5, 8 etc. belong to co-domain N but don’t
belong to range set)
f is not surjective.
Hence f is injective but not surjective.
(v) Given: f: Z — Z given by f(x) = x3 )
3 3
domain  co-domain
Is f injective? Let x,, x

f‘(X1) = f'(Xz)

By (i), x13 = x23 = X =X (only).

, € domain Z such that

f is one-one (injective).
Is f surjective?
Putting x = 0, 1, — 1, 2, — 2, ... € domain Z, in (i),
Range set = {f(x) = x3; x e Z} = {0, 1, — 1, 8, — 8, ...} # co-
domain Z.
¢ 2, — 2,3 — 3, .. belong to co-domain Z but
don’t belong to range set)
fis not surjective. .. fis injective but not surjective.
3. Prove that the Greatest Integer Function f: R — R, given
by f(x) = [x], is neither one-one nor onto, where [x] denotes the
greatest integer less than or equal to x.

Sol. Given: Greatest integer function
f: R — R given by f(x) = [x] )

where [x] denotes the greatest integer less than or equal to x.
Is f one-one? Let us take x; = 2.5 and x> = 2.8 € domain R.
From (i), f(x1) = f(2.5) = [2.5] = 2 <—28
and f(x2) = f(2.8) = [2.8] = 2 0 1 225 3

fx) = fx,) (= 2) but x, (= 2.5) # x, (= 2.8)
fis not one-one.
Is f onto? By (i), range set = {f (x) = [x], x € R} is the set Z of
all integers (*. value of [x] is always an integer)
But # co-domain R.
fis not onto.
. fis neither one-one nor onto.
4. Show that the Modulus Function f: R — R, given by f(x)

= |||||x|||||,isneitherone-onenoronto,where |||||x||||| is x, if x is
positive or 0 and | x| is - x, if x is negative.

Sol. Given: Modulus function f: R — R given f (x) = | x| (D
Is f one-one? Let us take x; = — 1 and x> = 1 € domain R
From (i), f(x1) = f(— 1) = | 1] =1

and fx2) =f(1) =11 | =1
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f(x1) = f(xz) (: 1) but Xl(: - 1) * X, (: 1)

f is not one-one.

Is f onto?
By (i), Range set = { f(x) = | x|, x € R} is the set of positive
real numbers (only) including o. (. | x| >=o0forall xeR)
but # co-domain R.
f is not onto. . fis neither one-one nor onto.
5. Show that the Signum Function f: R — R, given by

1, if x>0
f(x) = 0, if x=0

{— 1, if x<0
is neither one-one nor onto.
Sol. Is fone-one?

Let x, = 2, x, =3 Lo fx)=f(@)=1and f(x,) = f(3) =1
[." 2> 0,3 >0 and it is given that f(x) = 1 for x > 0]

fx) =f(x,)=1butx, (=2)#x,(=3) .. fisnotone-one.
or letxi=—-2,x2=-3

fx)=f(=2)=-1and f(x,) =f(-3)=-1
[ —2<0,-3<0 and it is given that f(x) = —1 for x < 0]

f&x)=fkx)=—1butx, (=-2)#x,(=-3)
f is not one-one.
Is f onto?
According to given f(x) = 1ifx >0, =0ifx =0 and = —1ifx<o.
Range set = {f(x) : x € R} = {1, 0, — 1} # co-domain R.
fis not onto. . fis neither one-one nor onto.
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6. Let A={1, 2,3}, B={4,5,6, 7} and let f = {(1, 4), (2, 5),
(3, 6)} be a function from A to B. Show that f is one-one.
Sol. Given: set A = {1, 2, 3}, B = {4, 5, £
6, 7} and 1 4
f =A@ 4), (2, 5), (3, 6)} is a 2 z / 5
function from A to B. 5 f \ 6
= f() =4,f(2) =5 f(@3)=6. 7
= Distinct elements 1, 2 and 3 A B
of domain A have distinct f~<images 4, 5, 6 in co-domain B.
Therefore f is one-one.
7. In each of the following cases, state whether the function is
one-one, onto or bijective. Justify your answer.
(i) f: R > R defined by f(x) = 3 - 4x.
(ii) f: R > R defined by f(x) = 1 + x2.
Sol. () Given: f: R — R defined by f(x) = 3 — 4x (D
VN

R

domain  co-domain
Is f one-one? Let x,, x, € domain R such that

fx) = fx,) = 3-4x, =3~ 4x,
[Putting x = x, and x = x, in (i), f(x,) = 3 — 4x,
andf(x2)=3—4x2] = —4x, = — 4,
Dividing by — 4, x, = x, ~. fis one-one.

Is f onto? Let y be any element of co-domain R.
Let us suppose that y = f(x)

y=3-4x (By () ..(id)
Let us find x in terms of y.

From (ii), 4x =3 -y = x = ;
3=y
Now x = 4 € domain R for each y € co-domain.
(3=)

By (), f(x) =3-4x=3-4

=3-(3-)
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sl
=3-3+ty=Yy
Hence our supposition that y = f(x) is correct.
Hence co-domain = Range
fis onto. .. fisboth one-one and onto, i.e, fis bijective.
(i) Given: f: R — R defined by f (x) = 1 + x2 (D)
Is f one-one? Let x,, x, € domain R such that f(x)
.‘.f(ﬁ)ém (I),1+x2=1+x2 = Xx2=x2= X ==%X
1 2 1 2 1 2
Negative sign can’t be rejected because xi;, x- € R can be
negative.
s fx) =f(x,) = x,==+x,and not x, = x,.
Hence f is not one-one.
[For example, from (i), f(1) =1+ 12=1+4+1=2

and f(—1) =1+ (—12=1+1=2

Now 1 # — 1 but f(1) = f(— 1]

Is f onto?

Range set = { f(x) =1+ x2: x € R}

={f® >=1( x> o0 always)}
= [1, o0 ) # co-domain R (= (- o, ®))
f is not onto. . f1is neither one-one nor onto.
8. Let A and B be sets. Show that f: A x B > B x A such
that f (a, b) = (b, a) is bijective function.
Sol. Let (a, b), (c, d) € A x B with f(a, b) = f(c, d), then (b, a) =
(d, c)
[ The given rule is f(a, b) = (b, a)]
Equating corresponding entries b = d and a = ¢
= (a, b) = (¢, d) . fis injective (one-one) function............... )
Also, for all (b, a) € co-domain B x A, there exists (a, b)
€ domain A x B such that by the given rule f (a, b) = (b, a).
Thus every (b, a) € B x A is the image of (a, b) € A x B.
. fis surjective (onto) fUNCHON. ...ccevvevrerierienienienierieiesieieeeseeeenen >in)
From (i) and (ii), f is a one-one onto ie., bijective function.
9. Let f: N > N be defined by
(n+1

, if  nisodd
for all n € N.

, if niseven

State whether the function fis onto, one-one or bijective.
Justify your answer.

[”—H, if nisodd

Sol. f(n) = % 2 |
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nis

even
To examine whether f is one-one.
Now 3 €e Nand 4 € N and 3 = 4

+1
3 e N is odd, . from (1), f(3) = 32— =
4 € N is even, o from (i), f(4) = 5 =2

o f(3) = f(4) but 3 # 4 . fis not one-one.

To examine whether fis onto.
Let us find range of f.

Putting n=1,3,5,..2n — 1, ... (all odd) in (¥,
141 3+1 5+1
fQ@) = =1, f(3) = =2, f(5) = =3, .
2 2 2
flon - 1) = 2n—1+1 _ n
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Putting n=2, 4,6, ..2n,.. (all even) in (ii),
2
f@=Zcnfa=2=276=2%_3
2 2 2
fien) = 2" =, ...
2
~. Range of f=1{1, 2,3, 4, .., n, ...} =co-domain N
- fis onto. .. f1is not one-one but onto

Hence, f is not bijective.
Note. While discussing onto, whenever for y € co-domain, there are
two or more than two x € domain, for which f(x) = y. Then f is
never one-one.
Here in the above example for y = 1 € co-domain N, there are
two values of x (ie, two pre-images) x = 1, x = 2 € domain N
for which f(x) =y
.. f is not one-one.

10. Let A =R - {3} and B = R - {1}. Consider the function f: A —»

x-2

B defined by f(x) = -3 " Is f one-one and onto? Justify
your answer.

Sol. For x,x e Awith f(x) = f(x) = Xx=2 _ X2=2

' ! ’ X, -3 X -3
On putting x=x andx=x in fix) = x=2)
| 1 2 X—3‘
\ )

Cross-multiplying, (x, — 2)(x, — 3) = (x, — 3)(x, — 2)
= XX, — 3x, —2X, + 6 = xx, —2x, — 3X, + 6

= -38X, —2X,=—2X, —3X,=> — X, = — X, = X, = X,

s fx) = fx,) X:i)él =2 .. fis one-one.
Now let y:f(x):x_g, =>>x-3)y=x-2
Sxy—-3y=x-2 Sxy-—x=3y -2
>xy-1)=3y-2 szgﬁ

. For every y # 1, i.e, when y € co-domain B, there exists
3r=2

X = vo1 e A = R — {3} such that
y—-2
Fl) = x—2 _y-1 B y-1
x-3 =2 @ CUET
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3y—2-2y+

2

3y- 2-3y+3
.. fis onto.
11. Let f: R — R be defined as f(x) = x4 Choose the correct
answer.
(A) fis one-one onto

Chapter 1 - Relations and Functions

(B) fis many-one onto
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(C) fis one-one but not onto
(D) f is neither one-one nor onto.

Sol. f: R — R is defined as f(x) = x4 )
Is f one-one? No
Because 2 and — 2 both belong to domain R, but by (i),
f(2) =24 =16 and f(— 2) = (- 2)4 = 16
o f(@)=f(—2)but 2= -2
(ie, fx) = f(x,) but x, # x,)
Is f onto? No
Because range set = {f(x) = x4, x € R}
={f(x) > o} (. x4 > o for all real x)
= [0, ©) # co-domain R (= (— o, «))
fis not onto. . fis neither one-one nor onto.

Option (D) is the correct answer.

12. Let f: R —> R be defined as f (x) = 3x. Choose the correct

answer.
(A) fis one-one onto (B) f is many-one onto
(C) fis one-one but not onto

(D) fis neither one-one nor onto.

Sol. f: R — R is defined as f(x) = 3x )
Is f one-one?
Let x,, x, € R such that f(x,) = f(x,). - By (), 3x, = 3x,
Dividing by 3, x, = x, . fis one-one.
Is f onto?
Let y € co-domain R.
Let y =f() .. y=3x (By ()
X = "; e domain R for every y € co-domain R
. ()
By (), f(x) =3x=3 =, =y ie, Range = co-domain.
\3)
f is onto. o fis both one-one and onto.

Option (A) is the correct answer.
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Exercise 1.3

1. Letf:{1,3,4} > {1, 2,5} and g : {1, 2, 5} — {1, 3} be given

Sol.

2.

Sol.

Sol.

by f={(1, 2), (3, 5), (4, 1)} and g = {(1, 3), (2, 3), (5, 1)}. Write

down gof.

Let A ={1, 3, 4}, B={1,2,5}and C = {1, 3}.

Given: f:A—>Bandg: B —>C = gof:A—> C

ie, gof : {1, 3, 4y — {1, 3}.

Now f={(, 2),(3,5), 4, D} = f(Q) =2,f(3)=5,f(4) =1

Also g = {(1, 3), (2, 3), (5, D} = g(1) =3,9(2) =3,9(5) =1
(goN() = g(f (1) = g(2) = 3,

(90N(3) = g(f (3)) = g(5) = 1 and (gof(4) = g(f (4) =g(1) =3
Hence, gof = {(1, 3), (3, 1), (4, 3)}-

Let f, g and h be functions from R to R. Show that
() (f + g) oh = foh + goh (ii) (fg) oh = (foh) . (goh)
Definition of Equal functions

Two functions f and g are said to be equal if they have the same
domain D and f(x) = g(x) for all x € D.
@) [(F+ g)ohl() = (f + g)(h(x))
(By Def. of composite function)
= flh(x)) + g(h(x))
(By Def. of sum function)
= (foh)(x) + (goh)(x)
(By Def. of composite function)
= (foh + goh)x (By Def. of sum function) for all x € R, domain.
= (f + g) oh = foh + goh (By Def. of equal functions)
(i) [(fg) oh](x) = (fg)(h(x)) (By Def. of composite function)
= f (h(x)) . g(h(x) (By Def. of product function)
= (foh)(x) . (goh)(x)(By Def. of composite function)
= ((foh) . (goh))x (By Def. of product function)
=(fg) o h = (foh) . (goh). (By Def. of equal functions)
Find gof and fog if
@ fe9 =1 x| and g = 1] 5x - 2 [Ill]
(ii) f(x) = 8x3 and g(x) = x1/3.

() Given: f(x) = | x | (D)
and gx) = | 5x — 2 | ()]
We know that (gof)x = g(f(x)) = g(| x |) [By (D]
Changing x > | x [ in (i), = | 5 | x| -2
Again (fog)x = f(g(x) = f(| 5x -2 |) [By (]
Changing xto | sx —2 [in () = | | sx—2 || =] 5x -2

[ teR = |¢el> (I}E}'Eq-||t||isnumber|t|itselﬂ
5 (gopx =15 | Adagednyog)x = | 5x - 2 |.
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and gx) = x/3 (i)
We know that (gof)x = g(f(x)) = g(8x3) (By (1)
Changing x to 8x3 in (ii), = (8x3)1/3 = ((2x)3)V/3 = 2x

Again (fog)x = f(g(x)) = f (x/3) (By (in)

Changing x to x/3 in (i), = 8 (x*/3)3 = 8x
(goHx = 2x and (fog)x = 8x.

4 1) = *¥*3 %2 2, show that fof(x) = x, for all x = 2.
6x -4 3 3
What is the inverse of f2
4xX + 3 2 (1)
= * .os
Sol. Here f(x) 6x -4’ X

D
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(4x+3)
fof @) = f(f) = f |k6x—4j| [by ()]
4(65’(‘%%\“3 [ 4x+3 ]
- |(+7 LReplacmg x by 6x—4m (1)J|
6k64"—3x_4)—4

Multiplying by L.C.M. = (6x — 4)
16x+12 +18x —12 34x

- =—— =x= for all
(fof) x o + 15 —x=1, & for
2
X+ =
3

(2]
- fof =1, where A=R - igj = domain of f

= fr=f

5. State with reason whether following functions have inverse.
Find the inverse, if it exists.

@ r:{1, 2, 3,4} > {10}
with f = {(1, 10), (2, 10), (3, 10), (4, 10)}
(i) g:{5 6,78 - {1,2, 3,4}
with g = {(5, 4), (6, 3), (7, 4), (8, 2)}
(i) h:{2, 3, 4, 5} > {7, 9, 11, 13}
with h = {(2, 7), (3, 9), (4, 11), (5, 13)}
Sol. (i) Since f(1) = f(2) = f(3) = f(4) = 10, f is many-one and
not one-one, so that f does not have inverse.
(ii) Sinceg(5) =g(7) = 4, g is many-one and not one-one, so that
g does not have inverse.
(ili) Here distinct elements of the domain have distinct images
under h, so that h is one-one. Moreover range of h = {7, 9, 11,
13} = co-domain, so that h is onto.
Since h is one-one and onto, therefore, h has inverse given by

h=1 =A(7, 2), (9, 3), (11, 4), (13, 5)}.
6. Show that f: [- 1, 1] — R, given by f(x) =

X .
2 is one-one.

Find the inverse of the function f: [- 1, 1] — Range f.
Sol. For x,, x, € [— 1, 1].

. CUET
Putting x = x} Academy (x) =

x+2’
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_ X,

fx)=fx) = —% =

* 2 X, +2 X, + 2

Cross-multiplying,

x(x, + 2) =x,(x, + 2)

D
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= XX, + 2X, = XX, + 2X,

= 2X, = 2X, = X =X, - f1is one-one.

Now we have to find the inverse of the function f: X — Y (say)
= Range of f (given)

where X = 1, 1] )

and Y= yeR: y=¢f0rsomexeX = range of f.

1 f

X+2
L J

Therefore, f is onto.
[~ Co-domain Y = Range of f (given)]
Thus, f is one-one and onto and therefore, f~! exists.

y=fx = x=f7y) ()
To find f -1, let us find x in terms of y.
X
Given: y =
X+2

Cross-multiplying,

2
xy+2y=xor2y=x(1-y)orx-= —y,y;tl ...(ii)

From (i) and (i),

o f1:Y— X is defined by -1 () (= x) = —2— | y#1.

7. Consider f: R — R given by f(x) = 4x + 3. Show that f is
invertible. Find the inverse of f.
Sol. Given: f: R — R given by f(x) = 4x + 3 ()]
We know that a function f is invertible iff f is one-one and onto.
Is f one-one?
Let x,, x, € domain R such that f(x,) = f(x,)
By (D), 4x, + 3 = 4x, + 3 = 4x, = 4x,

Dividing by 4, x, = x,. .. fis one-one.
Is f onto? Let y € co-domain R.
Lety = f(x) = 4x + 3. (By ()

Let us find x in terms of y.
=4 +3 = y-3=4

—~ x= (i)

(y=3)

By (), £(0 = 4% + 3 g &
DY

Call Now For Live Trainina 93100-87900




Class 12 Chapter 1 - Relations and Functions

ie, Every y is f(x) i.e, co-domain = Range - fis onto also.
~. f1is both one-one and onto and hence f ! exists.
L f@ =y = ) =x ie, fY) = "’j?‘. (By (i)

D

Call Now For Live Trainina 93100-87900



Class 12 Chapter 1 - Relations and Functions

8. Consider f: R ,— [4, «) given by f(x) = x2 + 4. Show that f
is invertible with inverse f-1 given by f-1(y) = /y - 4 , where
R, is the set of all non-negative real numbers.

Sol. A function f: R, — [4, ®) given by f(x) = X ,+ 4ceeerererrinnnnee, )

We know that a function f is invertible iff f is one-one and onto.
Is f one-one? Let x,, x, € domain R, such that f(x,) = f(x,).
SO By (D, x2+4=x2+4 or x¥=x2
X, =tx,

ReJectmg negatlve sign ('.' X,, X, € domain R, and hence can’t
be negative).

X, = X,.

f is one-one.

Is f onto? Let y € co-domain [4, «).
Let y = f(x) = x2 + 4
Letus find xinterms of y. y =x2 + 4 =y — 4 = x*

= X2=y -4 > X==% y—4

Rejecting negative sign (. x € R ),
X = y —_ 4 ...(ii)
y—4

and x = e R, because for all y € co-domain [4, «),

y>4 e, y— 4> 0 and hence e R,

=2

Putting x = Jy— 4 in f(x) = x2 + 4, we have
fG=(y-4)2+4=y—-4+4=y Everyy=f()

ie, co-domain = Range ie, fis onto (also). o f ! exists.

and fL) =y = f70)=x = f)=y-4 (By (in)

9. Consider f: R ,— [- 5, ) given by f(x) = 9x2 + 6x - 5.

Show that f is invertible with f-1(y) = ((\‘}""6)_1)
3
Sol. Given: f: R, — [~ 5, ) given by f(x) = 9x +6x —5 (D

We know that f is invertible iff f is one-one and onto.

Isfone -one? Let x,, x, € R, such thatf(x) —f(x)
-0 By (), 9x2+6x -5 =
2

= ox 9x2+6x—6x=0

D
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ox2-x9+6( —x) =0
1 2 1 2
9(x, — x,) (x, + x,) + 6(x, —x,) =0
(x, —x,) [9(x, +x,) + 6] =0
(x, —x,) (9x, + 9x, + 6) = 0O

But ox, + 9x, + 6 > 0 and hence # 0
(. x,x eR = x 2oandx >0)
1 2 2

=
=
=
=

+ 1
X, —x,=0 le, X = X, .. f1s one-one.
Is f onto? Let y € co-domain [— 5, )

Lety=/f()=0x +6x~5 (By (1)
Let us ﬁnd x in terms of P; by Cé)mpleTlng squares on R.H.S.
y=0xX +b6x—5=9 X+ 9|—X2+2x 5—|
L o o L 3 ol
(1 oo(1 28 ()

Adding and subtracting d—2 coeff. of X|) = U;X;b =| \3 |)

|— ox (1\2 1 5—| |—[ 1\2 6—|

y=glxs__ = | ==l = gljxe=| ~=
L 3 ) 9 o] L 3/ 9l
([ 1) ([ 1%

or y=ol TGl <6 = v 6ol g

( 1)2 y+6 1 6
= | x+=]| = = x+—- =2+ |70
3 9 3 9
N x = L Jy+6 -1+ /y+6
3 3 3

Rejecting negative sign

_l_m (1+\/37_+_6\ |
\ then x = 5 :_k 3 J&ER+J

By (), f(x) = 9x> + 6x — 5

(—1+ \2 (—1+ y¥6)
% 6 -
gAca P 3 J °

|K lemy
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2+2(-1+ y+6)-5

Jy+6
=1+y+6-2Jy+6 —2+2 -5
or f(x) =y ie, everyy = f(x)

=(-1+

ie, co-domain = range. - fis onto (also).

o f 1 exists. Ly=f® = fW)=x
ie, f1(y) = =1+ VY +6 ie., JB __1.
3 3

Let f: X — Y is an invertible function, then f has unique
inverse.

wenf 0 X = Y is an invertible function, therefore f has an inverse.
Again because f: X — Y is invertible, therefore, f is one-one and
onto.
ie, for every y € Y, 3 a unique x € X such that f(x) =y...ccevee.en. @)
If possible, let g1 : Y - X and g- : Y — X be two inverses of f so
that

D
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g:(y) = x and g=(y) = x.

Also g.of =1y, fog, = Iy ...(if)
and also g,of = Iy, fog, = Iy ..(iir)
For all y ey, 9107) = gl(f(x)) [By ]
= (9,0 = Iy ) [By (iD] = (g,0of )x) [By (ii)]
= g,(f X)) = g.() [By ()]
9,0)=g,0) forally e Y
= g, = g, (By definition of equal functions).

11. Consider f : {1, 2, 3} — {a, b, c} given by f(1) = a,
f(2)=band f(3) = c. Find f -1 and show that (f -1)-1 = f.
Sol. Given: A function f: {1, 2, 3} (= set

A say) — {a, b, c} (= set B (say)) f

such that £(1) = a, 1 \ [
f(@=b,f8)=c .00 2 b
f is one-one because distinct 3 / q \ C
elements of A have distinct images

in B. A B
f is onto.

(.- Range set = {a, b, c} = co-domain B)
.. f B — A exists and hence from (i),
fa) =1, f74(b) = 2 and f71(C) = 3. ccevrereerrenrenierientestentete et (i)
Now again by definition of Inverse of a function.
We have from (i), f* : A— B and (f~1) (1) = a,
(fHD1(@=>b and (FH)*(@3)=c (iif)
By definition of equal functions, from (iii) and (i), we have
(F)" = f
Note. Two functions fand g are said to be equal if they have (i) same
domain and (ii), f(x) = g(x) for all x in their common domain.
12. Let f: X — Y is an invertible function, then the inverse of
flis f,ie, (f-1)1=f
Sol. Since f: X — Y is invertible, therefore, there exists a function
g=f"1: Y —> X defined by g(y) = x where f(x) = y.
Also gof = I and fog = Iy ()]
Now f is invertible
= fis one-one and onto
= g, the inverse of fis also one-one and onto.
= g is invertible
> glexistsand g1 : X > Y.
From (i), we also have, fis inverse of g
=f=g"
Putting g = f~1, we have f = (f-)™
Hence (f-)" = f.
13. If f: R —> R be given‘b*f(x) = (3 - x3)1/3 then (fof)x is
1/3 3 - ¥3
(A) xVv (B) x ggl( 1Tx (D) (3 - x3).

cademy
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Sol. f: R — R is given by f(x) = (3 — x3)¥/3 ..(D)
We know by definition that
(fof)x = f(f () = f((3 — x3)¥3) (By )
= f(t) where ¢t = (3 — x3)¥/3
=(3 -y (By ()
Putting ¢ = (3 — x3)¥3; = (3 - (3 — x)¥3)2)/a o
= (3 — (3 — x3))vs. | U 3x =1
R,

=(3-3+x3)/3=x3)/3=x3x1/3=x1=x
Option (C) is the correct answer.

[ 4] . . 4x
4— { — R be a function defined as f(x) =
3

L)

The inverse of f is the map g : Range f— R - 4{';}] given

14. Letf: R -

by
3y 4y
(A) g0) = (B) g0) =
3-4y 4-3y
4y 3y
C = — D = .
© 90 = 3=, ®) 90) = 53,
4x
Sol. Given: f(x) = ()
3x+4
Given: Inverse of fis g. Therefore f is one-one and onto.
“ 0= -
y—fX—3X+4. (By (1))
Let us find x in terms of y.
Cross-multiplying, y(3x +4) = 4x= 3xy + 4y = 4x
= —4x 3y =-y=> -x4-3)=-w
4y 4y
= X = fy) = ——
a-3y = 0= Gy
[ y=f) = x=f7]
= g0 = ¥ [ g =/ (given)]
4-3y
Option (B) is correct ﬁtion.

CUET
gAcad,,smy
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Exercise 1.4

1. Determine whether or not each of the definition of = given
below gives a binary operation. In the event that « is not a
binary operation, give justification for this.

(i) On Z+, define «bya«b=a—b

(i) On Z+, define * by a = b = ab

(iii) On R, define = by a *

(iv) On Z+, define *bya*b— ||||| a-nbllll
(v) On Z+, define = by a « b = a.

Sol. Definition: Binary operation * on a set A is a function from
AxA— A
ie, an operation * on a set A is called binary operation if
aceAand b e A = axb e A
We also know that Z+ denotes the set of positive integers
Le, Z+ = N.
(i) Given: On Z+ define * by a * b =a - b D
Nowa =2 e Z+and b =3 € Z*, buta « b = 2% 3
=2-3By()=-1¢ 7+
Operation = in (i) is not a binary operation and hence
does not satisfy closure law.
Remark. It may be noted for the above (i) part that if a €
Z*, b € Z+ and a > b, then a * b = a - b is a positive integer
and hence belongs to Z+.
But let us know that truth is always truth. Hence a result
which is sometimes true and sometimes not true is said to be
not true.
(i) Given: On Z*, define * by a x b = ab (D
Leta € Z+ = N and b € Z* = N; then
a = b = ab is the product of two natural numbers and hence

e N =7+
.. This operation * is a binary operation, i.e., satisfies closure
law.

(iii) Given: On R, define x by a « b = ab? (D

We know that R, denotes the set of positive real numbers
including 0.
Lleta e Rrand b e R, = a20 and b=0

y (1), a*b—ab2>0 ie, axb e R

.
.. This operation = is a binary operation ie,
satisfies closure law.

(iv) Given: On Z+ define * by a * b = | a-»b| (D
We know that a = 2 € Z+and b = 2 € Z*
Butby(l'),a*b=|a—b|=|2—2|=Oisnotapositive

integer and hence ¢ Z*.

This operation LU E Dinary operation ie, does not
satisfy closure la D Academy
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(the set of positive integers including 0); then by

(Dax*b= | a - b | is either zero or positive integer and hence
e Z, foralla, b € Z, and hence is a binary operation.
(v) Given: On Z+, define x by a * b = a (D

Let a € Z* and b € Z*. Therefore a and b are positive
integers. Therefore by (i), a * b = a is also a positive integer
and hence € Z+.

Operation * defined in (i) is a binary operation ie,
satisfies closure law.

2. For each binary operation » defined below, determine
whether « is commutative or associative.
(i) On Z, defineaxb=a—-»b
(ii) On Q, defineax+ b =ab + 1
ab

(iii) On Q, define a « b = ?

(ivy On Z+, define a * b = 29

(v) \On Z+, define a = b = ab

a
b+1

(vi) On R — {- 1}, define a « b =

D

Call Now For Live Trainina 93100-87900




Class 12 Chapter 1 - Relations and Functions

ol. Definition: A binary operation = on a set A is said to be

I commutative if a * b = b %= a for all a, b € A

IT Associative if (a « b) « c = a « (b = ¢) for all a, b, c € A.

(i) Given: Binary operation on Z, defined as
axb=a->b (D
where a € Z and b € Z.
Is * commutative? Interchanging a and b in (i),

btxa=b—-a=-(a-D>b)
From (i) and (ii), a * b # b = a (unless a = b)
For example, from (i), 2«3 =2-3=-1
and 3*x2=3-2=1 S 2%3#£3 %2
.. Binary operation = given by (i) is not commutative.
Is = associative? Leta € Z, b € Z, c € Z.
By (i), (a«b)*c=(@—-b)xc=(a-b)—c

= a bl=Nc ... (iih)
Again by (i),
a+xMbxc)=axMb-c)=a-(b-c)=a-b +c ..(iv)

From (iii) and (iv), (a * b) * ¢ # a * (b * ¢)
(".” Right hand sides are not equal)
For example, (2 * 3) * 4 =(2 —-3) % 4=—1+x 4
=F1-4=-5
Again2x (3x4)=2xB3-4)=2x(-D=2-(-1)=3
(2%3)«4=#2% (34
.. Binary operation * given by (i) is not associative.
Here » is neither commutative nor associative.
(i) Given: Binary operation = on Q defined by
axb=ab + 1 (D)
for all a, b € Q
Is * commutative? Interchanging a and b in (i),
bxa=ha+1=ab+1 ..(i)
['.- We know that ab = ba for all a, b € Q]
From (i) and (ii), a * b = b * a for all a, b € Q

Binary operation * given by (i) is commutative.
Is * associative? Let a € Q, b € Q, c € Q.
By (i), (@*b)«c=(a+1)«c=(@+1)c+1

=abc +c+1 ...(iii)
Again by (i), a * (b x ¢) = a = (bc + 1) =a(bc+1) +1
=abc+a+1 .(iv)

From (iii) and (iv), (a * b) * ¢ = a » (b % ¢)

['.- Right hand sides of (iii) and (iv) are not equal]
% 1s not associative.

Here * is commutative but not associative.

(ili) Given: Binary ETh Q defined as
cadem
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b
axh= 22 ..(0)

2
for all a, b € Q.

Is * commutative? Interchanging a and b in (i),
ba ab .
Wehave b xa = — = — (i)
2 2

['.© Ordinary multiplication in Q is commutative]
From (i) and (if), we have
axb=>bxaforala beQ
Binary operation * given by (i) is commutative.
Is « associative? Let a, b, ¢ € Q

.
By (i), (a* b) * ¢ = (a?b)*c= K22) = % ...Giid)
(20
b
Again by (1),a = (b*c) = a*| (()%): 22 ) =% ..(iv)

From (iii) and (iv), (a * b) * ¢ = a » (b = ¢) for all a, b, ¢
e
(.~ Right Hand sides of (iii) and (iv) are equal)
% 1S associative.
Here * is both commutative and associative.
Given: Binary operation * on Z* defined as
axb = 2ab (D)
for all a, b € Z*+
Is * commutative?
Interchanging a and b in (i), we have
b x g = 2ba = 2ab .
From (i) and (ii), we have a * b = b « a for all a, b € Z*
» given by (i) is commutative.
Is » associative? Let a, b, ¢ € Z*.

By (i), (a * b) * ¢ = 20 % ¢ = 2")-¢ ...(iif)

Academy
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Again by (i), a = (b + ¢) = a * 2" = 20-@ ..(iv)

From (iii) and (iv) (a * b) * c #a » (b = ¢)

% given by (i) is associative.

» given by (i), is commutative but not associative.
Given: Binary operation + on Z* defined as
axb=ab ..(0)
for all a, b € Z*
Is * commutative? Interchanging a and b in (i),
We have b % a = ba ..(i)
From (i) and (ii), a * b # b * a.

* given by (i) is not commutative.
Is * associative? Let a, b, c € Z*
By (i), (a #* b) * ¢ = (ab) * ¢ = (ab)c = ate ...(ii)

Again by (2), a « (b *c)=a = (be) = a®) .W(iv)
From (iii) and (iv), (a * b) * ¢ = a * (b % ¢)

* is not associative.
» given by (i) is neither commutative nor associative.
a

Since a » b = —— (given) )
b+1
b
Interchanging a and b in (i), b * a = ...(ih)
a+1
.. From (i) and (i), a * b= b % a
egd., 2 3= 2 =2=land3 2= 3 3 1
] 3+1 4 2 2+1 3 |
= The binary operation ‘*’ is not commutative.
a
@ _ b+1
Also (a*b) *c= i i1 [By ()]
= a
(b+1)(c+1)
and a*(b*c):a*—b
c+1
a a(c+1)
= — B i
b+c+1 [By (]
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[ 2 1 1/2
eg., (2%3)*4= *4:—*4:—L
_1
L 3+1 2 4+1 10
and 2 % (3% 4) =2 =% —3——2*3 L_&_EI—H

4+1 " 5 3/5+1 8 4]

= The binary operation ‘*’ is not associative.

D
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3. Consider the binary operation ~ on the set {1, 2, 3, 4, 5}
defined as a ~ b = min {a, b}. Write the operation table of
the operation .

Sol. Given: Set is {1, 2, 3, 4, 5} = A (say)
Given: Binary operation ~ on the set A is defined as
a ~ b = min. {a, b} (D

Operation (or composition) table of binary operation ~ given
by (i) is being formed below:

A 14 2 34 44 54

1 —>| 1A1=1| 1A2=1| 1A3=1|14A4=1| 1Aa5=1
2 5| 2Aa1=1| 2a2=2| 2a3=2|2ra4=2|2r5=2
3| 3r1=1|3a2=2|3+3=3[344=3|3+5=3
45| 4r1=1| 402=2| 423=3|4r4=4| 4~5=4
5| 5a1=1| 542=2| 543=3|5+4=4| 5+5=5

(For example) by (i), 4 ~ 3 = min. {4, 3} = 3 and by (),
2 A 5 = min. {2, 5} = 2)
Remark. (e =) 5 € A is the identity element for this binary
operation A because the top row headed by the binary operation »
coincides with the row headed by 5 in the composition table.
(By definition of identity element e € A is said to be identity
element of binary operation if a » e =afor all a € A).
4. Consider a binary operation * on the set {1, 2, 3, 4, 5} given
by the following multiplication table
(i) Compute (2 * 3) * 4 and 2 * (3 * 4)
(ii) Is * commutative?
(iii) Compute (2 * 3) * (4 * 5).

* 1 2 3 4 )
1 1 1 1 1 1
2 1 2 1 2 1
3 1 1 3 1 1
4 1 4

5 1 1 1 5

Sol. () To compute (2 * 3) * 4
Now we know that 2 * 3 is the entry at the intersection
of the row headed by 2 and column headed by 3 in the
table and this entry is 1.
(2 *3) * 4 =1%*4 =1 as explained above.

Again 2 % (3 * 4)e=2 %1 =1
o (2%3) %4 %£ﬁ§3*4)=1
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(i) Is * commutative ?
Let us look at each diagonal entry of the main diagonal starting
with *. The corresponding entries of the column below any
such entry and the adjacent row to the same
diagonal entry are same.
. We can say that there is symmetry about this main
diagonal.
Better method: The matrix formed by the given table is a
symmetric matrix and hence * is commutative.
* is commutative.
(iii) To compute (2 * 3) * (4 * 5)
Now 2 # 3 = Entry in the table at the intersection of row
headed by 2 and column headed by 3 = 1.
Similarly, 4 * 5 = 1 Lo (2%3)*(4*5)=1%1=1
5. Let # be the binary operation on the set {1, 2, 3, 4, 5}
defined by a # b = H.C.F. of a and b. Is the operation *
same as the operation * defined in Exercise 4 above?
Justify your answer.
Sol. Given: Binary operation *' on the set {1, 2, 3, 4, 5} is defined as
a * b = H.CF. of a and b ie, highest common factor of a and b
..(D)
2 ¥ 4 =H.CF. of 2 and 4
= (Highest common factor of 2 and 4) = 2
3 * 5 =H.CF. of 3 and 5
= (Highest common factor of 3 and 5) = 1 etc.
The composition (operation) table for this binary operation *
namely H.C.F. a and b is being given below:

*' 14 2 3\1/ 4‘L 5‘1’

1 - 1 1 1 1 1

2 5> (2% 1=1|2%2=2 [2%3=1 | 2% 4=2| 2% 5=1

3 - 1 1l 3*¥3=3|3*%4=1 1
4 — 1 4*'2:2 1 4*’4:4 1
52 1 L 1 1 5¥5=5

Now the corresponding entries in this composition table for this
binary operation *' and the composition table given in exercise 4 are
same.
. Operation *' of this Exercise 5 and operation * of Exercise 4 defined
on the same set {1, 2, 3, 4, 5} are same.

6. Let « be the binary operation on N given by a * b = L.C.M.
of a and b. Find

(i 517,20 % 16 (i) Is » commutative?
(iii) Is x associative? (iv) Find the identity of <« in N
(v) Which eleme NT are invertible for the
operation =? Academy
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Sol. Given: * is a binary operation on N given by
a*b=LCM. of a and b )
ie, least common multiple of a and b.
M ~. 5*7=LCM.of5and7=5x7 =35
and 20 * 16 = L.C.M. of 20 and 16
= Least common multiple of 20 and 16. = 80
(. All common multiples of
20 and 16 are 80, 160, 240 etc.)
(i) Is * commutative?
Leta e Nand b ¢ N
by (i), a * b = L.C.M. of a and b
L.CM. of band a = b * a.
* is commutative.
(i) Is * associative? Let a e N, b € N, c € N

(a * b) * ¢ = (L.C.]M. of a and b) * ¢ [By (D]
= L.C.M. ((L.C.M. of a and b) and c) [By (D]
or (a * b) * c =LCM. of a, b, ¢ ..(i)
Again a * (b * ¢) = a * (L.C.M. of b and ¢) [By (D]
= L.C.M. (a and (L.C.M. of b and c)) [By (D]
= L.CM. of a, b and ¢ (i)

From (ii) and (iii), we have (a * b) * ¢ = a * (b*c)
* 1S associative.

(iv) To find the identity of * on N.
Let a €e N. Now 1 € N

By (i), a *1 = LCM. ofaand 1 = a for alla € N
(ie, a * e = a with e = 1)
1 € N is the identity element for * on N.
(v) Which elements of N are invertible for the operation *?
Let a € N. Let b € N be inverse of a.
By definition of inverse, a * b = e
By (i), L.LC.M. of a and b is e = 1.
Now this is true only when a = 1 and b = 1.
(.- Only L.C.M. of 1 and 1 is 1)
1 €N is the only element of N which is invertible.
7. Is * defined on the set {1, 2, 3, 4, 5} by a * b = L.C.M. of a
and b a binary operation? Justify your answer.
Sol. Given: Set {1, 2, 3, 4, 5} = A (say)
and operation * is defined on A as a * b = L.C.M. of
a and b (D)
Now 2 € A and 3 eA

But b ,2*3 =L 2 =6 ¢ A
ut by (i) 3 gAca 315 x 3 &
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3*4=LCM.ofgand 4is3 x 4 =12 ¢ A

.. Operation * on the set A is not a binary opeartion on the set A.
(i.e, operation * given by (i) does not satisfy closure law).
Remark. For still better understanding of the concept, the reader
is suggested to construct the operation (i.e., composition) table for
the operation given by (i) and then observe that entries 6, 10, 12, 15,
20 of the composition table don’t belong to A and hence conclude
that operation * is not a binary operation.

Let * be the binary operation on N defined by
a * b = H.C.F. of a and b. Is * commutative? Is * associative?
Does there exist identity for this binary operation on N?

Sol. *is a binary operation on N defined as:

Sol.

a*b=H.CF. of aand b (D)
Is * commutative?

Reproduce Exercise 6(ii) replacing the phrase “L.C.M.” by “H.C.F.”
Is * associative?

Reproduce Exercise 6(iii) replacing the phrase “L.C.M.” by “H.C.F.”
Does there exists identity for this binary operation on N?
We know that there does not exist any natural number e such
that H.C.F. of a and e is a for all a € N. It may be noted that
e # 1 even because a * 1 = H.C.F. of @ and 1 is 1 and # a.

(For identity a « e = a and # e).

Let * be a binary operation on the set Q of rational
numbers as follows:
(M) a*b=a-0>b (i) a*b =az + b2
(iii) a*b=a+ ab (iv) a * b = (a — b)?
b
(V)a*b=a: (vi) a , b=ab>.

Find which of the binary operations are commutative and
which are associative.
(1) Reproduce the solution of Exercise 2(i) replacing Z by Q.
(i) The given binary operation * is a * b = a2 + b2 (D
for all a, b € Q.
Is * commutative?
Interchanging a and b in (i), we have
b*a=D>b2+ a2 =a2+ b2 ..(i)
['.- Addition is commutative in Q]
From (i) and (ii), we have a * b = b * a for all a, b € Q.
% is commutative on Q.
Is « associative? Let a, b, ¢ € Q.

By (@), (a * b) * C#QC-rUbé)T* c= (a2 + b22 + ¢2
ﬂAcad,,gmy
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= a4 + b4 + 2a2b2 + c2 .
Again by (i), a * (b * ¢) = a* (b2 + ¢2) = a2+ (b2 + ¢?)?
= a2 + b4 + ¢4 + 2b2c2 ..(iv)

From (iii) and (iv) (a * b) * c = a * (b * ¢)
Binary operation * is commutative but not associative.
(ili) The given binary operation * on Q is a * b = a + ab ...(J)
for all a, b € Q
Is * commutative?
Interchanging a and b in (i)
We have b * a = b + ba = b + ab ...(iD)
From (i) and (ii), a * b # b * a
% is not commutative.
Is * associative?
Let a, b, c € Q
From (i), (a * b) * c=(a + ab) *¢c =a +ab + (a + ab) ¢

=a + ab + ac + abc (i)
Again from (i), a * (b * ¢) = a * (b + bc)
=a+ alb + bc) =a + ab + abc (V)

From (iif) and (iv) (a * b) * ¢ # a * (b * c)

* 1s not associative.

Binary operation x is neither commutative nor
associative.

(iv) The given binary operation * on Q is
a*b=(a— by (D)
for all a, b € Q
Interchanging a and b in (i), we have
b*a=Mb-a)2=(-(@@->b)2=(@—-b)2=axb [By ()]
Binary operation * is commutative.
Is * associative?
Let a, b, c € Q
By (i), (a * b) * c=(a — b)2 * ¢ = ((a — b)® — ¢)?
= (a2 + b2 — 2ab — ¢)? ...(iD)
Again by (i),
a*bx*c)=ax*(b-c)2=(@-((b-cP?
=(a— (b2 + 2 —2bc))2 = (a— b2 — c2+ 2bc)?
= (= (b2 + ¢ — 2bc — a))?
= (b2 + ¢2 — 2bc — a)? ...(iii)
From (i) and (iii), (a * b) * ¢ # a * (b * ¢)
Binary operation * is not associative.
Binary operation * is neither commutative nor

z.lllssociative. ‘? CUET
-

Academy
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(v) Given: Binary operation % on Q defined as a * b = :b
for all a, b € Q (D)
Is * commutative?
ba ab
Interchanging a and b in (i), b * a = : = : ...(iif)

(Multiplication is commutative in Q)

From (i) and (ii), we have a * b = b * a for all a, b € Q.
* is commutative on Q.

Is * associative on Q?

Letae Q,beQ,ceQ

By (i), (a * b) * ¢ = =— .0

bc)
be ¢ b
Again by (), a* (b*c) = a*C=_\4)_abe (V)
4

D
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From (iii) and (iv), we have (a * b) * ¢ = a * (b*c)
for all a, b, c € Q.

% is associative. o, is commutative as well as
associative.
(vi) Given: Binary operation * on Q defined as
a* b = ab? (D

for all, a, b € Q
Is * commutative?
Interchanging a and b in (i), we have
b * a = ba? .(i)
From (i) and (ii), we have a * b # b * a
. % is not commutative.

Is * associative? Let a, b, ¢ € Q.

By (i), (a * b) * ¢ = (ab?) * c (ab?) c® = ab2c? ...(iii)
Again by (i), a * (b * ¢) = a * (bc2) = a (bc2)?
= ab2c4 ..(iv)

From (iii) and (iv), (a * b) * ¢ = a * (b * ¢)
% 1s not associative.
% i1s neither commutative nor associative.

10. Find which of the operations given above has identity.
Sol. () Existence of identity for «.
The binary operation on the set Q of rational numbers is

defined as a * b = a — b )
If possible, let e € Q be the identity for .
axe=exa(=a)forall aeqQ
By (i), a—e=e—-a = —2e=-2a = e=acQ
e has infinite values. But this is impossible
[......Identity e for a binary operation is unique]

Identity for this * does not exist.

Even 0 € Q is not the identity for binary operation * given
by ) as a * 0o (= a — 0 = a # 0 * a (= 0 -
a=— a)forallaeQ

(i) Existence of identity for =.
Identity element e € Q does not exist for * given by (i), as

a * e = a? + e2 can never be equal to a.

(ili) Existence of Identity for =
If possible, let e € Q be the identity of binary operation *
given by (i).

a*e=e*a(=aq) .. By (),a+ae=e+ea
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e does not exist for this binary operation *.
Existence of Identity for
If possible let e € Q be the identity for * given by (i).
Therefore, a * e = a for all a € Q.

By (i), (@ — e)2 = a which is impossible to hold true for
any e € Q.
It is not true even for e = 0 because for e = 0, the above
equation becomes a2 = a which is not true for every a € Q.
.. Identity element does not exist for this binary operation .
Does there exist identity element for this binary
operation *?
If possible, let e € Q, be the identity element for =.

axe=a = By, f=a

Cross-multiplying, ae = 4a

Dividing by a (if a # o0 i.e, if Q is replaced by Q — {0}); then

e = 4 € Q — {0} is the identity element of this » on Q — {o0}.
For this binary operation *, e does not exist for Q but

e exists for Q — {0} and e = 4.

Does there exist identity element for this binary

operation *?

If possible, let e € Q be the identity element for this

binary operation *.

D
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a*e=a = by (),ae=a
Dividing by a (# 0o if a € Q — {0}), e2 =1
g e=11¢ Q- {o}
Even now e is not unique (because e has two values 1 and — 1)
e does not exist for binary operation * on Q nor exists
for binary operation * if Q is replaced by Q — {o}.
11. Let A = N x N and * be the binary operation on A defined
by (a, b) * (¢, d) = (a + ¢, b + d).
Show that * is commutative and associative. Find the
identity element for * on A, if any.

Sol. For all (a, b)) € A = N x N, we are given that
(a,b) * (c, d)=(a+c, b+ d (D
=(c+a,d+ b)
[.- Addition is commutative on N]
= (c, d) * (a, b) [By (0]

= * is commutative.

For all (a, b), (¢, d), (e, f) € A =N x N, we have

[(a, b) * (c, )] * (e, f)=(a +c, b+ d) * (e f) [By (D]
=((@+c)+e (b+d+f) [By (D]
=(a@a+(+e,b+(+f)

[.- Addition is associative on N]

=(a,b)*(c+ed+f) [By (D]
= (a, b) * [(c, d) * (e, f)] (By ()]

= * Is associative.

Now to find the identity element for * on A, if any

Now suppose (x, y) is the identity element in A = N x N: Then

(a, b) * (x, y) = (a, b), ¥ (a, b) € A(a*e=aqa)

= (@ +x,b+y)=(a, b) [By (0]
= a+x=aand b +y="»b
= x=0and y =0

But 0 ¢ N, therefore (0, 0) e A=N x N
Hence * has no identity element.
12. State whether the following statements are true or false.
Justify.
(i) For any arbitrary binary operation * on a set N,
a*xa=aVaeN
(ii) If * is commutative binary operation on N, then
a+*((b*c)=(c*b) * a.
Sol. (i) False. Here given a *x a = a ¥ a € N (D
Because we know that a binary operation = on a set N is
a function from N x N — N and by definition of function,
Image of every elFtC(ﬁ,Ebe. of domain N x N must be

possible. gAcad,,gmy
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But by given rule (i),
Image of (a, b) (b # a) is undefined.
(ii) True. Because L.H.S. =a* (b*c)=(b*c) *a
[ =*is given to be commutative binary operation on
Nand b *c € N, a € N]

=(c*b)*a
[.- = is given to be commutative binary operation]
= R.H.S.

13. Consider a binary operation * on N defined as a * b
= a3 + b3. Choose the correct answer.
(A) Is x both associative and commutative?
(B) Is * commutative but not associative?
(C) Is = associative but not commutative?
(D) Is * neither commutative nor associative?
Sol. Binary operation * on N is defined as a * b = a3 + b3 ()
for all a, b € N
Is * commutative?
Interchanging a and b in (i),

bxa=Db3+ a3 =a3 + b3 ...(i)
(.© Usual addition is commutative in N)
From (i) and (ii), a * b = b = a o, x 1S commutative.

Is » associative?
Let a, b, c € N

By (1), (@ * b) * ¢ = (a3 + b3) * ¢ = (a3 + b3)3 + 3 ..(iii)
Again a *(b * ¢) = a * (b3 + ¢3) = a3 + (b3 + ¢3)3 ..(iv)
From (iif) and (iv), (@a*b)*c#ax(=*c)

Binary operation * is not associative.
Binary operation * is commutative but not associative.
Option (B) is the correct answer

Academy
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MISCELLANEOUS EXERCISE

1. Let f: R —> R be defined by f(x) = 10x + 7. Find the
function g : R - R such that gof = fog = L.
Sol. Given: f: R — R defined by f(x) = 10x + 7 ..(D)
We are to find a function g : R — R such that gof = fog = I
It is given that gof = fog = L, therefore by definition of
inverse of a function, /! exists and g = ! .. (i)
To find function g = To find f
Because [ exists, therefore fis one-one onto function.
yE=fx) =10x+7 ...(iii)
Let us find x in terms of y.
From (iii), y — 7 = 10x
> x="7 = [y =

y=7 ®
10 ’

y=fx = x=f70)

D
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N P ¢ By (i), f = g)
10
2, Let f: W - W be defined as f(n) = n — 1, if n is odd and

f () = n+ 1, if n is even. Show that fis invertible. Find the
inverse of f Here, W is the set of all whole numbers.

Sol. We know that W, the set of all whole numbers = N U {0} where N is
the set of all natural numbers.
For one-one function: Let n,, n, € W with f(n,) = f(n,)
If n: is odd and n- is even, then by the given rule of the function
f, we will have n, — 1 = n, + 1, i.e, n, — n, = 2 which is
impossible since the difference of an odd and an even number is
always odd. Similarly, ni is even and n- is odd is ruled out. Therefore,
both n: and n. must be either odd or even.
Suppose n:and n2 both are odd, then by the given rule of the function
fif(n) =f() = n-1=n,-1
= n, = n,. Similarly, if n, and n, both are even, then

f(l’h) =f(n2)

= n, +1=n,+1 = n, = n,.
Now let us prove that f is onto
According to given,
f(n) =n —1if nis odd = fn) is even (.~ Odd — 1 = Even) ...(1)
and f(n) = n + 1if n is even
= f(n) is odd (.- Even + 1 = 0dd) ...(i))
Let y € Co-domain W
Casel. y is Even

.. fis one-one.

From (i), y =f(n)=n-1 .. n=y+ 11is odd ... (iiD)
Case II. y is odd
From (ii), y = f(n) =n +1 .. n =y — 11is even ..(iv)

From (iii), for every even y € co-domain W,
there exsts odd n = y + 1 such that f(n) = y.
and from (iv), for every odd y € co-domain W,

there exists even n = y — 1 such that f(n) = y. . f1is onto.
Thus, f is one-one and onto and therefore invertible.
f(n) =y = [ =n
From (iv) and (iii), we have
y-1 if is odd ..(v)
f10) (= m) = e .
y+1 if  yiseven ..(vi)

D
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From (i), (i), (v) and (vi); f = f—
Note. 0 € W is even.
3. Let f: R —> R be defined by f(x) = x2 — 3x + 2, find f(f(x)).
Sol. f: R — R is defined by f(x) = x2 — 3x + 2 ()

FU®) =f(x* - 3x + 2) -[By (0]

Changing x to x2 — 3x + 2 in (i)
(x2—-3x+2)2-3x2—3x+2)+2
X4+ 0Ox2+ 4 —6x3—-12Xx+4x2 —3x2+09x — 6 + 2
¢ (@a+b+c)2=a+ b2+ c2+ 2ab + 2bc + 2ac)
= x4 — 6x3 + 10x> — 3x.
4. Show that the function f: R - {x € R: — 1 < x < 1} defined

by f(x) =

, X € R is one-one and onto function.

1+ x|
Sol. Given: f: R > {xe R:-1<x< 1}
X
i = ..(D)
given by f(x) 1+ x]
To prove: fis one-one
Case I. x> 0

| x | = x and therefore from (i), f(x) X

..(if)

1+Xx

Let x, € R, x, € R (such that x, > 0, x, 2 0) and f(x)) = f(x,)
From (i), = =
1+ Xx; 1+ X,

Cross-multiplying, x,(1 + x,) = x,(1 + x,)
= X, t XX, =X, + XX, = X, =X,
CaselIl.x< o0

~. | x | = — x and therefore from (7), f(x) = d

..(iid)

Let x, € R, x, € R(such that x, <0,x, < 0) and f(x,) = f(x,)
From (iii), -

1—Xx; 1—X,

Cross-multiplying, x,(1 — x,) = x,(1 — x,)

or X, — XX, =X, — XX, OI X, =X,
In both the cases I and II,

[l = fx) =g = X . f1is one-one.
To prove: fis onto. ‘fCUET

According fo given @Acadmy
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Co-domain = {x: — 1 < x < 1}
ie, ={y :—1<y <1} =openinterval (—1,1) (.’
Elements of co-domain are generally denoted by y) Let

us find range f(x)
X

F . (i), f > =
rom eqn. (ii), for x > 0, f(x) Tt x

We know that for x > 0, x <1 + x

Dividing by 1 + x, <1tie, f(x) <1

1+X

D

...(iv)
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X

From eqn. (iii) for x < 0, f(x) = x

We know that for x <0, x >x —1
(.~ x — 1 is more negative than x)
= x>-10-%

Dividing both sides by (1 — x) (> 0),

>—-1
1—X

e, fX)>-1 ie, —1<f(x) ...(v)
From (v) and (iv) — 1 < f(x) < 1
ie, Range set = open interval (— 1, 1) = co domain (given)

f is onto. o fis one-one and onto.
5. Show that the function f : R —» R given by f(x) = x3 is
injective.
Sol. Function f: R — R given by f(x) = x3 ()
Let x e domain R such that f(x) = f(x,)
", (13 X 2h= =X 3 X =X
~ fis 1nJectlve (functlon) i.e, one-one function.
6. Give examples of two functions f: N > Z and g : Z —» Z
such that gof is injective but g is not injective.
Sol. Let us define f: N —» Z as f(x) = x (D)
and g:7Z—> Zas gkx) = | x | ..(ii)
To prove: g is not injective ie, g is not one-one.
Now Xx1=—-1€Z,x2=1¢€Z
From (i), gx) =g-1D=1-1]=1
and gx) =g =111]=1
Now g(xl) = g(xz) (= 1) but X1(= -1)# X2(= 1)

o, g is not injective.
Let us find the function gof
f:N —>Zandg:Z — Z, therefore gof : N — Z

(.~ Domain of gof by def. is always same as domain of f)

and (go)x) = g(f(x)) = g(x) [By ()]
= | x| [By (ii)]

ie., (goPpx = | x | for all x e domain N
= x (i)
(o xeN= x>1 :x>0andhence|x|:x)

To prove: gof is one-one.
Let x,, x, € N (domain of gof) such that
(gof)x, = (gohH) X, = By (iid), X, =X,

gof is one-one (i.e, injective)

For the above example, gof is injective but g is not injective.
Remark. A second example for the above question is:
take f(x) = 2x and EVET
Give examples of tw A&58MlEMY N > Nandg: N > N
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Sol. Let f: N — N be defined by f(x) = 2x ..()
Range set = {f(x) = 2x : x € N}
={ax1,2x2,2x%3,..}={24,6,8,10,..}
= Set of even natural numbers # co-domain N.
f is not onto.

Let g : N — N be defined by g (x) = ix .(iD)
2
gof is a function from N — N and is defined as
(gopx = g(f()) = g2) = Z(29) [By (1]
2
=X

(gof) : N > N and (gof)x = x
(gof)(1) = 1, (gof)(2) = 2 etc.
ie, Range of gofis N and equals to co-domain N.
gof is onto but f is not onto (proved above).
8. Given a non-empty set X; consider P(X) which is the set of
all subsets of X.
Define the relation R in P(X) as follows:
For subsets A, B in P(X), ARB if and only if Ac B. Is R an
equivalence relation on P(X)? Justify your answer.
Sol. Given: The set P(X) which is the set of all subsets of X.
Given: For subsets A, B in P(X); ARB if and only if
AcB ..(D)
Is R reflexive? Let A € P(X).
Putting B = A in (i), we have A c A
which is true. (.- Every set is a subset of itself)
By (i), ARA and hence R is reflexive.
Is R symmetric? Let A € P(X) and B € P(X) and ARB

By (), Ac B
.. B is not a subset of A
(See the adjoining figure) @

B is not related to A.
Hence R is not symmetric.
Is R transitive? Let A € P(X), B € P(X) and C € P(X) such that

ARB and BRC.
By (i), Ac Band B C
Ac C .. By (i), ARC. .. R is transitive.
R is reflexive and transitive but not @ .

symmetric. Hence R is not an equivalence
relation on the set P(X).

9. Given a non-empty seE X, consider the binary operation * :

PX)xP(X) >P(X) g UWEB = A nBVA, BinP(X), where
Chbw that X is the
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identity element for this operation and X is the only

invertible element in P(X) with respect to the operation *.
Sol. We know that P(X), the power set of X is the set of all subsets of

the set X.

Given: The binary operation *:

P(X) x P(X) - P(X) defined asA* B=An B (D)

for all A, B in P(X).

To show that the set X < P(X) is the identity

element for the binary operation * defined in (i)

Let A e P(X) (=AcX)
By () A* X =An X = A (can be seen

from the adjoining figure)
similarly X *A=XnA=A @ X
LA X =A=X %A ¥ A e PX)
set X is the identity element for the
binary operation *, (i)

(axe=a=e=a)
To find invertible elements in P(X) w.r.t. binary operation *.
Let A € P(X) be an invertible element of P(X).

Therefore there exists B € P(X).
(By def. of inverse) A @B
such that A * B = E
By (i), An B = X [by (i)] X
and this equation can hold true only when A = X and also
B =X. (. Only X n X =X)

A = X is the only invertible element of P(X) (having B
= X as its inverse).
10. Find the number of all onto functions from the set {1, 2, 3,
..., N} to itself.
Sol. The given set is {1, 2, 3, ..., n} = A (say)
This set A is a finite set having only n elements.
We know that every onto function from a finite set A —» A is
one-one and conversely every one-one function from finite set A
— A is also onto.
Number of onto functions f from A to A here
= Number of one-one functions f from A to A ()]
Since f is one-one, therefore image of 1 € A can be any one of the
n elements of A.
Now image of 2 € A can be any one of the remaining (n — 1) elements
of A (. fis one-one = No two elements have the
same image Le., repetition is not allowed.)
Similarly, image of 3 € A can be any one of the remaining
(n — 2) elements of A and so on.
Total number of onto functions from A — A

(i.e., one-one functions from A — A). [By ()]
=n(n - n - 2) .. CUET
=nl [By fegtidgIRYile of Principle of counting]
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1. LetS ={a, b, c} and T = {1, 2, 3}. Find F! of the following
functions F from S to T, if it exists.

(i) F = {(a, 3), (b, 2), (¢, D} (i) F = {(a, 2), (b, 1), (¢, 1}.

Sol. () Given: S = {a, b, c} and T = {1,
2, 3}.
Given: Function F : S —» T is -
F ={(q, 3), (b, 2), (¢, D}
= F(a) = 3, F(b) = 2, F(c) = 1.
S T

This function F is one-one
because distinct element a, b, c have distinct images 3, 2, 1.
F is onto because range set
={3, 2,1} = {1, 2, 3} = co-domain T.

F is one-one and onto function and hence F-! exists and
is given by

F1(3) = a, F(2) = b, and F1(1) = ¢
Function F-! = {(3, a), (2, b), (1, o)}

(i) Given: S = {a, b, c} and
T =1, 2, 3} ——
Given: Function
F ={(a, 2), (b, 1), (c, D}
=

= F(a) =2,Fb) =1and F(c) =1 g

F is not one-one because F(b) = F(c)(= 1) but b = c i.e,
two elements b and ¢ of the domain have same image 1.
F is not onto because range set of F is {2, 1}
# co-domain
T = {1, 2,3}. .. Fdoes not exist.
[+ F- exists iff F is one-one and onto]

12. Consider the binary operations * : Rx R >Rand o: R x R
—Rdefinedasa*b=||[||a=b!|ll||andaob=a,Va,beR.
Show that * is commutative but not associative, o is
associative but not commutative. Further, show that ¥ a, b,
ceR,a*((Mboc)=(a=*Db)o(a*c)[If it is so, we say that
the operation * distributes over the operation o]. Does o
distribute over *? Justify your answer.

Sol. Given: Binary operation = : R x R — R is defined as
axb=1|a-b| ()
for all a, b € R.
Is * commutative?
Interchanging a and b in (i), we have
bra=|b-al=|l-@-pl=la-bl ...(ii)
[l —tl=]¢tlVteRr]
From (i) and (ii), we h?gé E:Tb «aVabeR

* is commutative. Academy
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Is = associative? Let a, b, ¢ € R.
By(i),(a*b)*c=|a—b|*c=||a—b|—c| ...(iii)
Againby(i),a*(b*c)za*|b—c|=|a —Ib=cl| ..tiv
From (iii) and (iv), (a = b) * ¢ # a * (b * ¢)
For example, (2+3)+4=|2-3|%4=124=11-41=3
Again2x(3x4)=2x|3-4|l=2+1=]2-1]=1
(2%3)x4#2=x(3+*4)
Binary operation = is not associative.
Also given: o is a binary operation from R x R — R defined as

aob=a Ya b eR ..(v)
Is o commutative? Interchanging a and b in (v), we
have boa=» ...(vi)

From (v) and (v aob #b o a

0 is not commutative.
Is o associative? Let a, b, c € R.
By (v), (aob)oc=aoc=a ...(vii)
Again by (v)y, ao(boc)=aob=a ...(viii)
From (vii) and (viii) (a 0o b)) oc = a o (b o ¢)

o is associative.
Now we are to prove that a * (b o ¢) = (a * b) o (a * ¢

LHS. =a*((Mboc)=ax*b [By (0]
=|la-bl ..(ix) [By (]
Again R.H.S.=(a*b)0(a*c)=|a—b|0|a—c|[By(i)]
=la-bl .(x) [By W)]

From (ix) and (x), we have L.H.S. = R.H.S.
ie, a*(boc)=(a=*hb)o(a=*c) (xD)

We can say that the operation * distributes itself over the
operation o.
Now we are to examine if binary operation o distributes over
binary operation *.
ie, Iseqn. (xi) true on interchanging * and o.

ie, ifao®*c)=(@ob)*(aoc) ... (xii)
LHS.=ao(*c)=ao | b—c| [By ()]
=a [By (V)]
Again, RHS.=(@ob)*(@oc)=a=x*a [By ()]
=|la-al=o0 [By (1]

L.H.S. # R.H.S.
Eqn. (xii) is not true. ie, o does not distribute over *.

13. Given a non-empty set X, let = : P(X) x P(X) — P(X) be defined
asAx*B =(A-B) u (B —-A), VA, B € P(X). Show that the

empty set ¢ is the id e operation x and all the
elements A of P(X) a@& ﬁ.lyvith A1 = A,
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Sol. A* B=(A-B)u (B -A)¥A B e PX) ...(D) (given)
Replacing B by ¢ in (i),
Axd=A-Puv@d-A)=Avd=A
= Axp =AVAec PX) o ¢ is the identity for =
Again replacing B by A in eqn. (i), we have
AxA=QA-AUA-A)=06Ud=0
= AxA=9¢ = A is invertible and A = A.
Remark. We know that (A — B) U (B — A) is called symmetric
difference of sets A and B is denoted by A A B.
14. Define a binary olferation % on the set {0, 1, 2, 3, 4, 5} as
a b= a+b, if a+b<6

ia+b—6 if a+b>6

Show that zero is the identity for this operation and each
element a # 0 of the set is invertible with 6 — a being the
inverse of a.
Sol. Given: set {0, 1, 2, 3, 4, 5} = A (say)
Given: binary opefation * defined on the set A is defined as
a b= a+b, if a+b<6 (D

ia+b—6 if a+b>6 ..(i)

The composition (operation) Table for this binary operation
* defined by (i) and (ii) is being given below:

3 0 1 2 S 4 5
0Olo+0=0| O+1=1 [ 0+2=2 | 0+3=3 0+4=4 0+5=5
| by(® by () by (1) by () by () by (1)
1/1+0=1| 1+1=2 | 1+2=3 | 1+3=4 1+4=5 |1+5-6=0
by () by () by () by () by () by (i)
2|24+40=2 241=3 | 2+2=4 | 2+3=5 2+4-6 24+5-6

by () by (@ by (@) by (@ =0 =1

by (i) by (if)
3/3+0=3| 3+1=4 | 3+2=5 |3+3-6 3+4-6 3+5-6

by () by () by () =0 =1 =2

by (1) by (if) by (if)

414+0=4 4*1= 4 * 2 4*3= 4 * 4 4*5
by () 4+1=5 | =4+2-6 4+3-6 4+4-6 |=4+5-6

=0 =1 =92 =3

by (i) by (ii) by (i) by (i)

(m4+ 2=06)

5| 5%0= 5%1= 3 CUBT* 3 = 5% 4 = 5%5

5+0=5 5+1—-6 =§Maﬂélﬁy6 5+4-6 =5+5-6
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(m 5+1= 6)| (m 5+2>6) by (ii) by (ii)

(m 5+4>6)

by (i) ‘

D
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Now the row headed by * coincides with the row headed by o.

o, (e =) 0 € A is the identity element for the binary operation =
here.

(maxe=a=exa YaeA

Now we are to find inverse of each element a = 0 € A.

In the row headed by a = 1, identity 0 occurs at last place and
the entry vertically above itis5 =6 —1 =6 — a

m Inverse of a =1is 6 —a (=5) [ax b = ¢

In the row headed by a = 2, identity 0 occurs at 5th place and
the entry vertically above itis 4 =6 —2 =6 —a

.. Inverse of a =2is 6 —a(=4) l[axb =e

In the row headed by a = 3, identity 0 occurs at 4th place and
the entry vertically above itis 3 =6 —3 =6 — a

In the row headed by a = 4, identity 0 occurs at third place and
the entry vertically above itis2 =6 —4 =6 —a (a = b = ¢)

In the row headed by a = 5, identity 0 occurs at second place and
the entry vertically above itis1 =6 — 5 =6 — a.

. Inverse of each a # 0 € Ais (6 — a) € A.

Remarks: The reader is strongly suggested to do every question
of binary operation on a finite set by the help of composition Table.

5. LetA={-1,0,1,2}, B={-4,—-2,0,2}andf,g: A—> B

be functions defined by f(x) = x2 — x, x ¢ A and
1
gx)=2 | ¥7—| -1, x € A. Are f and g equal? Justify your
answer.
Sol. Given: Set A ={-1, 0, 1, 2} and set B = {-— 4, — 2, 0, 2}.
Function f: A — B is defined by f(x) = x2 — x, x € A ..(D)
x-1

and g : A — B is defined by g(x) = 2 -1,xeA ..(i)

We know that two functions f and g are said to be equal if f and
g have same domain (which is same here namely set A) and f(x)
= g(x) for all x € A.

Here A= {-1, 0, 1, 2}

From (i), f(-1)=(-1)2-(-1)=14+1=2
-3 ‘ -1=2 -1

CUET
gAcad,,gmy

1
From (i), g(- )=2 | ~1——|—1=2
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=3-1=2 L fE1) =91 (=2

From (i), f(0)=02-0=0-0=0

From (ii), g(0)=2—l —1=2\(i\ -1=1-1=0
2 \2)
- f(0) = g(o) =(=0)
From (i), fM=12-1=1-1=0
F (i) (1) 1-2 &
1) = 2 - —1= - -1=1-1-=
rom (ii), g 1 2‘K2‘) 0

s f@ =g@ (=0)
From (i), f(2)=22-2=4-2=2

(3) _

—1=2k_ 1

2)

1
2—_
2

and g2 =2 —1=2

3
2

@cum

Academy
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=3-1=2
f(2) = g(2) (= 2)
f(x) = g(x) for all x e their common domain A.
. f=g
16. LetA = {1, 2, 3}. Then number of relation containing (1, 2) and
(1, 3) which are reflexive and symmetric but not transitive is

A1 (B) 2 © 3 (D) 4.
Sol. Given: Set A = {1, 2, 3}
AxA = {123 x{1,2 3}

AxA={Q1, 1, Q 2), 1, 3), (2, 1), (2, 2),(2, 3),

(3, 1), (3, 2), (3, 3)} ()

This set A x A has 3 x 3 = 9 elements.

We know that every relation on the set A is a subset of A x A.

We know that a reflexive relation on the set A must contain all

elements of the type (a, @) ¥ @ € A.cceevevevieviiniiniiiiiiieeeeeeene, (i)
A relation on this set A containing (1, 2) and (1, 3) (given)

which is reflexive and symmetric but not transitive is

R ={@, 1), (2,2), (3,3, (1,2),(2 1), (1 3), (3 Dferrererrerreen. (i)
N L N (given)
(for reflexive) (given) For symmetric

This relation R has 7 elements out of 9 elements of A x A.
Now element (2, 3) of A x A can’t be included in R above because
then (3, 2) will also have to be included in R.

(......R is symmetric (given))
and then R will become = A x A and hence will be an equivalence
relation and hence will be transitive also.

The relation R given by (iii) is not transitive because (2, 1) € R
and (1, 3) € R but (2, 3) £ R.

Relation R given by (ii) is the only one required relation.
Option (A) is the correct answer.
17. Let A = {1, 2, 3}. Then number of equivalence relations
containing (1, 2) is
A) 1 (B) 2 © 3 (D) 4.
Sol. Given: Set A = {1, 2, 3}
AxA ={12 3} x{1, 2, 3}
AxA={Q4 1,1 2),@3), (2 1), (2 2),
(2, 3), (3, 1), (3, 2), (3, 3)} (D)
This set A x A has 3 x 3 = 9 elements.

We know that every relation on the set A is a subset of A x A.
We know that a reflexive relation on the set A must contain all

elements of the type (a,‘?lg[ﬁafr ............................................... (i)
cadaemy
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We know (and can observe from eqn. (i)) that A x A is the largest

equivalence relation on the set A (of course containing (1, 2) also)
(iid)

Let us write another equivalence relation R on the set A

containing (1, 2).

This equivalence relation

R=A{(,1),(22),03,3), @2, (2 D}eerreeerrennen. (v)
J J J

(for reflexive) (given) For symmetric
Now (1, 3) can’t be included in R because then (3, 1) will also has

to be taken in R (".© R being equivalence relation is symmetric
also) and then (3, 2) will also has to be taken in R.

(o (38, 1) eR (1,2 € R) = (3 2) € R because R being an
equivalence relation is transitive also)
Now if (3, 2) € R, then (2, 3) has also to be included in R because
R being equivalence relation is symmetric.
Hence relation R given by (iv) containing 5 elements of A x A will
also include the remaining 4 elements of A x A namely (1, 3), (3, 1),
(3, 2), (2, 3) and hence relation R given by (iv) will become A x A.
Therefore A x A and relation R given by (iv) are the only two
equivalence relations on the set A containing (1, 2).
Option (B) is the correct answer.
18. Let f: R —> R be the Signum Function defined as

(19 X>0
f(X)= 0O, x=0

L_la xX<O0

and g : R —> R be the Greatest Integer Function given by
g(x) = [x], where [x] is greatest integer less than or equal to
x. Then, does fog and gof coincide in (0, 1]?

Academy
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|f 1, x>0 )

Sol. Given: f: R — R defined as f(x) = ¥ 0, x=o0 ..(i)
|L—1, X<O0 ...(ii)

and g : R — R defined as g(x) = [x] ..(iv)

where [x] denotes the greatest integer less than or equal tox.
The given interval is (o, 1].
On open interval (0, 1);

(fog)x = f(g(x)) = f([xD) [By (v)] = f(0)

(. We know that on open interval (0, 1), [x] = 0 O——C
0 1
(fog)x = 0 ¥ x in open interval (0, 1) .(v)
Again (fog)1 = f(g(1)) = f([1]) [By (iv)]
=f@) =1 (. By (1), f(x) = 1 for x > 0) ...(vi)

Now on (0, 1)
(goHx = g(fx)) = g() (.. By (1), f(x) = 1 for x > 0) [By ()]
-[1]  [By (W] =1
(gof)x = 1 for all x in (o, 1] ...(viD)
The two functions fog and gofhave the same domain (0, 1] but (fog)x
(given by (v) and (vi) # (gofH)x (given by (vii)) ¥ x in (o, 1]
~.fog # gof on (0, 1] i.e, the two functions don’t coincide on (0, 1].
19. Number of binary operations on the set {a, b} is
(A) 10 (B) 16 (©) 20 (D) 8.
Sol. The given set {a, b} (= A (say)) has 2 (= n) elements.
Number of binary operations on this set A.

) (Formula) = 2 546

Option (B) is the correct answer.

@cum
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	Exercise 1.1
	(b) Same solution as of part (a)
	Is R transitive?
	2. Show that the relation R in the set R of real numbers, defined as R = {(a, b) : a  b2} is neither reflexive nor symmetric nor transitive.
	Is R symmetric?
	3. Check whether the relation R defined in the set {1, 2, 3, 4, 5, 6} as R = {(a, b) : b = a + 1} is reflexive, symmetric or transitive.
	4. Show that the relation R in R defined as R = {(a, b) : a  b}, is reflexive and transitive but not symmetric.
	5. Check  whether  the  relation  R  in  R  defined  by R = {(a, b) : a  b3} is reflexive, symmetric or transitive.
	Is R symmetric? (1)
	6. Show that the relation R in the set {1, 2, 3} given by R = {(1, 2), (2, 1)} is symmetric but neither reflexive nor transitive.
	7. Show that the relation R in the set A of all the books in a library of a college given by R = {(x, y) : x and y have same number of pages} is an equivalence relation.
	Is R reflexive? Let (book) x  A
	8. Show that the relation R in the set A = {1, 2, 3, 4, 5} given by R = {(a, b) :  a – b  is even}, is an equivalence relation. Show that all the elements of {1, 3, 5} are related to each other and all the elements of {2, 4} are related to e...
	9. Show that each of the relation R in the set A = {x  Z, 0  x  12} given by
	is an equivalence relation. Find the set of all elements related to 1 in each case.
	To find the set of elements related to 1 ( A).
	To find set of elements of A related to 1  A.
	11. Show that the relation R in the set A of points in a plane given by R = {(P, Q) : distance of the point P from the origin is same as the distance of the point Q from the origin}, is an equivalence relation. Further, show that the set of all points...
	12. Show that the relation R defined in the set A of all triangles as R = {(T1, T2) : T1 is similar to T2}, is equivalence relation. Consider three right angle triangles T1 with sides 3, 4, 5, T2 with sides 5, 12, 13 and T3 with sides 6, 8, 10. Which ...
	13. Show that the relation R defined in the set A of all polygons as R = {(P1, P2) : P1 and P2 have same number of sides}, is an equivalence relation. What is the set of all elements in A
	14. Let L be the set of all lines in XY plane and R be the relation in L defined as R = {(L1, L2) : L1 is parallel to L2}. Show that R is an equivalence relation. Find the set of all lines related to the line y = 2x + 4.
	Is R reflexive?
	Is R symmetric? (2)
	Is R transitive? (1)
	Now to find set of all lines related to the line y = 2x + 4.
	Is R transitive? (2)

	Exercise 1.2
	1. Show that the function f : R*  R*, defined by f (x) =
	one-one and onto, where R* is the set of all non-zero real numbers. Is the result true, if the domain R* is replaced by N with co-domain being same as R*?
	y
	2. Check the injectivity and surjectivity of the following functions:
	Is f surjective (onto)?
	Is f onto?
	Is f surjective?
	Is f surjective ?
	Is f surjective? (1)
	3. Prove that the Greatest Integer Function f : R  R, given by f (x) = [x], is neither one-one nor onto, where [x] denotes the greatest integer less than or equal to x.
	4. Show that the Modulus Function f : R  R, given by f (x)
	Is f onto? (1)
	5. Show that the Signum Function f : R  R, given by
	– 1, if is neither one-one nor onto.
	Is f onto? (2)
	6. Let A = {1, 2, 3}, B = {4, 5, 6, 7} and let f = {(1, 4), (2, 5),
	7. In each of the following cases, state whether the function is one-one, onto or bijective. Justify your answer.
	Let us find x in terms of y.
	Is f onto? (3)
	8. Let A and B be sets. Show that f : A × B  B × A such that f (a, b) = (b, a) is bijective function.
	9. Let f : N  N be defined by
	State whether the function f is onto, one-one or bijective. Justify your answer.
	To examine whether f is one-one.
	To examine whether f is onto.
	10. Let A = R – {3} and B = R – {1}. Consider the function f : A 
	B defined by f (x) = x – 3 . Is f one-one and onto? Justify your answer.
	Is f one-one?


	Exercise 1.3
	1. Let f : {1, 3, 4}  {1, 2, 5} and g : {1, 2, 5}  {1, 3} be given
	2. Let f, g and h be functions from R to R. Show that
	6 x – 4 3 3
	What is the inverse of f?
	6. Show that f : [– 1, 1]  R, given by f(x) =
	is one-one.
	To find f – 1, let us find x in terms of y.
	7. Consider f : R  R given by f (x) = 4x + 3. Show that f is invertible. Find the inverse of f.
	Let us find x in terms of y.
	9. Consider f : R   [– 5, ) given by f (x) = 9x2 + 6x – 5.
	10. Let f : X  Y is an invertible function, then f has unique inverse.
	11. Consider f : {1, 2, 3}  {a, b, c} given by f (1) = a, f (2) = b and f (3) = c. Find f –1 and show that (f –1)–1 = f.
	12. Let f : X  Y is an invertible function, then the inverse of
	(A) x1/3 (B) x3 (C) x (D) (3 – x3).
	14. Let f : R – – 4   R be a function defined as f (x) = 4 x .
	by
	Let us find x in terms of y .

	Exercise 1.4
	1. Determine whether or not each of the definition of * given below gives a binary operation. In the event that * is not a binary operation, give justification for this.
	(v) On Z+, define * by a * b = a.
	2. For each binary operation * defined below, determine whether * is commutative or associative.
	(iii) On Q, define a * b =  2
	(vi) On R – {– 1}, define a * b =
	2
	Is * commutative?

	e.g., (2 * 3) * 4   2  * 4  1 * 4   1 / 2
	3. Consider the binary operation ^ on the set {1, 2, 3, 4, 5} defined as a ^ b = min {a, b}. Write the operation table of the operation ^.
	(ii) Is * commutative ?
	5. Let * be the binary operation on the set {1, 2, 3, 4, 5} defined by a * b = H.C.F. of a and b. Is the operation * same as the operation * defined in Exercise 4 above? Justify your answer.
	6. Let * be the binary operation on N given by a * b = L.C.M. of a and b. Find
	(ii) Is * commutative?
	(iv) To find the identity of * on N.
	(v) Which elements of N are invertible for the operation *?
	7. Is * defined on the set {1, 2, 3, 4, 5} by a * b = L.C.M. of a
	8. Let  *  be  the  binary  operation  on  N  defined  by
	Is * commutative?
	Is * associative?
	9. Let * be a binary operation on the set Q of rational numbers as follows:
	Find which of the binary operations are commutative and which are associative.
	Is * commutative? (1)
	Is * commutative? (2)
	Is * associative? (1)
	Is * associative? (2)
	Is * commutative? (3)
	Is * associative on Q?

	4
	4 (1)
	Is * commutative?
	10. Find which of the operations given above has identity.
	(ii) Existence of identity for *.
	(iii) Existence of Identity for *
	(iv) Existence of Identity for *
	(v) Does there exist identity element for this binary
	(vi) Does there exist identity element for this binary operation *?
	11. Let A = N × N and * be the binary operation on A defined by (a, b) * (c, d) = (a + c, b + d).
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